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Scaling hypothesis and nonzero-field critical invariants
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Assuming the static scaling hypothesis, a proof is given for the existence of invariants (Q) associ-
ated with the extrema of the thermodynamic functions: nonzero-field susceptibility, nonzero-field
specific heat, nonzero-wave-vector correlation function. In the framework of the Landau theory,
the value of the invariant Q related to the susceptibility is found to be Q =2. Experimental mea-
surements of the maxima of the nonzero-electric-field susceptibility for a ferroelectric triglycine sul-

fate TGS crystal give a value l. 87+0.05 for the invariant Q. This result provides new evidence of a
deviation from Landau theory in the thermodynamic behavior of the TGS crystal.

INTRODUCTION

All the data on the critical behavior of a physical sys-
tem give a scaling function, and each point of the scaling
function is a critical invariant. Despite the fact that this
function has been determined experimentally in many
cases (see experimental works cited in Refs. 1 —3), to the
best of our knowledge there is no theoretical derivation of
this function based on exact model calculations in a
nonzero (electric, magnetic, reduced pressure, etc. ) field
E. There do exist, however, precise and/or almost pre-
cise (series expansions plus extrapolations by Pade ap-
proximants and the renormalization-group method) re-
sults relating to two particular points of the scaling func-
tion (r&0, E=O) and (~=0, EWO), where r=T/T, —1.
With these points are associated the invariants: (a) criti-
cal indices a, P, y, 5, v, i), and (b) combinations Ao /A o,
I o /I o, R„=Io+DB ', R, =20+8 I o+, etc. , of criti-
cal amplitudes of specific heat 30, susceptibility I 0, or-
der parameter (P, polarization, magnetization, reduced
pressure, etc.), and B and D (P =BR, E =DP at r=0).
The superscript + ( —) indicates that the given magni-
tude is determined only for r )0 (r (0).

There are also known invariants associated with non-
trivial points (r&0, EWO) of the scaling function: the gap
exponent 6 and the Watson invariants. However, the
determination of these invariants from experimental data
is a difficult and not particularly accurate process, since it
requires the investigation of field derivatives of the Gibbs
potential of higher order than the second. We propose
the study of another invariant Q associated with a non-
trivial point (r&0, EAO) of the scaling function. The in-
variant Q may be defined by the equation

Q =y(r. ,o)/y(r. ,E),
where r = T /T, —1, and T (E) is the temperature at
which the susceptibility y(r, E) takes maximum (and/or
minimum) values for the given value of field E. Despite
the fact that in the definition of Q we have

= T /T, —1, a knowledge of T, is not necessary to
determine this invariant. This makes possible an easier
experimental verification of the theory. Instead of study-

THEORY

Assuming the static scaling hypothesis' the suscepti-
bility y —(r, E) may be written in the universal form:

y +(r,E)/y,+=f —(y) )0, y—o
——ro

y =Eyo ', a =6/y =5/(5 —1))0,
(la)

(lb)

where the functions R+ and R (R =y, I ) are restricted
to the 'high temperatures (T )T, ) and low temperatures
(T ( T, ), respectively, f+(y) are the corresponding scal-
ing functions above (f+) and below (f ), the critical
point. Taking the derivative of y (r, E) with res—pect to r
equal to zero, y —=By+—(r, E)/Br=0, from Eqs. (1) we
may obtain the condition

f (y)+yaf' (y)=0, 0 y (™, (2a)

for the extreme point y, where f+ =df+(y)/dy. Equa-
tion (2a) is algebraic with respect to variable y and

ing this invariant at the Inaximum it may be considered,
for instance, at the point of inflection of the susceptibility
curve. The advantage of the maximum over all the other
susceptibility points is that the maximum may be most
accurately measured. The maximum (or minimum) also
has another feature distinguishing it from all other points
of the susceptibility curve; i.e., only at this point does the
scaling function satisfy Eq. (2a).

The invariant Q is associated with the vanishing
of the third-order derivative of the Gibbs potential
B 6 (r, E)/BE B~=O for rXO and EAO, whereas the oth-
er invariants mentioned here are related to the behavior
of corresponding thermodynamic functions, i.e., first- and
second-order derivatives of the Gibbs potential G(~,E)
for r%0 and E=O or for r=0 and EWO, respectively.

In the theoretical part we show that if a physical sys-
tem behaves according to the scaling hypothesis then the
susceptibility (and other functions) may exhibit for
~r~&0, in a given phase, the extrema and associated with
each of them two nonuniversal (2b), (2e) and one univer-
sal (2f) constant. These predictions are confirmed in the
experimental part for a triglycine sulfate (TGS) crystal.
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dilferential with respect to the function f. In the general
case of function f, the algebraic equation (2a) for y can
exhibit only discrete solutions (y;), which are responsible
for the susceptibility extrema (maxima and minima).
Thus we obtain the first constant y;

8 y —(r, E)/()r = —S(y, )(ay, yo /yo )~go (4)

(r—,E) has to vanish, i.e., ()y —(r, E)/()&=0. These facts
imply that the second-order derivative (y —

) of g (r,—E)
with respect to r is proportional to S(y; ), as follows:

y; =Ego '(r; ) = I'0 'E
~ r; ~

=const

at each ith extremum of susceptibility, where
r, =T, /T, —.1 is the temperature at which nonzero-field
susceptibility exhibits the ith extremum for a given value
of E. Equation (2b) gives the power-law behavior

where

S(y, ) = —[a y; f+ (y, )
—(a + 1)A, /y, '~'](ay, )

and

S(y;)=S(y;)=0 .

(5a)

(5b)

E =(y, /r,—')lr,
I (Zc)

Therefore the Taylor expansion of S(y) at y =y; to the
second order is given by

of the field E versus ~r; ~
of the ith extremum of y (r, E)—

at ~=~, . On the other hand, the formal solution of the
difFerential equation (2a) for scaling function f is given by

f+ (y )= A /y ' ~', A =const )0, (Zd)

where 3 is some non-negative integration constant. In-
serting the solutions (y;) of the algebraic equation (2a)
into Eq. (2d) we can determine the second constant A

separately at each extremum of susceptibility

A; = A (y; ) =f+(y; )y '=E' 'y —(r, ,E)=const, (2e)

where use has been made of Eqs. (2d), (la), (lb), and (2b).
The constants (2b) and (2e) are not given in dimension-

less units, i.e., they are not universal constants as are crit-
ical exponents. But we can combine them to form the in-
variant Q; where

Q; =y 'IA; =go '(r;)Ig (r;,E)1/f+(y—;) (2f)
=const,

relating the quotient of the initial susceptibility yo (r) and
nonzero-field susceptibility y (r, E) at r=r, —(E) for vari-
ous values of E, due to Eq. (2c). The quotient (Zf) takes a
numerical value and is a constant for different physical
systems belonging to the same universality class. We
now show that r, and Q, are well defined for discrete
solutions y =y, of Eq. (2a). The proof follows simply: if
y =y, is not discrete but continuous in some range

yi &y (y2, then from Eqs. (2a) and (2d) it is clear that
g(r, E)= A /E ' ' (independent of ~) for

(EI o '/y, )'~ & r & (EI o '/y, )'~ and r;
would not be we11 defined.

Equations (2d) and (2e) allow us to state that the value
of the scaling function f+(y) is equal to the value of the
function 3;/y' ' at the extreme point y,. and that these
functions take di5'erent values at all other points yAy, .
We now show that any nonzero solution 0 (y; (~ of Eq.
(2a) is the double root of the equation S(y)=0, where
S(y) is the dilference

S(y) = A; /y" f+(y)—
of the function A, /y'~' and the scaling function f+(y)
and A, is defined in Eq. (2e). The above statement is sup-
ported by the following arguments: y, has to satisfy
simultaneously Eqs. (la), (lb), (2a), (2d), and (2e); where
A; )0, the temperature derivative of susceptibility

S (y) =
—,'S(y; )(y —y; )', (6)

i.e., y; is a double root of the equation S(y)=0. From
these considerations a conclusion can be formulated: any
simple (and, in general, not double) root (y„) of the equa-
tion S(y„)=0 [cf. Eq. (3)] cannot be a solution of Eq. (2a)
and therefore does not give the extrema of susceptibility.

It may be seen from Eqs. (4) and (1) that

X+= I o+-(~y; —)'S(y-; ) lr; I

""'.

From this fact and Eqs. (2b), (2c), and (2e) it follows that
when E increases,

~ r; ~
increases, y (r;,E) decr—eases, and

the peak of maximum or the valley of minimum of sus-
ceptibility becomes increasingly broad. This behavior of
the maxima cannot be interpreted as the E-T line of criti-
cal points.

We now prove that the smallest nonzero solution (y, )

of Eq. (2a) gives the maximum of susceptibility. This can
be shown as follows. From Eqs. (la) and (lb) it may be
seen that f+(0)=1; from Eq. (3) we may conclude that
S(y) )0, for all y &y, . This implies that, according to
Eq. (6), S(y, ))0. Then from Eq. (4) we know that

&0. Hence we have that if y& is the smallest nonzero
solution of Eq. (2a) it gives the maximum of susceptibility

(r, E) for fixe—d values of E when r is varied around
'T= 7

~
~ We are now able to draw several conclusions from

the discussion above. If there are more solutions,
yi &yz (y3, of Eq. (2a), then odd ones (y2;+ i ) corre-
spond to maxima and even ones (yz;) to minima of sus-
ceptibility. If there exists only one nonzero solution (yi )

of Eq. (2a) it always leads to a maximum of susceptibility.
If some of the solutions of Eq. (2a) coincide with zero
(y =0) then according to Eqs. ( la), ( lb), and (2e),
f+(0)=1 and the integration constant A=0. Therefore
there are no extrema of susceptibility in this case.

We are now in a position to formulate the thesis: If the
nonzero-field susceptibility y (r, E) takes th—e form (la),
(lb) (i.e., when the static scaling hypothesis is true), then
nonzero solutions (y, )0) of the algebraic equation (2a)
determine the invariants Q;(2f) associated with the ex-
trema of y —(r, E). This thesis can be applied also to the
nonzero-field specific heat C (r, E) and to non—zero-
wave-vector correlation function g—(r, q) (q, wave vec-
tor) because, according to the static scaling hy-
pothesis, ' these functions can be represented by the
equations
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C +(r—, E)/C =—g (y) )0, Co = Ao~ rl

y =Eco', a =b/a, a&0,
(7a)

(7b)

10( )

a=—16
ll

(b)o.
5.0-

53.5 '

1

2-
~ ~ ~ ~ ~

'~ ~ ~ ~

0
E xpi.

1.87+ 0.05
and

y =qXo+-', a = /y =(2—n) ', (8b)

y, =(4/(3 C4 ) 3, =2' /3C', Q, =2, (9a)

which are similar to Eqs. (la) and (lb) for y (r, E—):
g+(y) and h+(y) are the corresponding scaling functions,
v is the critical exponent for inverse correlation length, g
describes the power-law behavior of y (r, q)—on the criti-
cal isotherm, y —(O, q) -q"

The Landau universality class is defined by the free en-
ergy F=—2C2~P + 4C4P, where Cz and C4 are some
positive constants. In this case we have found the sus-
ceptibility scaling function f+(y). Here we have report-
ed only the results related to Eqs. (2b) —(2f). Below the
critical point there is a trivial solution y, =0 of Eq. (2a)
for f (y) and y (r, E) does not have an extremum.
Above the critical point there is a maximum and we have
one nonzero-solution y, of Eq. (2a) for f+(y) as well as
constant 3 i and universal quotient Qi.
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FIG. 1. The same experimental data for TGS presented in

two systems of coordinates; (a) g+lyo vs Ego+'(a =1.46= —'„)
for the 23 temperatures from the interval corresponding to
5 X 10 (T/T, —1 ( 10 and for four values of the electric
field E: 53.5, 106.1, 210.5, and 369.4 kVm ' for each tempera-
ture; (b) y+ (E=const) vs T for the same, as in (a) values of T
and E; the electric field values are given in kVm '. Inset:
values of Q for various electric fields E for the other TEES sam-

ple; the average value of Q is 1.87+0.05. Both the measuring
field (of frequency 1 kHz and amplitude not exceeding 10'
V m '

) and the constant external electric field E were applied
parallel to the ferroelectric axis of the tested TGS crystals. For
both samples the electrodes completely covered the crystal sur-
faces.

where C4/4 is the coefficient of P in the Landau free en-
ergy. We also have for this case Eq. (2c) in the form

ri =(27C4/16Cp )' E . (9b)

EXPERIMENT

In Fig. 1 we present our experimental results obtained
for ferroelectric triglycine sulfate (TGS). The measure-
ment technique has been described in a separate paper. '

To the best of our knowledge there are no exact solu-
tions for the simplest Ising model and d ~ 2 in a nonzero
magnetic field. Several terms of the expansion for the
Gibbs potential in powers of magnetic field above and
below the critical point are given. These expansions can
be used to express the series for universal quotient
g +—(r, E)/g&~& by four Watson invariants (universal com-
binations of critical amplitudes of susceptibility). The sit-
uation is much easier in the case of the correlation func-
tion y —(r, q) for the Ising and Heisenberg models, where
both approximate and exact (d=2) (Ref. 8) calculations
for g—(r, q) were carried out. The version (q —r ) of the
power law (2c) for the correlation function was first pre-
dicted theoretically in Ref. 7 for the Ising model. This
prediction of maxima of y+(r, q) was next confirmed in
neutron scattering experiments. The maxima have also
been observed experimentally in studies on nonzero-field
susceptibility and specific heat for magnetic' ' and fer-
roelectric systems. ' The susceptibility maxima usually
appear in the higher-symmetry phase and they are the re-
sult of switching on a symmetry-breaking (electric, mag-
netic, etc.) field which is required to establish the symme-
try of the ordered (less symmetric) phase.

In Fig. 1(a) the experimental susceptibility scaling func-
tion y+ /go+ versus E7/o+' [see Eqs. (1)] for the critical in-
dex 6= —,", =3.2 (i.e., for a =5/(5 —1)=1.46= —",, is
shown. For the same experimental data, i.e., for the same
temperature and electric-field values, the temperature
dependences of susceptibility y+(T) were determined.
The results are presented in Fig. 1(b). From the data
presented in Figs. 1(a) and (lb) the following experimen-
tal facts for TGS may be concluded.

(i) Agreement between the experimental data and the
static scaling hypothesis [Fig. 1(a)] and also the existence
of susceptibility maxima [Fig. 1(b)]; for the given value of
the electric field EWO only one susceptibility maximum
was recorded.

(ii) Values of susceptibility lying on both sides of the
maximum on Fig. 1(b) form one scaling function f+,
hence the existence of susceptibility maxima for various
EWO cannot be associated with shifting of the critical
temperature induced by the electric field [cf. general con-
clusions below Eq. (6)].

(iii) Within the limits of experimental error, the value
of quotient Q is constant and independent of E [see inset
in Fig. 1(b)]. The experimental value we obtained for Q
( =Q,„,) as the mean value for various E, was

Q,„,=1.87+0.05, and is thus slightly smaller than that
predicted by mean-field theory (9a), i.e. , Q=2. Both the
value 6) 3 required to form the scaling function, as in
Fig. 1(a), and the value Q,„,are examples of experimen-
tal results obtained for TGS which are inconsistent with
mean-field theory (MFT). We have also found larger de-
viations from the MFT value Q=2 for other ferroelectric
systems. These results will be presented in separate pa-
pers.
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CONCLUSION

We suggest here the desirability of measuring these
new invariants (2f) for diff'erent physical systems and vari-
ous physical quantities (susceptibility, specific heat, and
correlation function) at the maximum of the correspond-
ing function. Maxima as well as minima of nonzero-
magnetic-field susceptibility have been observed below
the critical point for certain ferromagnets. " There are
several factors such as demagnetization, electrode layers,
etc. , which make the measurement of exponent 6 on the
critical isotherm dificult and rather inaccurate. The
form (la) and (lb) of the susceptibility has been used to

achieve precise measurement' of exponent 5 from the
data [yo (r), y (r,—E),E] beyond the critical isotherm.
The value of 6 was selected from the condition of
minimum scatter of the points on the plot g—(r, E)/go (r)
versus y =Ego (r) ~( ". We also suggest here using the
same method for measurement of quotients 6/a (a&0)
and v/y=(2 —rl) ' from Eqs. (7a) and (7b) and (8a) and
(8b), respectively.
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