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the muon-spin relaxation rate started to decrease again
with decreasing temperature. The most likely interpreta-
tion was an increase in the muon hop rate with decreasing
temperature, causing motional narrowing as at higher
temperatures. The Geld and orientation dependence of
the relaxation rate were consistent with an unchanged
octahedral muon site, with an unchanged electric-field
gradient, implying that the decreased depolarization rate
was in fact due to increased hopping between such sites.

There were, however, a number of other possible ef-
fects that could not be distinguished in the transverse-
field measurements from an increase in the hop rate. This
was because it is difficult to distinguish changes in the de-
polarization rate due to changes in the correlation time
7; 1jv}, z from changes due to a smaller static relax-
ation rate a. Some of these possibilities included the
muon moving to a difFerent site in the lattice, perhaps
the tetrahedral site (also shown in Fig. 1), as well as
trapping at defects or impurities. The latter were inves-
tigated by deliberately introducing defects into samples,
through radiation damage and by mechanical deforma-
tion to introduce dislocations. In both experiments, the
introduction of large numbers of defects did not apprecia-
bly alter the TF relaxation rate, implying that the small
number of these defects present in annealed crystals and
polycrystals could not be responsible for the changes with
temperature of the relaxation rate (and thus the inferred
muon hop rate). Experiments on isotopically enriched
samples containing over 99 jo of either Cu or 65Cu also
yielded essentially the same results as the natural com-
position samples.

The narrowing was studied down to 50 mK; ' the hop
rate was observed to reach a plateau at approximately
500 mK, below which it remained constant. The authors
claimed to be able to rule out a number of models that
proposed alternate explanations for the effects on the re-
laxation functions, including metastable tetrahedral site
occupation and trapping at impurities, and concluded
that the diR'usion was due to a coherent tunneling pro-
cess. However, the TF experiments were not sufhcient to
completely rule out all other interpretations.

Zero-field (ZF) measurementsg i2 all exhibit a mini-
mum in the muon hop rate around 40 K. There is a large
variation in the absolute (fitted) value of the hop rate
at this minimum, however, due to the diFiculty in ex-
tracting very small hop rates from ZF data. The most
recent results of Kadono et al. indicate that muons
are completely static (~ &

——0+10 ps i) around 40 K.
The actual range extracted for static behavior was found
to vary with the form of the static depolarization func-
tion used to fit the data. Use of the semiclassical Kubo-
Toyabe function resulted in a static range from 20
to 80 K, whereas use of the more accurate results of Ce-
lio and Meier gave a narrower range of temperat;ures.
Earlier results 6 gave the value of ~op at the minimum
as ~10 ps

At higher temperatures (100 K and higher) the hop
rates extracted from the ZF data are consistent with each
other, as well as with the various TF results up to

II. RELAXATION FUNCTIONS

The semiclassical theory of Kubo, Toyabe, and co-
workers gives an approximate method for evaluating
the time evolution of a classical spin ensemble in zero and
longitudinal field. The local fields are taken to be static
and random with a Gaussian distribution:

P(H;) = " exp "~', i = z, y, z, (2)
2mb. I 2& )

which has a second moment given by the dipolar width

The spin evolution function is found by integrating over
the field distributions in all three dimensions. The result
is the well-known Kubo-Toyabe formula for the evolution
of a static spin in zero field:

'P, (t) = s + s(1 —A t ) exp( —~A t ). (4)

The "3 tail" corresponds to the fraction of the spin po-

140 K.
Below the minimum, an increasing hop rate was seen,

down to 0.5 K. The hop rate was seen to obey a power
law in this range of the form

(1)
where values for the exponent varied from n 0.4 (Ref.
16) to n = 0.67 + 0.03 in the most recent results. The
value of n depended on the range of temperatures used to
extract it; with deviations from the power law starting at
around 0.5 and 15 K. Below T=0.5 K the hop rate was
observed to level out, reaching a constant value in the
range 0.5—0.8 ps . These ZF measurements were made
down to 70 mK.

Our preliminary weak longitudinal field (WLF)
results were in qualitative agreement; with the previous
TF and ZF work, and demonstrated the precision of
the WLF technique. Here we present our final results
for the muon diffusion rate over the temperature range
12 mK (T ( 150 K. All of the data are analyzed in terms
of an exactly solved, fully quantum-mechanical micro-
scopic Hamiltonian governing the time evolution of the
muon polarization in the absence of diffusion. The eQ'ects

of muon diAusion are then extracted from the data using
the strong collision model.

This article proceeds as follows. First, there is a dis-
cussion of the evaluation of muon relaxation functions,
for the case of static models. These static relaxation
functions are then used to extract the strength of the
muon-nuclear quadrupolar interaction, which allows the
determination of the muon site. This is then followed by a
description of the strong collision model, used to extract
the muon hop rate. Finally, the temperature dependence
of the muon hop rate is compared to the theoretical re-
sults of Kondo, Yamada, and others.
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for various longitudinal fields from 0 to 120 G. One of
the striking features of Fig. 2 is the enhanced relaxation
which occurs around B, , 80 G. This level-crossing
resonance (LCR) occurs~2 when the quadrupolar split-
ting of the muon's nearest-neighbor copper nuclei is ap-
proximately equal to the muon's Zeeman splitting. At
this field, the dipolar coupling between the spins causes
a cross relaxation to take place, as energy-conserving Aip-

Qop transitions can occur.
The resonance efFect can be demonstrated by consid-

ering the simple case of a muon interacting with a single
spin-

&
copper nucleus with the external magnetic field

applied along the z direction. In general, for applied
fields greater than the dipolar field of approximately 4 G,
the Hamiltonian is essentially diagonal in the direct prod-
uct representation of muon spin I, and copper spin J, , as
the diagonal elements of the Hamiltonian are much larger
than the ofF-diagonal ones. This means that there are
very few transitions between states with difFerent muon
spin, and there is little relaxation of the muon asymme-
try. However, near the field where the muon Zeeman
frequency equals the copper quadrupole frequency, the
diagonal elements become very small, and there is a large
mixing of states; the initial state is no longer an eigen-
state. Transitions to other states with a difFerent z com-
ponent of the muon spin are enhanced, and there is an
increased muon-spin depolarization.

The copper energy levels are also split by the nuclear
Zeeman interaction. As a result, the resonance (for a
muon and a single copper nucleus) is a superposition
of four lines, whose positions and relative amplitudes
depend on the orientation angle 0 (between the muon-
nuclear axis and the applied field). The width of each
individual line is given by the strength of the coupling be-
tween the mixing states, i.e. , the dipolar field of approxi-
mately 4 G. The actual positions of the lines will be dis-
tributed over a field range of the order of the copper nu-
clear Zeeman interaction strength (B„,pc„/p„20 G).
For a larger number of nuclei (six for the muon in the oc-
tahedral site), the resonance contains contributions from
copper nuclei at a number of different angles, which are
convolved together in a complicated manner. The indi-
vidual lines are not resolved, as their separation is less
than their linewidth; the total width of the resonance is
still of the order of the copper nuclear Zeeman strength.
A further source of broadening is due to the copper iso-
tope mixture (ssCu/s5Cu), though this contribution is
smaller than that of the nuclear Zeeman interaction.

The LCR provides an extremely sensitive indicator of
the muon site, since its position is determined by the
strength of the EFG exerted on the copper nuclei. If
the muon were to occupy a different site, with a different
muon-copper separation, the position of the resonance
would shift. Additionally, the number of nuclei involved
in the resonance would change, and there would be a
change in the form of the relaxation function, even if
the muon-nuclear distance remained the same. An illus-
tration of this sensitivity of the LCR technique to the

detailed nature of the muon site has been its use in prov-
ing that the so-called "anomalous" muonium center in
silicon is situated exactly between two silicon nuclei.

III. STRONG COLLISION MODEL FOR
DIFFU SION

P (at initial site) = e

The model also assumes that there is no correlation be-
tween the local field experienced by the muon before and
after a hop (other than external fields). Thus the corre-
lation of the local field at some site j at time t with that
at time 0 and site i is given by

(14)

The muon polarization at some time t will then contain
contributions from muons that have not hopped at all,
those that have hopped once, twice, and so on:

where n= number of hops

+ v p, (ti)p, (t —ti)dti

pg (tl)p. (t2 ti)pg (t t2)dtldt2

+ ].
This can be solved by taking the Laplace transform and
summing the infinite series, giving a result that can be
inverted numerically. Equation (16) can be expressed as

P (t) = (t)+ p, (7-)e "'P, (t —7-)d7-

The above discussion has been restricted to the case
where the muon is static, i.e. , fixed at one site in the
lattice. If the muon is diffusing, however, the relaxation
of the p+ polarization will be modified, as it hops from
one site—where it has exchanged some of its polariza-
tion with its neighbors —to another site, surrounded by
initially unpolarized nuclei. The efFects of difFusion are
generally described within the framework of the strong
collision model. ' The term "strong collision" refers
to the evolution of the local field experienced by the p+,
which is assumed to change discontinuously at the time
of a hop and to be uncorrelated with the evolution at the
previous site.

In the strong collision model the muon is assumed to
be hopping at random times between equivalent sites,
with some average frequency v. The time spent during a
jump is taken to be much shorter than the mean residence
time at a site. The probability that the muon is still at
its initial site after some period of time is simply given
by an exponential decay:
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(—2A'S lP, (t) = exp
~ I (A && v && ylH, ~~).

) (19)

This corresponds to the extreme motional narrowing
limit, at hop rates that are past the "T~ minimum. " The
minimum in the relaxation function disappears, as the
majority of the muons hop before the polarization reaches
its minimum (at t ;„m+3/6), which is therefore never
reached.

This expression can be solved by numerical integration,
allowing one to generate "dynamic" relaxation functions
from static ones, as a function of the average hop rate.
Figures 3 and 4 show theoretical relaxation functions for
both zero field and weak longitudinal field for several hop
rates.

In zero field, there are two simple limits where the
form of the relaxation function can be illustrated. In the
case of slow hopping and long times, where the mean hop
frequency is much smaller than the second moment of the
field distribution (i.e., A in Kubo-Toyabe theory) and the
time is much longer than 1/A, the effects of hopping are
seen in the s tail, which decays slowly:

'P, (t) = —exp j vt
~ (v && E, t &) 4 ').(—2

)
In this limit, the decay of the tail becomes independent of
6, whose value can be deduced from the second moment
of the polarization (i.e. , from short times), which is inde-
pendent of the hop rate. Most of the muons do not hop
until times longer than the time at which the polarization
has reached its minimum value (at t ~3/E) and be-
gun its recovery towards its static asymptotic value of 3.
Thus the minimum remains, with the main effect of slow
hopping being the relaxation of the tail at long times.

In the limit of fast hopping, where the hop rate is much
larger than L but still smaller than the dominant energy
splittings in the system (such as Zeeman or quadrupole),
one finds that the relaxation function has the form

IV. DIFFUSION OF LICHT INTERSTITIALS

In considering the diffusion of light interstitials, one
must account for the effects of the host material act-
ing to retard the motion of the diffusing particle. Flynn
and Stoneham~s first considered the effects of the self-

trapping lattice distortion around the particle acting to
reduce the effective tunneling matrix element from its
bare value go.

J,rr = Jq exp[—S(T)] (20)

where S(T) depends upon the phonons in the system,
giving at low temperatures a T temperature dependence
on the hop rate W (which is proportional to +~fr). Kagan
and Klinger extended the theory to include a quadratic
interaction between the diffusing particle and the host

The effect of difi'usion on the relaxation function in
copper is shown in Fig. 3 for zero field and in Fig. 4 for
weak longitudinal field. In zero field and at low hop rates
there is little change in the relaxation function until long
times (t ) 8 ps), whereas in WLF the changes occur
much earlier. This difference makes the WLF method
more sensitive in measuring very small hop rates.

There are a number of experimental situations where
some of the assumptions of the strong collision model
could be violated and thus the model could be expected
to break down. First, the assumption that the local fields
experienced by the diffusing particle before and after hop-
ping are uncorrelated does not hold in the case of back
diffusion (where the particle hops from one site and then
returns to its original site). Second, there is the case of
shared neighbors, before and after hopping. Celio~s con-
sidered these effects in a number of numerical simulations
of worst-case situations. He found that the general result
of the correlations was to modify the extracted value of
the hop rate by some constant factor (i.e. , independent
of the hop rate) of order l.
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FIG. 3. Muon polarization in zero field (ZF) for several
muon hop rates, calculated from static relaxation function
using the strong collision model.

FIG. 4. Muon-polarization function in weak longitudinal
field (WLF) at several muon hop rates, calculated using the
strong collision model.
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lattice and predicted a T s dependence at sufficiently
low temperatures.

Kondo~s and Yamada considered the important ef-
fect of the conduction electron cloud on the motion of the
diffusing particle. In a metal, there exist infinitely small
electron excitations across the Fermi level, with the result
that the conduction electrons react slowly to perturba-
tions and therefore cannot follow the diffusing particle
adiabatically. Since the conduction electron cloud must
follow the charged diffusing particle, this effect causes a
source of "drag, " reducing the particle hop rate.

Kondo finds that at sufBciently low temperatures, the
hop rate is given by

gs~ e 2s I'(It ) f' eke T
r(I~+-,') q ~

(21)

eD (efi kgyeD eD ) (22)

Comparison with the measured results for W(T) allows
the determination of these various microscopic parame-
ters.

V. EXPERIMENTAL

The technique of muon-spin relaxation (@SR)has been
described in detail in a number of books and confer-
ence proceedings, 3 and so only a brief description will

where I is the garruna function, zF is the Fermi en-

ergy, and S is the zero-temperature value of S(T) The.
constant I~ is a measure of the particle-conduction elec-
tron interaction strength. The factor of T is from the
electron cloud and reQects the near orthogonality of the
conduction-electron wave functions at the two sites (be-
fore and after hopping), reducing the overlap integral.
The T factor comes from the fact that the energy lev-
els become sharper (with the level broadening being pro-
portional to temperature) with decreasing temperature,
and thus the overlap integral increases correspondingly.
Equivalently, the final electron density of states is re-
duced by the smearing of the Fermi surface, which is
proportional to T.

At this point Kondo considers the further effect of a
temperature-independent inhomogeneous broadening of
the hopping particle energy levels, characterized by a
width b~. As a result, below T bE, the energy levels
no longer become sharper with decreasing temperature
and at temperatures much lower than b~ the hop rate
exhibits only the T~~ temperature dependence; the hop
rate starts to decrease again with decreasing tempera-
ture.

The hop rate is evaluated numerically as a function
of the microscopic parameters describing the various in-
teractions: the linear and quadratic particle-lattice in-
teractions (S and d), the bare tunneling matrix element

(go), the particle-conduction electron interaction (I&),
the Debye temperature (OD), Fermi energy (s~), inho-
mogeneous broadening (6~), and the temperature T:

be given here. A pSR experiment involves the implant-
ing, generally one at a time, of highly polarized positive
muons. The muon comes to rest in the target and sam-
ples the local magnetic environment through its spin. Af-
ter some length of time the muon decays, emitting two
neutrinos (which are not observed) and a positron that
is detected in another scintillation counter. The angular
distribution of the decay positrons is monitored to give
information on how the muon spin evolved before the
decay.

A. Time-difi'erential (TD) pSR

where BB,I'"B correspond to the fraction of time-
independent background events, AB0, Az+ are the asym-
metries of the B and I" counters and P is the muon po-
larization function discussed in the previous section. An
experimental asymmetry is then defined:

8(t) —X(t)
8(t) + X(t)

(24)

This can be inverted to give the corrected asymmetry:

a (~ —1) + (~+ I)&(t)
(nP + 1) + (nP —1)A(t) '

where

gB~
0

aF
p

0

which equals g(t) when n = P = 1.
In the zero or longitudinal field (ZF-LF) geometry, the

muon spins are initially polarized normal to the planes
of the (I' and B) positron detectors, along the direction
of the applied field (in a LF experiment).

B. Time-integral gSR

It is not always necessary to completely determine the
entire muon-polarization function. In some instances it
is sufficient to measure only its average value (weighted
by the distribution of p+ decay times) over some length
of time, long relative to the muon lifetime. In this case,
one is no longer restricted to allowing only one muon in
t,he sample at a time. This allows the use of greatly in-
creased muon beam intensities, which provides increased

Typically, a muon enters the sample after passing
through a thin scintillation counter, which signals the
start of an event. For each detector, a histogram of de-
tected positrons is kept as a function of the time dif-
ference between when the muon enters the sample and
when it decays. The numbers of positrons detected in
two opposing counters (say F and B, for the forward
and backward directions) are given by

Nip(t) = No IBgy + e ' "[1—Ao'P(t)]),

N~(t) = N~~(B~+ e '~'» [1+Ao 'P(t)]),
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where R is the muon arrival rate, r is the efFiciency, B
is the background rate, and A is the effective asymmetry
of the positron detector. The + refers to the counter
direction relative to the initial muon polarization. Only
the I F-ZF geometry is presently considered useful for
integral @SRmeasurements. Here, 8('P, ) is the Laplace
transform of 'P, (t) defined by

2('P, ) = exp( t/r„—)'P, (t)dt/r„ (28)

One can then form an integrated asymmetry

A'+ —A'

sensitivity in some types of experiments.
In a time-integral @SR experiment one simply counts

all the decay positrons in each detector. After a period
of time T, much longer than the muon lifetime r„, the
number of decay positrons detected is given by

JVy = ByT+ RTey + RTeyAyZ('P, ),

was mounted on the mixing chamber. In addition, nu-
clear orientation thermometry was used below 100 mK,
with a Co crystal mounted on the sample holder adjacent
to the sample.

Most of the work described here was done on a sin-
gle copper crystal (used previously in Ref. 9) of nominal
99.999% Cu purity. This sample had a residual resistiv-
ity ratio (rrt) of 4000 and was oriented with its (110) axis
normal to its surface. The sample was approximately 2
cm in diameter. In the dilution refrigerator, only 2 of
the sample was used. (It had been cut into four pieces
using spark erosion). A polycrystalline sample of ultra-
high purity (rrr=18 000) copper was used in some of the
lowest-temperature runs. This sample had been used
previously in experiments by Kadono et a/. A small
amount of material was cut from the 5-mm-diam sample
rod and arranged to form a mosaic, covering an area of
30x20 mm . Although the sample was polycrystalline,
the various crystallites were clearly visible in the freshly
cut surfaces and were several millimeters in size.

If the counters are essentially identical,

(1 —n) 2
(30)

VI. RESULTS

A. Level-crossing resonance: Quadrupolar
interaction

where n is the ratio of the counter eKciencies [given in
Eq. (26)]. The first term is a "baseline, " which is gener-
ally both field-dependent and rate-dependent, while the
second contains the signal of interest.

C. Experimental details

The experiments were performed on the M15 and
M20B surface muon channels at the TRIUMF meson
factory. These channels provide monochromatic beams
of 100% spin-polarized muons with a momentum of
approximately 28 MeV/c. Such muons have a range of
about 150 mg/crn2, corresponding to about 0.1 mm in
copper. Beam positrons were removed from the beam
using a dc separator (consisting of crossed electric and
magnetic fields).

Above 4 K, the samples were mounted in a He flow cold
finger cryostat. Measurements below 4 K were performed
using a commercial (Oxford model 400) top-loading dilu-
tion refrigerator, which had a base temperature of 10 mK.
The various cryostats were fitted with thin Mylar or Kap-
ton windows to allow beam access. When using the cold
finger cryostat, the samples were first attached to a piece
of high purity aluminum using low-temperature varnish.
This aluminum was then bolted to the cold finger using a
thin layer of Apiezon N-type grease for improved thermal
contact. Nonsuperconducting solder was used for mount-
ing the sample to the dilution refrigerator sample holder,
which was attached to the mixing chamber extension us-
ing a threaded copper contact.

Temper ature measurement was made using carbon
glass and platinum resistors in the cold finger cryostats.
In the dilution refrigerator, a calibrated carbon resistor
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FIG. 5. Integral-@SR measurement of longitudinal relax-
ation. Field applied along the (110) direction. Inset: ex-
panded vertical scale.

The easiest and fastest way to detect any I CR's is by
using time-integral pSR. The results of such an experi-
ment are shown in Fig. 5 for muons in the copper sin-
gle crystal in longitudinal fields from 0 to 120 G at two
different temperatures. The location of the resonance
(maximum asymmetry loss other than as B ~ 0) around
80 G is evident, as is the width of the resonance and
the difference between nearly static and diffusing muons.
Since an exact theoretical model for the relaxation func-
tion was available, we chose to determine the strength of
the copper quadrupolar interaction with the EFG of the
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FIG. 6. Time-difFerential spectra around level-crossing
resonance. Longitudinal fields are 70.1 (triangles), 79.5 (cir-
cles), and 86.9 G (squares).

muon, using time-differential pSR.
We were able to accurately measure both the magni-

tude and sign of the quadrupole interaction, which had
previously been reported to be

~

uq ~= 3.02 + 0.4 ps
This was done by collecting a series of spectra at the
minimum in the hop rate around T = 45 K, in longitu-
dinal fields where there was the maximum relaxation, as
well as halfway down the resonance curve, both above
and below the center of the resonance. The fields used
were 70.1, 79.5, and 86.9 G. These runs were then simul-
taneously compared to theoretical functions calculated
as described above for various values of the quadrupo-
lar frequency uq. A typical Gt is shown in Fig. 6 for
the three applied fields at T = 50 K. Other than nor-
malizations between counters (constant for each of the
three runs), the only free parameter was the quadrupo-
lar frequency. Although both positive and negative signs
for the quadrupolar frequency give a resonance at ap-
proximately 80 G (corresponding to sr+ +2cu&), the
resonance is asymmetric about its center and the total
amplitude is slightly larger for the case of negative sign.
This asymmetry is a result of the fact that the resonance
does not occur exactly at co+ = +2~, but is split into
(unresolved) lines by the copper nuclear Zeeman interac-
tion. The intensities of these various line (and thus the
overall line shape) depend upon the relative orientation
of the applied Geld and the muon-nuclear axis as well as
the relative signs of the quadrupolar, Zeeman, and dipo-
lar frequencies.

We found that it was only possible to fit the data by
using a negative sign for the quadrupolar frequency; it
was not possible to get a large enough amount of relax-
ation using the positive sign. This could not be an effect
of hopping; even assuming the muon to be completely
static, there was not enough amplitude in the theoretical
resonance for the positive sign case—and slow hopping
serves to diminish the amplitude of the resonance, as can
be seen in Fig. 5.

q = 0.296(7) A (32)

This value may be compared with the theoretical result

of Jena et al. ,
s4 who obtained q = 0.26 A for the EFG

at copper nuclei due to an interstitial positive muon at
the octahedral site (o site).

B. Muon site

The LCR data allow us to lay to rest the discussion
of whether any of the apparent features observed at low
temperatures are in fact due to a muon site change. If
the muon were to change to another type of site or spend
any significant time in some metastable site, such as
the tetrahedral interstitial site (t site), there would be
a change in the position of the level crossing. This is be-
cause the resonance position is given by the strength of
the quadrupolar interaction of the nearest-neighbor cop-
per atoms. A difI'erent site would be characterized by
a difFerent electric-field gradient, shifting the resonance
position. Additionally, the number of neighbors partici-
pating in the resonance would be different, changing the
amount of polarization involved in the resonance.

Time-difI'erential measurements were made at a series
of longitudinal fields around the LCR position at 10 rnK.
It was found that all of these runs could be fit simul-
taneously using the value of the hop rate extrapolated
from Fig. 10 to 10 mK. The only free parameters were
the asymmetry and o, .

We see no evidence of any significant occupation of the
tetrahedral site. Recalling that Flik et al. and Seegera
reported metastable occupation by x+'s of the tetrahe-
dral site at T = 150 K, we can reconcile these two seem-
ingly contradictory observations. The pion has a much
shorter lifetime than the muon; therefore the muon would
have to hop a factor of 1000 more slowly than the
pion, for a similar occupation of the metastable site to
be equally apparent. Since they have similar masses and
the same charge, we would, however, expect the muon
and pion diA'usion rates to be similar. Thus we conclude
that the muon is never hopping infrequently enough in
the temperature range available to us to observe possible
occupation of such a metastable site.

It should be pointed out that the LCR is quite insen-
sitive to small hop rates. The fact that the resonance
does not quickly disappear due to hopping can be un-

Our final result for the quadrupolar frequency is

cuq = —3.314(7) ps
e2qQ

4h

From this result, we can extract the electric-field gra-
dient q. As the values of the copper quadrupole mo-
ments are slightly diAerent, we use a weighted average
for the two Cu isotopes. Effenberger e$ al. give ~Q~ =
0.220(15) x 10 24 cm2 for ssCu. Sternheimerss gives Q =
—0.209(5) x 10 z4 for ssCu and Q = —0.194(4)x 10 2~ for
ssCu. Using the average value of Q = —0.205(5) x 10
cm2, we obtain



3292 G. M. LUKE et al. 43

derstood by considering the effect of hopping in longi-
tudinal field. After a hop, the component of the muon
polarization, which is perpendicular to the net field (ran-
dom local field and applied longitudinal field), precesses.
This perpendicular component is lost from the longitudi-
nal polarization. After each hop to a difFerent site with a
different random field, this component is again lost and
so on, as the total polarization is gradually relaxed away.
This process only causes relaxation when there is hop-
ping and is therefore quite sensitive to the magnitude of
the hop rate. On the other hand, in the situation of the
LCR, the muon polarization is lost through the resonant
exchange with neighboring copper nuclei. Even if the
muon is static, it is constantly losing polarization (even
after five muon lifetimes), whereas in weak longitudinal
field the situation is quickly reached where there is no fur-
ther loss of polarization with time until the muon hops
again (in the long-time tail). On resonance, the muons
are constantly being depolarized, regardless of whether or
not they are hopping. As a result, one would not expect
the relaxation function around the LCR to be especially
sensitive to the hop rate.

'We have observed the LCR at temperatures up to
200 K, where the muon is hopping at a rate of approxi-
mately 1.5 ps . The amplitude of the resonance at that
temperature is slightly greater than expected on the ba-
sis of the strong collision model. This follows from the
violation of the assumption that the hop rate is smaller
than the dominant (in this case quadrupolar) spin inter-
action of the copper nuclei. In the field region away from
the LCR, the second moment of the relaxation is dif-
ferent, depending on whether there is a strong or weak
quadrupolar interaction. As the hop rate approaches the
quadrupolar frequency, the quadrupolar interaction be-
gins to be averaged out, causing a transition from the
strong to the weak quadrupolar limit. As this happens,
the second moment of the relaxation increases. Around
the LCR, half of the main diagonal elements of the Hamil-
tonian are much smaller than away from the resonance;
the hop rate approaches the magnitude of those elements
much more quickly. The eA'ective dipolar coupling (which
gives the second moment) is then stronger, increasing the
amount of relaxation. This acts to oppose the reduction
of the resonance amplitude with hopping. The net result
is that the hop rate that would be extracted on resonance
by assuming u &) ~ p is smaller than the actual value
of ~zp As a result, the level-crossing persists to higher
hop rates than predicted by the strong collision model.

C. Hop rate

In measuring the muon hop rate in copper, we used the
weak-longitudinal-field (WLF) technique. is ig This tech-
nique has a number of advantages over both the trans-
verse field and zero-field methods in determining hop
rates.

As previously mentioned, the first transverse field re-
sults were subject to a number of alternate interpreta-

tions for the change in the relaxation rate at low temper-
ature, including the muon site changing to one of differ-
ent symmetry and trapping at defects. Transverse field
measurements also suffered from a lack of sensitivity to
changes in hop rate at very low hop rates. There is an
additional difliculty in distinguishing the eff'ects of small
hop rates from the effects of a small (& 5%) lattice dila-
tion. In transverse field, many diA'erent physical interac-
tions affect the amount of spin relaxation, often in ways
that are virtually indistinguishable from each other.

Zero-field measurements of the hop rate are dificult
near the minimum in the hop rate due to the fact that
the decay of the "3 tail" does not show much effect until
long times (t ) 8 ps), where there are few muons still re-
maining in the sample. This problem is most pronounced
at a "continuous" beam facility, such as TRIUMF, where
one is limited to an optimum incoming muon rate by the
requirement that only one muon be present in the sam-
ple at a time. This rate decreases as one observes out to
longer times following the arrival of each muon. A further
limitation of the ZF method is that the 3 tail does not
actually exist; the muon polarization does in fact decay
slightly at long times, even when the muons are static.
If one used the approximate Kubo-Toyabe theory for the
static muon polarization function, this would cause one
to overestimate the hop rate. This is a less significant
dif5culty now that the exact solution for the static po-
larization function can be calculated, but it does demon-
strate the sensitivity of results obtained in zero field to
the fine details of the assumed static relaxation behavior.

The application of a longitudinal field increases the
amount of polarization that is available to relax (due to
hopping) from its approximate —value in ZF, increasing
the sensitivity of the WLF technique. In longitudinal
field, the decay of the long-time tail begins at earlier
times, where there are correspondingly more muons and
any instrumental systematic distortions of the time spec-
tra are smaller and therefore less significant. This is illus-
trated in Figs. 3 and 4, which show theoretical static and
dynamic relaxation functions for both zero field and 15 G
longitudinal field. The WLF polarization functions ex-
hibit more significant differences at earlier times than do
the zero-field functions. This increases the accuracy with
which one can extract information from the data, since
the error associated with any measurement of the po-
larization function increases exponentially with the time
at which it is studied, due to the decreasing number of
muons left in the sample.

At each temperature a series of spectra were taken at
several applied longitudinal fields. Generally these fields
were 8, 16, and 24 G. Typical spectra are shown in Figs. 7
and 8 where the muons are nearly static and diffusing
rapidly, respectively. There are a number of advantages
in taking a series of runs at various fields at each tem-
perature. First, analyzing data for a number of different
fields with all free parameters common to all the runs
(i.e. , hop rate, asyrnrnetry, etc.) gives added confidence
that one has a correct functional form and interpretation
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FIG. 7. WLF time-differential pSR spectra for applied
fields 8 (squares), 16 (circles), and 24 G (triangles). Muons
are nearly static: T=45 K.

0.30

of the relaxation functions. Second, data at a series of
fields extends the advantage that the WLF method has
over zero field in that the field can be chosen such that
one is most sensitive to small changes in vp &. This can
be seen most clearly by referring to Fig. 9, which shows
theoretical relaxation functions for various hop rates in
zero field and in a longitudinal field of 15 G. It can be
seen that there is a range of hop rates where the relax-
ation functions are not very sensitive to small changes in
the hop rate, around the "Tj minimum. " The hop rate
where this takes place is field dependent. Using a series
of fields guarantees that at worst one field will sufFer from
this lack of sensitivity.

The experimental asymmetry of the apparatus was de-
termined in two ways. Transverse field spectra, taken by
applying a field perpendicular to the direction in which
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the longitudinal field was applied, provided one measure
of the asymmetry. Furthermore, in fitting the WLF runs
themselves, the asymmetry was fit. The results were al-
ways consistent with each other.

At this point the spectra were fit simultaneously (data
from all three fields) using the MINUIT g~-minimization
program. The only free parameters in these fits were the
asymmetry, the relative eFiciencies of the two counters,
and the hop rate. The results obtained in these fits were
also consistent with the results from fitting the runs sep-
arately. In a series of spectra at difFerent temperatures
taken under otherwise identical experimental conditions,
the data were often fit simultaneously. For example, the
points marked by diamonds in Fig. 10, taken at ten difFer-

ent temperatures and representing thirty difFerent spec-
tra, were fit together in a single global fit. The curves
drawn through the data in Figs. 7 and 8 are typical of
the fits obtained.

The relaxation functions used for fitting the LF data
were calculated assuming the values of the p+-Cu dipo-
lar interaction appropriate to the case where there is
no lattice dilation, using the average gyromagnetic ra-
tio yc„/2vr = 1.154 kHz/G for the two isotopes. The
dipolar frequency was
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FIG. 8. WLF time-differential @SR spectra for applied
fields 8 (squares), 16 (circles), and 24 G (triangles). Muons
are difFusing rapidly: T=150 K.

FIG. 9. Dynamic relaxation functions in ZF and 15 G
longitudinal field, as a. function of muon hop rate vh ~ between
0 and3 ps
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FIG. 10. Muon hop rate over the temperature range
12 mK( T (150 K. Squares and diamonds are for cop-
per single crystal (m=4000). Crosses are for a high-purity
(m=18000) polycrystal. The curve is a fit to Kondo's model
for muon diffusion with the parameters in Table I.

This was calculated for a muon-copper distance of one
half of the copper fcc lattice constant of 3.62 A. The pos-
sible effects of lattice dilation were allowed in the fitting
procedure through the use of a parameter that scaled the
time axis, giving the first-order effect of a lattice dilation
on the relaxation function. The fitted value of the pa-
rameter was 1.00(5) implying that any lattice dilation is
less than 2%.

The second moment of the numerically computed re-
laxation functions may be obtained by numerical differen-
tiation giving an effective A = 0.387 ps, which can be
compared to the experimental results of Clawson et at. ,

s

0.389(3) ps, and Kadono and co-workers,
0.390(1) ps . These results are also clearly in-

consistent with a 5% lattice dilation, which would give a
significantly different value for A.

In interpreting this discrepancy between our results
and the previous transverse field results (which reported
a 5% dilation), we note that the previous measurements
were made at 20 and 80 K. Since the same results were
obtained at the two temperatures, it was assumed that
the muons were static. In fact, as can be seen in Fig, 10,
these two temperatures happen to be on opposite sides
of the minimum in the hop rate; the muons are hopping
at about 0.06 ps . If the effect of this small hop rate is
included in the calculation of the TF linewidth, an up-
per limit of approximately 2% is obtained for the lattice
dilation. 38

The quadrupolar frequency ~ was held fixed at
—3.2 ps for the hop rate analysis. The fact that this
value is slightly different than the value eventually ex-
tracted for the quadrupolar frequency [given in Eq. (31)j
from the analysis of the level crossing is unimportant,

as the relaxation functions in fields away from the LCR
are quite insensitive to the magnitude of the quadrupole
splitt, ing, so long as it is significantly greater than the
Zeeman splitting.

The extracted hop rates have been fit in terms of
Kondo's model for the diffusion rate of the muon as a
function of various parameters that characterize the mi-
croscopic hopping Hamiltonian. Since the calculation of
the hop rate in terms of these parameters requires reason-
ably intensive computations, the fitting was performed
in stages. First, the region where the hop rate follows a
T relation was fit to extract a value of the coupling
constant I& (o. = 2' —1). This value was then held fixed
throughout the remaining analysis.

Following this, a series of theoretical hop rates were
computed as a function of the remaining parameters,
with the exception of the residual broadening b~, which
was held to zero:

2

, S, , d, H) .
8D i, 8D kgg8D

(34)

These results were stored in a multidimensional table,
and a MINUIT fit was performed to extract results for
the parameters in the t,emperature range above 500 mK.
Finally, the effects of broadening were taken into account,
and the value of b~ necessary to provide the turning over
in the hop rate below 500 mK was extracted.

The fitted hop rates are shown in Fig. 10 over the tem-
perature range 12 mK ( T ( 150 K. It can be seen in
Fig. 10 that there are a number of temperature regions
exhibiting diAerent hop rate behavior.

At the highest temperatures studied, 40 K( T &150 K,
the muon diffuses by through-the-barrier phonon-assisted
tunneling. The dominant process is that involving two
phonons. The role of the phonons is to bring the en-
ergy levels between the two self-trapped states (before
and after hopping) into coincidence, allowing a tunneling
transition. We did not extend the study to higher tem-
peratures, as the muon diffuses so rapidly that the strong
collision model no longer gives accurate results for the
hop rate (as discussed earlier). At such high rates, the
most reliable method for deducing hop rates is through
the use of high transverse fields,

In the intermediate temperature range there is a min-
imum in the hop rate in the crossover region between
where the interactions of the muon with the lattice and
with the conduction electrons dominate. Around this
temperature range, we see the effect of the quadratic
muon-lattice interaction, which causes a deepening of the
minimum in the hop rate.

At lower temperatures 1.0 K( T (10 K, the hop rate
increases with decreasing temperature. In this region, the
hop rate has a power-law temperature dependence vh p
T . We extract a value of 0.553(7) for the exponent
n. In terms of the predicted temperature dependence of
Kondo and Yamada, the parameter I& = 0.224(4).

If we consider Yamada's result for the electron-muon
coupling parameter I& (assuming s-wave scattering of the
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muon by electrons) given by TABLE I. Parameters extracted from hop-rate results, for
Kondo's model for the muon hop rate.2, gl —x tanb 5

K = —tan
v'1+ z tan'6) (35)

we can estimate a theoretical value for A. The phase
shift b is given by the Friedel sum rule in terms of the
screened charge (Z = 1 in the case of the muon)

OD
ep/On
S
A

leR =& Zo

37.1+2.6 K
184.6 + 2.0 K

340.0 + 20.0
7.15 + 0.1

0.224 + 0.004
171.1 + 2.4

0.37 K
0.029 K

(36)

In the case where the muon is screened by electrons with
s character (! = 0), we have b = z. The value of
z = Jo (kFb) can be calculated using k~ ——1.36x 10 cm
and b = a/~2, where a = 3.62 x 10 scm is the fcc lat-
tice constant and Jo is a spherical Hessel function. This
gives an estimate of 0.28 for K, which is close to our
measured value. The difference between the two values
is presumably due to deviations from 8 character in the
screening electron cloud. Hartmann et aI,. interpolated
the results of Puska and Nieminen, 4o who calculated the
Fermi-level phase shifts for atoms in a homogeneous elec-
tron gas, obtaining A' = 0.33 for copper and A' = 0.27
for aluminum. Their experimental value for aluminum
was K = 0.15. The smaller value for A' is a result of
aluminum's greater electron density relative to copper.

Below T = 500 mK, the value of the hop rate turns over
and starts to decrease with decreasing temperature. This
efFect is explained by Kondo in terms of a phenomenolog-
ically introduced broadening of the energy levels before
and after hopping. One possible source of this broaden-
ing in the case of copper could be the ssCu/s5Cu isotope
mixture, where the site energy could depend on the num-
ber of each type of neighbor. As a result of this residual
broadening, the hop rate no longer increases with de-
creasing temperature, but rather turns over at a temper-
ature that corresponds roughly to the size of the residual
broadening. Below this turnover, Kondo predicts that
the hop rate will follow a T temperature dependence.
We find a weaker temperature dependence in the temper-
ature range studied. Sugimoto4 has also considered the
effects of a distribution of final states that remains in the
limit T —+ 0. He finds the same results as Kondo when
the occupation probability of sites reaches thermal equi-
librium. In the opposite limit, where the site occupation
probability is independent of the various site energies, he
finds that the hop rate becomes temperature indepen-
dent. Thus, one would expect the exponent in the hop
rate to fall in the range 0 ( o, & 2A below the turnover.
One additional possible explanation for the discrepancy
in the measured temperature dependence could be the ex-
istence of a range of residual broadenings, depending for
example on the distance from impurities or dislocations.
As a result, at lower temperatures (e.g. , lower than all
of these residual broadening energies) the hop rate might

decrease more quickly.
The full results in terms of the various coupling pa-

rameters in Kondo's model are given in Table I. As can
be seen, reasonable values of the various physical param-
eters are sufIicient to fit our experimental results. The
errors quoted are the statistical errors only and do not
include any systematic uncert, ainties. Presumably, the
actual uncertainties are somewhat larger. The value of
O~ = 185 K is in reasonable agreement with accepted re-
sults from heat capacity measurements (315 K), when it
is considered that OD only enters the calculations for the
hop rate as an effective cutoff in the phonon spectrum.
VVe note that the large value of the linear lattice coupling
S = 7.15 implies a rather strong coupling of the muon
to the lattice. As previously discussed, our estimate for
the lattice dilation caused by the muon is less than 2%.
Unfortunately, there is no straightforward method to de-
termine whether these results are in confIict.

The temperature where the turnover takes place agrees
well with the results previously reported by Kadono and
co-workers, who observed only a leveling off in the
hop rate. We note, however, that the slope we extract is
quite small. The fact that they were only able to measure
down to T = 69 mK and that the zero-field technique is
inherently less sensitive than the WLF method employed
here may explain the fact that they were only able to
observe the leveling off.

In comparing our results with those previously re-
ported by Kadono and co-workers, we note that the
greatest difference appears in the temperature range near
the minimum in the hop rate. Their results are consistent
with zero hopping at the minimum, whereas we report a
minimum hop rate of 0.03 ps . The source of this dis-
crepancy may lie with their use of a pulsed muon beam.
Following a pulse, there are a number of distortions that
afFect the spectra. The early time region is distorted by
beam positrons that scatter from the sample into the for-
ward counter. This distortion was severe enough to force
the discarding of the forward spectra.

Second, since all of the muons enter at once, the in-
stantaneous positron counting rate just following a pulse
is large enough that there is some counting inefFiciency
in the detectors. This problem was addressed by nu-
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merically correcting the spectra for this counting loss.
Typically, difI'erences in the spectra before and after this
correction were I'%%uo, which is certainly significant rela-
tive to the precision of these experiments. They note 2

that these corrections tend to emphasize the static char-
acter of the relaxation functions.

Finally, most of the previous experiments were per-
formed using backward decay muons. Such a beam con-
tains rather higher-energy muons, and it is impossible to
reject (and difficult to prevent) events originating from
muons stopping outside of the sample. Any muons that
stop in the aluminum sample holder or cryostat walls will
provide a nonrelaxing background signal, which will also
tend to indicate that the dift'usion rate is lower than is
actually the case (through the appearance of a long-lived
tail) .

Experiments with a "continuous" surface muon beam
such as those reported here avoid these diFiculties. In-
stantaneous beam rates in time-diA'erential experiments
are never high enough that the counting eKciency varies
significantly and most of the beam positrons are removed
through the use of a dc separator. The small beam spot
of the surface beam helps ensure that most of the beam
stops in the sample. The further requirement that each
positron be correlated with an incident muon (which has
entered through the thin muon counter) ensures that the
detected positron came from a muon inside the sample.

VII. CONCLUSIONS

In conclusion, we have studied the diA'usion of positive
muons in copper between 12 mK and 150 K. We have
shown that the changes in the muon relaxation function
at various temperatures are due to muon difFusion rather
than to site changes. In addition, we have measured the
strength of the electric-field gradient exerted by the muon
on its neighboring copper nuclei using the technique of
level-crossing resonance. We find that the recent theories
of Kondo, Yamada, and others for the quantum diffusion
of light interstitials in metal give a good description of
the temperature dependence of the muon diffusion rate,
showing the importance of the conduction electron cloud
in the diA'usion process.

The source of the residual energy broadening seen be-
low 500 mK is not completely clear although it seems
that the isotopic mixture in natural copper may provide
the necessary disorder. Further experiments on isotopi-
cally enriched samples of copper would be necessary to
clarify this.
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