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We investigate vortex-lattice structures in highly anisotropic superconductors for a situation
where the vortices are slightly inclined with respect to the easy plane of the crystal. The equi-
librium configuration is found to be a vortex lattice with a rhombic unit cell highly compressed
along the direction perpendicular to the easy plane. The elastic modulus for a shear deformation
along this direction is exponentially small, which should result in melting of the vortex lattice,
already at quite low temperatures. We discuss the implications of our theoretical results for
experiments on the angular dependence of the torque for anisotropic high-T. superconductors

in an applied magnetic field.

I. INTRODUCTION

The discovery! of high-temperature superconductors
served to revive interest in anisotropic and layered su-
perconducting materials. In high-temperature super-
conductors, the behavior of quantized vortices gov-
erns practically all the relevant magnetic properties of
these materials. It proved that many peculiarities of
anisotropic superconductors in the mixed state had not
been studied in sufficient detail. Recently, new inter-
esting properties of vortices in anisotropic and layered
compounds were pointed out. For example, it was pre-
dicted theoretically?~* and experimentally confirmed®
that there should exist an intrinsic pinning due to the
interaction between vortices and the crystal structure of
a layered superconductor.

This can be observed not only for layered compounds
but also for materials which may be considered as
three-dimensional anisotropic superconductors, like the
Y-Ba-Cu-O-type high-T, compounds at temperatures
not very far from 7,.% This can be seen experimentally,
for example, via the angular dependence of the torque
acting on the superconductor in a magnetic field,"~® or
through the angular dependence of the magnetization.!®

The anisotropy also modifies the interaction between
the vortices themselves,''12 which should result in a
modification of the vortex lattice in anisotropic super-
conductors, depending on the magnetic field and on its
orientation with respect to the crystallographic axes.
For example, it has been pointed out!3 that in highly
anisotropic (layered) superconductors with m. > mas,
the vortices have to lie almost in the plane of the layers
(i.e., perpendicular to ¢, the anisotropy axis) when the
magnetic field H is close to the lower critical field H,,.
Here m. and mgp denote the effective Ginzburg-Landau
masses along the anisotropy axis and in the easy plane,
respectively. They are connected with the penetration
depths A, and Agp and with the coherence lengths &, and
Eap through

(M)m -3 M)

me Eap Ac

In the present paper we consider the vortex-lattice
structure for magnetic fields much larger than H., and
for an orientation in which vortices are slightly inclined
with respect to the easy plane (the ab plane) of the crys-
tal. We show that for a rather broad region of magnetic
fields, the vortex lattice can be in states which have prac-
tically the same energies for distinct unit cells with dif-
ferent discrete locations of the lattice sites along one of
the crystallographic directions (along the easy plane) and
which are separated from each other by energy barriers.
At the same time, these states can continuously trans-
form into each other through displacements of vortices
in the perpendicular direction. A deformation along this
direction is related with a very low shear modulus, which
means that the vortex lattice should, in fact, have melted
at moderate temperatures.

The ground state of the lattice is a rhombic unit cell
with an equilibrium ratio of the intervortex distances in
the direction of the easy plane and in the perpendicu-

lar direction, zg/z¢, considerably larger than the ratio
Ac/A(0), where

AMB) = (A2, cos® 0 + A2sin? 9)1/2 | (2)

and 0 is the angle between the vortices and the ab plane
of the crystal. This is distinct from the usual case for
superconductors with low anisotropy, where zo/zp ~
Ae/A(6). Therefore, one may conclude that the lattice
has a very small shear modulus for deformations along
the direction in which it is highly compressed. A simi-
lar effect has previously been pointed out!? for a vortex
lattice in layered superconductors. The results obtained
also suggest that the torque acting on highly anisotropic
superconductors has a narrow peak for small tilting an-
gles.

Section II outlines the theoretical model and presents
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the expression for the free energy of vortex lattices in II. THEORETICAL FRAMEWORK
anisotropic superconductors. In Sec. ITI we calculate the
free :nergy for various types of lattices. Section IV dis-
cusses the results and their physical implications for the
vortex states observed in anisotropic high-7, supercon-

ductors.

1 8H, OH,\? 0H, OH,\? dH, OH,\>
F==—[dv |H2 422, (22 _ 2 2 2 Oz 2 ( Oy  Olg
87r./ [ + e ( 0z Oy ) + A ( oz 0z ) +A ( oz Oy ) ' 3)

Here H is the microscopic magnetic field in the superconductor. The coordinate system (z,y, z) has the z axis along
the crystal anisotropy c axis, and the easy plane coincides with the (z,y) plane. The vortices are in the (y, z) plane
making the angle § with the y axis. Therefore, let us introduce a new coordinate frame (z’,y’, z’), with the axis y’
parallel to the vortices, see Fig. 1, and the z’ axis coinciding with the original « axis. The vortex lattice is described
by the interception points of the vortices with the (z’, 2’) plane.

Making use of the generalized London equation, one can easily obtain!® from Eq. (3) the free-energy density F':

Our approach is based on the London model of the
mixed state.!® One can consider vortices to be rectilinear
in an anisotropic homogeneous medium, in contrast to
layered superconductors.!® The free energy is

B2 -1 1 + Az(b2l + bz')
F== 14 A2b2, + A2(0)b2, 29 +sin?6 o)z LS 4
ng[ AL O] (cos”0 i O G @

Here the summation runs through the reciprocal-lattice
vectors.

One can find out, after quite tedious algebra (which
we omit here for the sake of brevity), that orientations
of the vortex lattice in the (z’,2’) plane with one of the
unit-cell vectors parallel either to the z’ axis or to the 2’
axis are most favorable. Therefore, in order to describe
the vortex lattices, we shall employ the two alternative
representations illustrated in Figs. 2(a) and 2(b). Class
(a) has one of the unit-cell vectors parallel with the 2’
axis. The reciprocal lattice vectors have the form

m+qin [z n [xo
b, = DTN [Zo , =1 JTo
z 2 o ’ bz Z Zp ’ (5)

T,z

FIG. 1. Vortices are described in an inclined system of co-
ordinates (z',y’, z’), with the y’ axis (along the vortices) tilted
with respect to the easy plane (z, y) of the crystal through the
angle 8. The z axis is along the crystalline anisotropy axis (the
¢ axis).

where £ = (27)~1y/¢o/ B (here ¢y denotes the flux quan-
tum). Class (b) has one of the unit-cell vectors parallel
to the z’ axis. In this case we have

’
z

@ —_—
Zo

FIG. 2. Two representations for vortex lattices in the
(', 2') plane. (a) One of the unit-cell vectors is parallel with
the 2z’ axis. The period along 2’ is zo. The other unit-cell vec-
tor has the coordinates (zo,¢120). Variation in ¢ produces a
shear distortion u,s along the z’ axis. (b) One of the unit-cell
vectors is parallel with the axis z’. The period along z’ equals
Zo; the other unit-cell vector has the coordinates (g2zo, 20).
The specific vortex arrangement shown here corresponds to
n=q@=3

q229
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n [z m+ qan [ZTo
b = = — b | = e—— —_—
“ b4 Zo ’ £ £ Z0 (6)

In Egs. (5) and (6), m and n are integers. The orientation
of the other unit-cell vector and the type of the vortex
lattice is determined by the parameters ¢; (for i = 1,2).
A rectangular lattice has ¢ = 0 and a rhombic (triangu-
lar) lattice has ¢ = % Variations in ¢ for fixed zo and
zg correspond to shear deformations of the lattice. For
a class (a) lattice shown in Fig. 2(a), the shear is along
the 2z’ axis. For a class (b) lattice [cf. Fig. 2(b)], the
shear is along the z’ axis. The unit-cell parameters zg
and zo obey the magnetic flux quantization condition:
Tozg = ¢D/B

We shall express the free energy for a given magnetic
field induction B and tilting angle @ as a function of two
variables: one is ¢ and the other (p) is proportional to
the ratio of the unit-cell parameters z¢ and zg.

We consider vortex lattices inclined slightly with re-
spect to to the crystal ab plane for 8§ < 1. We employ
the parameter

Ac
T=03—, (M

which, owing to the large anisotropy, A > Ags, can either
be less than or larger than unity. We assume that the
magnetic induction B in the superconductor satisfies the
condition

A\ 2
1.0 < B<H,0) (32) | ®)
a
provided that ¥ ~ 1. Here
_ _$0A(8)
H.(0) = 47")\'25% Inx 9)

denotes the lower critical field!® for given inclination 6
of the vortices with respect to the ab plane; k = Aap/€qp
is the Ginzburg-Landau parameter. The region of mag-
netic fields specified by Eq. (8) exists only for highly
anisotropic materials with A > Agp.

A. Free energy; class (a)

We first calculate the free energy for a class (a) unit
cell, with the reciprocal-lattice vectors b from Eq. (5).
The summation over m and n in Eq. (4) can be carried
out using the relation

"'i 1 _ (z) sinh(2wb)
(m+a)2+b2 "~ \b/ cosh(2mb) — cos(27wa)

(10)

(o]
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The calculation yields the result

_ B? | $oBA(6) aH,,(6)
_8_7r+327r2)\§b)\c In B tolpra)|

(11)

where the upper critical field? is

éo
27r€§b[sin2 0 + (map/mec) cos? 0]1/2

H.,(0) = (12)

and « is of order unity. The function g(p1,¢1) in Eq. (11)
is defined as

P1 72
9(p1,01) = G(p1,q1) — 1+ (13)

where G(p1,¢1) was first introduced in Ref. 14:

[e o]

_ 9 sinh(pn)
G(p,q) = Z n (cosh(pn) — cos(2mqn) - 1)

n=1

—inp+E . (14)

The parameter p; in Eq. (13) is the normalized ratio of
the unit-cell dimensions:

A(8) =8
e o

py=2r (15)

For the case of vortices strictly parallel to the ab plane
[y =0, cf. Eq. (7)], Eq. (13) yields the conventional ex-
pression for the free energy. The latter term in this equa-
tion is a result of the interaction between the anisotropic
medium and the inclined vortices.

B. Free energy; class (b)
For a class (b) unit cell, illustrated in Fig. 2(b), the

reciprocal-lattice vectors are given by Eq. (6). By per-
forming the summation in Eq. (4), we get

[In (aH;;(o)) +f(P2,CI2)] )
(16)

_ B? | ¢oBA(0)
F= g T32mmaz, ),

where

472 1
f(pZ)qZ) = G(prqQ) - 1+ 72 Z (ﬁ) p2 + h[l -

=1

cos(2mwgan)]

(17)
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Here the parameter p, is defined by

(b)
Ae 20 (18)
X(0) 2

p2 = 2w

Above, we also defined the reduced magnetic field

A2,
= YOI (19)

which is on the order of h = B/H,, () > 1 according to
Eq. (8). The second term in Eq. (17) is due to the strong
anisotropy; in conjunction with the last term in Eq. (13)
it is essential only for magnetic fields satisfying the upper
inequality equation (8). The second term is absent for
isotropic superconductors or for large deflection angles
0~ 1.

III. VORTEX-LATTICE ENERGIES

The function G(p, ¢), which would be the sole contri-
bution to the free energy of an isotropic superconductor,
and also for v = 0, has degenerate minima at p = 7/3
and at p = 7r/\/§ for ¢ = %; they correspond to a hexag-
onal vortex lattice on the plane (z,2'A./A(#)) with two
orientations [class (a) or class (b)]. As can be seen from
Eq. (14), the function G(p, q) is even and periodic in ¢
with period 1; it is invariant under the transformation
q—1—gq.

The rational values ¢ = %, where M and N are inte-
gers, correspond to lattices which simultaneously belong
to both of the classes (a) and (b). With ¢ = 4, for exam-
(a)
0
(a) representation, and the periods a:(()b) and z(()b) in the
class (b) representation are mutually related through

ple, the vortex-lattice periods zy’ and z((,a) in the class

9 = 2o = Vo (20)

o = gu) = L2

) (21)
and ¢ = ¢q2 = # On the other hand, for such a lattice,
one can transpose the coordinate axes &’ « 2’ and use
qa:gb) as the new coordinate zp along the new 2z’ axis
and %zo as the new period zg. This would result in the
transformation p — 4mq?/p. It is evident, however, that
the energy would be invariant under such a change. This
physical circumstance can mathematically be expressed
in terms of the identity

o)l

A. Vortex lattices; class (a)

Let us first consider the class (a) lattices. Analytical
solutions can be more easily obtained for large v > 1.
In this case the characteristic values of p; correspond-
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ing to the minima of g(p1,q1) are also large. Using the
asymptotic expression of G(p, ¢) for large p > 1:
p

—6— )

we find that the minima of g(pi1,¢1), as functions of p,
are at

G(p: fI) =4e7? COS(QW(]) — lnp + (23)

P1min = 6(1 +7%) + 4e=601+7%) cos(2mq) ; (24)
they equal

6(1++2
gmin(pl,min,QI) =—1In (—L——-e—l—l)

+ 48047 cos(2mqy) (25)

The values of pi min obtained from Eq. (24) correspond
to lattices with

zf A A
NON

—§U+75Mm

z(()a) o

(26)

As one can see from Eq. (25), the free energy displays
its minimum at ¢; = %; a rhombic lattice. However, this
minimum is quite shallow, and the corresponding shear

modulus Cé’él), defined through

1 (") [ Oz ?
6F = —2'066 Oz ) (27)
is found to equal
2! 9 ¢> B/\c _ 2
Cés ) — 2__2__%\T_(1 + 42)3/2¢=0047) (28)
™ ab

It is exponentially small already for moderate y. For
example, at v = 2 the exponential factor is on the order
of 10~13.

Our approach holds within the logarithmic approxima-
tion for the large-wavelength cutoff in the free energy of
Eq. (4): the total logarithm in Eq. (11), including the
contribution from Eq. (25), should be large. This im-
poses the following limitation on the tilting angle:

s He(m/2) A,
7L B S
B. Vortex lattices; class (b)

Consider now the class (b) vortex arrays; the free en-
ergy is given by Egs. (16) and (17). Due to the large
magnitude of h, the second term in Eq. (17) gives large
negative contributions for rational values of ¢o = M/N
whenever cos(2wgn) turns to unity for certain n. We
consider in more detail the case q3 = ﬁ As we have
discussed, such values of ¢, correspond to lattices which
simultaneously belong to both of the classes, (a) and (b),
with the same ¢; = ¢3 = —11\7

Within the leading approximation in A we have for

— 1
92 = 5

1 1 y?  2n?
= | =G =) T -
f (Pz N) (Pz N) 1++23N%p, (29)
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FIG. 3. Vortex-lattice free energy f(p, ¢q) of Eq. (17) as a

function of p for chosen fractional values of ¢ = 1/N, where
N=1, 2, 3, and 4. The special values p;/n, indicated in the
figure with arrows, correspond to the minima of f(p,1/N):
P1/a = 0.069, py/3 & 0.122, py, ~ 0.274, and p1 = 1.097.

The behavior of f(p,4) in Eq. (29) is shown in Fig. 3
as a function of p for N=1, 2, 3, and 4, and for v2 = 5.
For N = 2, the minimum of f is at p = 0.2742. The
differences in the depths of the minima in f for different
N are very small and are, in fact, indistinguishable.

For large v, one can obtain analytical expressions for
f(p,q). Characteristic values of p now turn out to be
small. Using Eq. (22) and the asymptotic expression,
Eq. (23), we find

272 1672 _g14q2
= _ —6(1+7?)
P2,min 3N2(1 + 72) N2 € (30)
The ratio of lattice parameters is
(b) 2
2 N7 2
z(()b) ~ (1+7 ) . (31)

The corresponding minima of f coincide with the right-
hand side of Eq. (25) with ¢, = #, i.e.,

1 1
Smin (pz,minyﬁ) = gmin (pl,min: N) . (32)

This is due to the fact that the lattice with ¢ = -}v simul-
taneously belongs to both of the classes (a) and (b). One
can easily see that the lattice parameters xga), zga) and
:cgb), z((,b) from Egs. (26) and (31) satisfy the conditions
(20) and (21).

The deepest free-energy minimum of the vortex lattices
as functions of p for fixed ¢, is at g5 = % The minima
of f for various ¢ = '117 differ only by exponentially small
values, but they are separated by finite energy barriers.
For example, in Fig. 4 we display the behavior of f(p, ¢)
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from Eq. (17) as a function of ¢ for p = 0.2742, i.e., for
the value of p corresponding to the minimum of f(p,q)
with ¢ = % One clearly finds the minima at ¢ = %,
and also further minima for rational values of ¢ = M/N.
The minimum value at ¢ = -;— is f = —2.6039. The
other extrema in Fig. 4 are not true minima of f(p, ¢) as
functions of the two variables, but rather they are minima
of f for the fixed value of p.

It is interesting to compare this curve with the be-
havior of G(p,q) as a function of ¢ for small p studied
in Ref. 14, where the function G(p,q) had maxima for
rational ¢’s. Now these extrema have been turned into
minima by the negative contributions of the second term
in Eq..(17) for large values of v.

IV. DISCUSSION

The results obtained above allow us to draw some
interesting conclusions about the vortex state in an
anisotropic superconductor for small tilting angles of the
magnetic field with respect to the easy plane of the crys-
tal.

It is instructive to first consider the possible configu-
rations of vortex lattices. The ground state corresponds
to ¢ = % One of the interesting features is the presence
of the metastable energy minima for rational ¢o = %
for the class (b) vortex lattices, displayed by the fractal
curve in Fig. 4. As distinct from vortex-glass states,'®
however, the states with ¢ # -é- do not correspond to en-
ergy minima with respect to a shear along the 2’ axis, as
can be seen from Eq. (25). Therefore, if a lattice with
q# % were formed, its evolution would undergo a shear
deformation with lattice-site displacements along the 2z’
axis until the ground state with ¢ = 4 (a rhombic lattice)
is reached. The scenario for such a reconfiguration of the
lattice with ¢ = —117, N = 3, is illustrated in Fig. 5.

12

0.2742, q)
[=2]

flp=

FIG. 4. Vortex-lattice free energy f(pi/2,¢q) for ¥? =5,
h = 100, and fixed p = pyj2 = 0.2742 as a function of q.
One observes a dense distribution of minima, corresponding
to rational values of ¢ = M/N. The neighboring minima
for ¢ = 1/N are separated by energy barriers. The inset
corresponds to the tiny rectangle indicated in the figure; it
illustrates the fractal structure, ad infinitum, of this curve.
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FIG. 5. Vortex lattice undergoing a shear deformation:
reconfiguration of a vortex lattice with ¢ = % into the sta-
ble vortex lattice with ¢ = % involves the sliding of vortices
along the (y',z') plane. The old and new unit cells for the
vortex lattice are indicated with light and dark shadings, re-

spectively.

However, one has to bear in mind that the shear mod-

ulus Céél) is very small. Such softening of the shear
mode should result in vortex-lattice melting.!® Due to

the very small value of Céél), a vortex-liquid state can
persist down to quite low temperatures. A similar effect
has also been predicted for layered superconductors.'4

Such an exponential softening takes place for vortex
displacements along the direction of the strong compres-
sion of the equilibrium vortex lattice, i.e., along the 2’
axis and is related with the large value of py min o 72, as
obtained from Eq. (24). The equilibrium vortex lattice
can in this case be visualized as a set of parallel planes
containing the closely spaced vortices. These planes are
separated from each other by large spacings. Such a pic-
ture is similar to that discussed in Ref. 12 for the onset of
vortex penetration into superconductors when H — H,,.
When the planes of the vortices slide along each other,
the restoring force is small due to a small modulation of
the interaction energy between vortices belonging to dif-
ferent planes. In the present case, it is the modulus Céf;'),
corresponding to the “hard” direction of displacement
(according to Ref. 20), which is exponentially softened.
This softening is entirely due to the strong anisotropy
Ae > Mgy and vanishes for 8 — 0.

The behavior of the equilibrium free energy as a func-
tion of the tilting angle 6 gives rise to quite an unusual an-
gular dependence of the torque acting on the anisotropic
superconductor in a magnetic field. This follows from
Egs. (11) and (25) and (16) and (32). The density of the

torque is
OF _  ¢oB__ 9A(0)
80 — 32m2A%, )\, 90

aH.,(0) )
X (ln B + gmin — 3) .

T(6) =
(33)

The angular dependence of the torque from Eq. (33) is

2901

T(6)/to

0 (rad)

FIG. 6. Torque T'(6) acting on a highly anisotropic (Ac >
Aab) superconductor as a function of the tilting angle 6 be-
tween the magnetic field and the easy plane of the crystal,
according to Eq. (33) (dashed). Also displayed is the de-
pendence Tw(8) from Eq. (34) (solid curve). The torque
is normalized as T'(8)/to, where to = Béo /647 Xaprce. The
parameters in Egs. (33) and (34) are Ac/Ass = 10 and
aH.,(r/2)/B = 50. Note the factor of 3 difference in the
scales for T'(8) and Tw (9).

shown in Fig. 6 for A./As = 10 and aH,,(7/2)/B = 50.
The dashed line in Fig. 6 terminates where the logarith-
mic approximation breaks down. For comparison, we also
reproduce in Fig. 6 the angular dependence of a torque
for a weakly anisotropic superconductor,®

$oB__ 0X(0) ch;(")) o ]
i, o0 |\~ B )T Cmn—l

Tw(0) = 3

(34)

[where Gmin(p, %) = —0.804], which it would have for the
same values of the parameters. One has to note that Eq.
(33) is valid for 8 > Agp/Ac; for smaller angles it has to be
considered as an interpolation. The exact dependence for
6 < Aap/Ac can be obtained directly from Eq. (11). One
can see that the torque on a highly anisotropic supercon-
ductor has quite a narrow peak for small tilting angles.
A similar angular dependence of T'(§) has been observed
experimentally® for a single crystal of YBayCu,07, al-
though prior to comparing these results one has to bear
in mind the substantial irreversibility pointed out in Ref.
9.

In Ref. 9, jumps in the torque acting on the supercon-
ductor have also been observed. These were interpreted
to result from reconfigurations of the lattice in response
to the field rotation. It follows from our results that the
anisotropy of the equilibrium lattice in the (z’,z’) plane
strongly increases for increasing tilting angles. Such a
reconfiguration of the lattice requires considerable dis-
placements of the vortices which can be hindered by pin-
ning forces. The jumps in the § dependence of T' could
arise when the lattice overcame the pinning.

In conclusion, we have studied vortex states in
anisotropic superconductors when the magnetic field is
slightly inclined with respect to the easy plane of the
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crystal. We have found that the equilibrium vortex lat-
tice has a rhombic unit cell, highly compressed along the
direction perpendicular to the easy plane. This compres-
sion is much larger than what one would expect from
the ratio A;/A(6). The elastic modulus for a shear defor-
mation along this direction is exponentially small. This
should result in vortex-lattice melting at quite low tem-
peratures.
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