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Trigonal splitting of a S-state ion
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A very simple I 4 matrix of D3(d ) is derived and is applied to examine the perturbation pro-
cedures suggested for calculating the rank-two zero-field splitting of S-state ions in trigonal symme-

try. It is found that the Blume-Orbach procedure works badly in strongly distorted crystals and
that the procedure proposed by Watanabe and developed by Yu and co-workers is always appropri-
ate when the next-lowest order is taken into account. In Fe'+:Alz03, we find the spin-orbit mecha-
nism is most important; the splitting comes mainly from the combination interaction of the spin-

orbit coupling and the rank-four components of the crystal field.

I. INTRODUCTION

The zero-field splitting of S-state ions has been exten-
sively studied in the past decades (see Ref. I). Among the
various mechanisms " suggested to contribute to the
splitting, the spin-orbit (SO) mechanism has been known
to be most important for many substances and so has re-
ceived great interest. ' ' In addition to the pertur-
bation procedure proposed by Blume and Orbach and
developed by Sharma, Orbach, and Das, Yu and co-
workers ' have recently found that the methods suggest-
ed by Watanabe and by Macfarlane' and Zdansky' can
be developed to approach the splitting reasonably well.
Although it was extensively adopted to analyze the
electron-spin-resonance (ESR) data, the Blume-Orbach
procedure was recently criticized as being incorrect. '

On the other hand, Baur and Sharma' did not think that
Watanabe's procedure was available. However, Yu and
Zhao' have pointed out that all three distinctive pro-
cedures can reach results close to each other in the trigo-
nal case. Diagonalizing the energy matrices provides the
most appropriate approach to the splitting and so serves
as a powerful tool for examining the perturbation pro-
cedures.

The present work derives the full-energy I 4 matrix of
the D3 group for the d configuration, considering the
spin-orbit interaction, with the help of a new method sug-
gested by Yu. ' The calculation is rather simple, and the
nonzero elements with a number less than 100 survive in
the 34X34 I ~ matrix, which is useful in the calculation
of the trigonal splitting of S. This will be presented in
Sec. II. Based on this matrix, we examine the Blume-
Orbach and Watanabe perturbation procedures in Sec.

III, called, respectively, SO-I and SO-II in Ref. 1 and in
this paper hereafter. We find that, the SO-I is available
only for weak distortion cases. The SO-II procedure is
always correct even for strong distortion. Section IV will
investigate the zero-field splitting of Fe + ions in Alz03
crystals. We shall show the importance of the SO mecha-
nism in this substance.

II. I 4 MATRIX OF D 3 (d )

The method used here in the derivation of the I 4-

energy matrix of D3(d') is quite different from that in
the literature. In past works dealing with the spin-orbit
splittings of ions in crystals, the basis functions of a
double-valued group were chosen as linear combinations
of the weak-field bases ~aSLJMJ ), on which the spin-
orbit couplings H„ is diagonal. ' ' ' On the basis

~aSLJMJ), matrix elements of a crystal field V lie far
from the diagonal line. Although it is very suitable for f"
ions, where

~
(H„) ~

))
~ ( V ) ~, this method is unsatisfac-

tory in the case of 3d" ions, where
~ (H„) ~

((
~ ( V )

~
and

where we prefer to consider the spin-orbit interaction
splitting the crystal-field multiplets. To achieve this we
have to choose a suitable set of basis functions on which
the matrix elements of a crystal field lie as close to the di-
agonal line as possible.

As suggested by Yu, ' we choose the basis functions of
a double-valued group as the symmetry-adapted spin
states ~S I y ) coupled with the orbit states
~l "aSLI;y; I transforming symmetrically according to
the corresponding point group:
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~l aSLI y)

where

C(I;y;I jyi;I y)~1 aSLI;y;)iSI y, ),
displayed in Table I and those of the spin-orbit interac-
tion in Table II. It is seen that although the dimension of
the matrix is large (34X34), it has independent and
nonzero elements less than 100. To use the matrix, one
has to add it diagonally with the electrostatic elements:

H(i, i)=0 for i =1,2,

~l aSLI, y, ) =g C(I', y, M. L).il aSLM&) . (2) H(i, i)=7B +7C +2a +2P for i =7, 11,19,27,
Mi

The C's are coupling coefBcients. As the result of the fact
that a crystal field is unrelated to spin, its matrix on the
bases given in (1) is block diagonal, and the basic ele-
ments are given as

(l aSLMI i Vil a'SL'ML )

=y B„,( Zii C'"'iiI &( —1)
k, q

L k L'
, (~ ~SLiiU ~ii. SL ),—ML q MI

where Vis written as

k, q

(3)

(4)

The elements of H„are also easy to calculate and
relate to the reduced matrix elements
( I aSL

i~
V' "'ii l a'S'L ' ), when Racah's irreducible

tensor operator technique and group theory are
fully applied. (l aSLii V'"'ill a'S'L') and
( l aSL [i

U' 'isa'SL') can be found in Ref. 19.
In our case of I 4 of D 3 (d ), we omit the spin doublets

for our special purpose (see Sec. III), and the dimension
thus becomes 34X34. It is made of A, (~M, ~

=
—,', i =1)

A, (~M, ~

=
—,', i =2), A, (i =3—6), A~ (i =7—10), E

(i =11—18, 19—26, and 27 —34), i denoting columns or
rows. The matrix elements of the crystal field are

H(i, i)=17B+5C+6a for i =3, 12, 13,20, 21,28, 29,
H(i, i) =22B +7C+ 12a+2P

for i =4, 8, 9, 14, 15,22, 23, 30, 31,
H (i,i ) = 10B + 5 C +20a

for i = 5, 6, 10, 16-18,24-26, 32-34 .

III. AXIAL TERM D

a5/6=D + —'(a F)—
18 81 D

(5)

assuming D is much greater in magnitude than the rank-
four splitting parameters a and F. So D =5/6 is reason-
able, as has been adopted in Refs. 20—22, and has an ac-
curacy —,', ia Fi/~D~, with nu—mbers diff'erent from one
crystal to another.

However, D =5/6 is not correct in the situation that D
is comparable with or even less than a, in magnitude,

A. Negligibility of spin doublets

We will show that it is reasonable to omit the spin dou-
blets in the diagonalized approach to D (or bz). One
might expect a more accurate result when taking the spin
doublets into account than when omitting them, but it is
not the case.

Denote the energy separation between M, =+—,
' and

+—,
' of A, with 6. It is easy to show that, to second or-

der,

TABLE I. Nonzero matrix elements of a D3 crystal field, V;, =aB2p+ bB4p+ CB43 (I 4 ~ 34 X 34). For
i,j =19—26 V j V& —8 j —8 and for i,j =27—34, V, ; = V,-

3 4

4 5

5
21

—,'&io
—,', v'2

0

12 14

13 14

35 &10/7 ——', &5/14
—,', v's

5 +2
21

8 10 0

9 10

11 12 &3/35
16 0

17 0

18 0

5
21

—
3

10/7

0

—
—,
' &2/7

0

1

3

15

14 16

17

——&1/7
—&5/21

0

18 0
15 16 0

17 ——'&1/21

—'&15/7
0 —,

' &2/3
—&2/21
—,'&10/3

0
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TABLE II. Nonzero matrix elements of the spin-orbit coupling Hso, Hso(i j ) = a/„d, for I 4 representations (34 X 34).

27

19

14

30

10

13

17

18

28

33

1+2
2

1+6

—'&7/5
2&1/35
—&7/30
4&1/35
—'&14/5

——&7/15
1

6
—2&1/7

&1/3
4&1/21
—

3
&1/7

34

14

30

15

31

12

29

12

16

29

32

13

17

18

3

—&1/7
—&1/7
2&1/21

1

6
1

2

—&1/3
—&7/10
—V'14/15

4&1/70
—&5/21
—&14/15

—2&1/7

—&1/3

10

12

13

14

15

19

20

21

28

33

34

15

31

12

14

15

16

17

20

28

22

31

23

27

—4&1/21
—'&1/7

—2
3

&1/3
——&7/15
—8&1/70
—2&1/7
——&5/21
—3&1/21

-', &7/15
&7/5

8&1/70
—4&1/21

2&1/7
—&7/5

21

23

24

25

27

28

29

30

31

30

24

33

25

29

32

31

30

29

31

30

32

33

—&14/15
—&5/21

——&14/15

2
&10/7

3&1/21
4&1/21
—

—,
' &2/7

—,
' &2/7

——'&10/7
——'+7/15
—

—,&1/7
——+1/70
——'&5/21
—&1/21

which would happen in weakly distorted crystals. Actu-
ally, instead of (5), we have

~5~ =
—,'[(18D+a F) +80a —j' (6)

Indeed, we cannot reduce D from the value of 6 in such a
case. To see this more plausibly, one notes the fact that

I
&

I
= 13a I

w"en
I
a

I
»D.

The cubic term a comes mainly from the spin dou-
blets, and so does the rank-four axial term F. The
above discussion leads us to the conclusion that when
taking into account the spin doublets, the expression
D =6/6 is applicable only in strongly distorted case and
has an accuracy of usually 10 or less.

Physical considerations lead us to conclude that the
spin doublets are negligible in affecting the rank-two axial
term D. As a matter of fact, the doublet has a contribu-
tion to it at an order two or more higher than the lowest
order in both perturbation procedures, through the
fourth- or higher-order interaction with the spin-orbit
coupling. The contribution must be three or four orders
less than that resulting from the spin quartets. There-
fore, in the diagonalization calculation of D, the doublets
are definitely negligible.

Including only the spin quartets, which contributes to
a a value generally less than 10 cm ', (5) becomes

6/6=D —F/18, (7)

to a fairly good approximation. In any case,
IFI /IDI 10, according to the crystal-field model, tak-
ing into account the doublets or not. Therefore, when
omitting the doublets and using

5/6=D (8)

B. Results

Tables III and IV show a comparison among the re-
sults calculated by diagonalization and by the SO-I and
SO-II perturbation procedures. Table III displays D
versus Dq, with Bpp= —1000 cm ' and B4p =1000 cm
fixed (B4p =B4p+B43&7/10; see Ref. 1). SO-I was calcu-
lated in the lowest (third) order. Table IV shows the 8
dependence of D in D3d symmetry, having taken
A&=5500 cm ' and 24=600 cm '. D is found to be
positive for compressed crystals [0) 6), =cos '( 3 ' ~

)

=54.735 61 ] and negative for elongated ones (0&8, ).
We have taken B =911, C =3273, a=65, P= —131, and
/=337 cm ' in both tables.

It is seen that SO-I and SO-II are both correct, sup-
porting the conclusion made in Ref. 1. It is noted, how-
ever, that SO-I works badly for strongly elongated D3d
crystals (Table IV). This is to be expected, because it
takes the value of the low-symmetric components of a
field as a perturbation term. When the components
(Bzp and B4p ) become large, in the strongly distorted
case, this procedure will not be expected to work weil.
However, surprisingly, it is appropriate in the strongly
compressed D3d case, probably by chance.

The SO-II procedure always works well when the next
order (sixth) is taken into account. Its lowest-order per-
turbation provides a good approximation when
~D

~

& 1100 cm '. Although the cubic component is tak-

to approach D, one can reach an accuracy of 10
We omit the doublets in our diagonalized approach to

D.
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TABLE III. D„dependence of D in trigonal symmetry (B4o =1000 cm ', Bzo = —1000 cm '; Dq is in cm ' and D in 10 cm ').

D'4' (So-II)
D' ' (SO-II)
D (SO-II)
D (SO-I)
D (accurate)

500

66
2

68
60
69

600

77
4

81
75
82

700

88
5

93
91
96

800

99
8

107
108
110

900

111
12

123
130
126

1000

122
16

138
153
143

133
21

154
180
162

1200

144
27

171
214
182

1300

155
34

189
253
205

1400

166
42

208
300
231

177
52

229
360
262

en as a perturbation term, the procedure has a good con-
vergency even when D reaches 1500 cm ', at which
D' '+D' ' accounts for 87%%uo of the total value of D.
This thus removes the doubt expressed in Ref. 17 about
this procedure, in which it was claimed that the cubic
field as a perturbation term would break the convergency.

IV. Fe':AI~03

We now consider Fe +:Alz03, which is strongly trigo-
nally distorted. We will show that the spin-orbit mech-
anism is most important in this substance.

Febbraro ' and Kuang considered the problem. Both
the authors omitted all mechanisms except the SO one
and used the point-charge model in dealing with the crys-
tal field. In our calculation, we will adopt the superposi-
tion model treating the crystal-field components and
consider other mechanisms.

From the relationship between 2& and D, ' we find
34

= 1174.4 cm ' according to the optical measure-
ment, which gave D =1510 cm ', B =660 cm ', and
C=4.75B. B4o is consequently calculated to be 3940
cm ' for t4=5. Az is much greater than A4, and we
take 32=10.834=12684 cm ' according to Refs. 30
and 31; consequently, B2O=1424 cm ' is obtained for
tz =3. g is found to be 380 cm ' by the way of fitting the
cubic term a =236.6X10 cm ' (Ref. 32) with the re-
ported optical data, which is compared to (=368 cm
used in Ref. 22 and 323 cm ' in Ref. 21. We obtain
D(SO) =0.1935 cm ' by diagonalization. The covalency
and overlap (CO) contribution is calculated to be
—0.0359 cm '. Thus we have, as the total value of D,

D =+0.1576 cm

which is comparable with the experimental finding
+0.1718 cm '. Any of the other mechanisms, such as
SS, SS-SO, and ODS (Ref. 10), are found to contribute a

value of a few 10 cm ' in magnitude and so are negli-
gible.

With the same parameters, the SO-I perturbation pro-
cedure gives D =0.3600 cm ', while SO-II gives 0.1582
cm '. They are compared to the accurate value 0.1935
cm '. The case supports the conclusion made in Sec.
III A.

A 2 was considered to be a free parameter and taken to
be 10.834=12684 cm in our calculation. This intrin-
sic parameter infIuences the calculated D a little: When
A2 goes from 12684 to 8000 cm ', D(SO) goes from
0.1935 to 0.2044 cm '. Because of this and since B4o was
determined from the experimental data on the crystal
structure and D and g from the datum of a, we believe
our result is reliable.

Nevertheless, B20 is small in Fe +:A1203. Its contribu-
tion to D is negligible. The splitting comes mainly from
the rank-four crystal field B4, through the SO mecha-
nism and from the quadrupole process.

The CO mechanism is the second important one in
Fe +:A1203,' it contributes negatively, with a magnitude
21% of the experimental value. It was omitted in Refs.
21 and 22, and so their the agreement obtained between
theory and experiment is fortuitous.

The superposition model of the spin-Hamiltonian pa-
rameter of a S-state ion fails to account for the experi-
mental data of Fe:A1203. It was known bz is negative
for Fe +-O . Thus this model will lead to a negative
value of D according to the crystal-structure data, con-
trary to the experimental findings.

This model has been pointed out to be fundamentally
questionable for 3d ions in which the SO mechanism is
important. ' However, when the symmetry is slightly
lower than cubic and the distortion is small, this model
can reach an identical result to that of the microscopic
mechanisms when treating the intrinsic parameter and
the power-law exponent adjustability. ' We have seen

TABLE IV. 0 dependence of D in D3d symmetry calculated by assuming 22=5500 cm ' and 24=600 cm ', in units of
10 4cm

0 (deg) 49 50 52 53 54 55 56 57 58 59

D (SO-I)
D (SO-II)
D (accurate)'

—281
—503
—532

—248
—400
—422

—207
—302
—319

—159
—212
—223

—105
—129
—135

—46
—52
—54

0
0
0.04

16
18
18

80
79
83

143
132
139

205
178
187

262
212
224

'Calculated by D =
6 [E(+

2 ) —&l + —,
' )].
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that this model fails with crystal Fe +:A1203, which is
strongly distorted.

V. CONCLUSION

The 1 4 matrix of D3(d ) was derived, which is useful
in calculating the axial splitting D. It is reasonable to
omit the spin doublets in the calculation of this parame-
ter. Both the SO-I and SO-II perturbation procedures

are correct. However, the SO-I is usually applicable for
weak distortion. The SO-II converges well in the trigonal
case and can reach an excellent approximation when the
sixth order is taken into account. In Fe +:A12O3, the SO
mechanism is the most important, and the rank-four field
component plays a significant role in aftecting the split-
ting. The CO mechanism contributes to D a negative
value with a magnitude of 21% of the experimental
value. All other mechanisms are two orders of magni-
tude smaller in contributing in this case.
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