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A theoretical investigation is made of the spin-memory effect of Tm + in cubic fields which plays
an important role in achieving the electron-spin polarization in the rnetastable state under optical
pumping. The spin polarization, which is induced by the optical pumping to the absorption band
and the spin-memory effect in the decay process from the band to the metastable state, is calculated

by using the selection rules and the coupling coefficients for the cubic point group O. In the mag-
netic field, it is important that the selection rules and the coupling coefficients depend on the direc-
tion of the magnetic field and the value of the angular momentum J. From the results of the calcu-
lation, the observed spin polarizations can be explained if the decay has T, symmetry and the band
has G3/2 (J =7/2) character. The effect of hyperfine interactions is also discussed to explain the in-

tensity ratio of the observed ESR signals.

I. INTRODUCTION

The spin-memory effect in solids makes an important
contribution to the creation of the electron-spin polariza-
tion in the excited state under optical pumping. In a pre-
vious paper, ' which we refer to as paper I, we reported
the optically detected low-field ESR in the metastable
state of Tm +:SrFz, where the population differences
were created by optical pumping and spin-memory effect.
This effect is a general phenomenon and has been ob-
served in Cr in A1203, in Eu in CaFz, in M-like
center in CaO, in F center in alkali halides, etc. In
this paper we give the theoretical investigation of the
spin-memory effect of Tm in cubic fields, which deter-
mines the population distribution among the magnetic
sublevels in the metastable state.

As shown in the references of paper I, the optical and
magnetic properties of the Tm + ion in alkaline-earth
fluoride hosts CaF2, SrF2, and BaF2 have been extensively
studied, and several interesting experiments have been
performed on the Tm + ion. The Tm + ion is located in
cubic fields (Ot, ) in these hosts. The energy-level diagram
of Tm + in SrF2 is shown in Fig. 1. The lowest
configuration 4f ' of the Tm + ion is best pictured as a
single hole in the filled 4f shell ( F). The spin-orbit cou-
pling splits the F into the two states F~&2 and F7/2
separated by about 9000 cm ' with the latter lower. The
cubic field splits these states further into doublets and
quartets. Both of the ground ( F7/2 E5/2) and the meta-
stable ( Fs/2, E5/2) states are electronic doublets and can
be described with the effective spin —,. In the visible re-

gion this ion has a strong absorption band ascribed to the
4f ' 5d configuration. The transition to the band shows

15000-

10000-
3/2
5/2

5000-

20- Fv/2

1/2
:—G3/2

E5r2

FIG. 1. Energy-level diagram of Tm in SrF2.

large paramagnetic circular dichroism' ' and Faraday
rotation. '

In paper I we reported the observation of the low-field
ESR in the ground and the metastable states of
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Tm +:SrF2. We achieved a very high detection sensitivi-
ty by using optical pumping and monitoring with cw
lasers. The optical pumping with circularly polarized
light created population differences in the ground state
through preferential depopulation due to the circular di-
chroism of the optical transition. It also created popula-
tion differences in the metastable state through preferen-
tial pumping to the absorption band and spin-memory
effect in the decay process from the band to the metasta-
ble state. Faraday rotation due to these population
differences were monitored by a polarimeter.

The spin-memory effect has been studied in
Tm +:CaF2 by Anderson and Sabisky" in high magnetic
fields under optical pumping with a linearly polarized
light incident perpendicular to the magnetic field. They
observed that the spin polarization in the metastable state
is induced in the same direction as that in the ground
state. They showed that, when the magnetic field H is
applied along the [001] axis, the experimental results
could be explained by the decay of T, symmetry. How-
ever, no satisfactory interpretation was given to the re-
sults for HE~[111].

Our experiment in paper I was performed in low mag-
netic fields under optical pumping with circularly polar-
ized light incident parallel to the magnetic field
(HE~[111]). It should be noted that the spin polarization
created in the metastable state is in the opposite direction
to that in the ground state, in contrast to the case of An-
derson and Sabisky. Figure 2 schematically shows the
spin polarizations established in the ground and metasta-
ble states by optical pumping from the ground state fol-
lowed by spin-memory effect, where negative g factor' is
taken into account in the metastable state.

In this paper we discuss the spin-memory effect, which
plays an important role in establishing the population dis-
tribution in the metastable state. We calculate the
electron-spin polarization in the magnetic field along the
[001] and [111]axes by using selection rules and coupling
coeKcients for the cubic point group 0, which depend on
the direction of the magnetic field and the value of the

angular momentum J. We show that our experiment and
that of Anderson and Sabisky can be explained on the
same basis, and that the experimental results can be ex-
plained by the band of G3&z (J=

—,') character and the de-

cay of T, symmetry.
In Sec. II we show that the selection rules and the cou-

pling coeKcients for the cubic point group 0 generally
depend on the quantization axis and the J value, and dis-
cuss the magnetic circular dichroism (MCD) of the opti-
cal transition. In Sec. III we calculate the electron-spin
polarization induced in the metastable state by using re-
sults obtained in Sec. II and the Appendix. And we
determine the characters of the electronic state and the
decay responsible for the spin-memory effect. In Sec. IV
we discuss the effect of hyperfine interaction to explain
the population distribution among the sublevels of the
metastable state.

II. SELECTION RULES AND MCD
OI' THE OPTICAL TRANSITION

For the discussion of the spin-memory effect we need
to derive the selection rules and the coupling coefficients
for the cubic point group O. The transition probability
between I and I " states for the transition of I" symme-
try is proportional to the square of the coupling
coefficient

( ry, I"y' ~1 "y"),
where I denotes one of the irreducible representation of
the point group 0 and y one of its bases.

In the point group 0 the electronic configurations of a
Kramers ion contain the irreducible representations E&/2
(doublet), E&&2 (doublet), and G3&z (quartet). For a rare
earth ion in a 4f configuration the total angular momen-
tum J is a good quantum number, though it may not in
the band. Therefore, it is convenient to consider the irre-
ducible representations labeled by J. The reduction of
the (2J+1) states,

~
J,M), to the irreducible representa-

tions for half-integral values of J (from —,
' to —', ) is given as

follows

(a) g pumping (b) g+ pumping
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F!G. 2. Schematic spin polarization established in the
ground and metastable states by the optical pumping and the
spin-memory eA'ect.

The ground and metastable states of the Tm + ion in the
cubic fields correspond to E&&2 (J=—,') and E5&2 (J=—,'),
respectively.

The measurement of MCD on the band have indicated
that the transition can be described as purely electronic
and governed by the selection rules for the electric-dipole
operator in the cubic point group, and that the lowest-
energy components of the band have mostly 63/2 charac-
ter. Therefore, we need not consider the value of J other
than —,', —,', and —,

' for the band because of the selection
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rules for the electric-dipole transition from the ground
state Es/2 (J=—,'). The 4f ' sd configuration, which give
rise to the band, contains 152 G3/2 states, and many
G3/2 (J=

—,', —',, —',) states originated from various spin-
orbit-coupling states are possible in the band.

When the sublevels are degenerated, the general prop-
erties of the state are determined only by the irreducible
representation I (E, /2, Es/2, or G3/2) independent of the
selection of the bases Ir, y &. However, we have to con-
sider the spin-memory effect in the magnetic field, where
the sublevels are not degenerated, so that the bases
should be the eigenstates in the magnetic field. The bases
expressed in terms of the eigenfunctions (IJ,M )) of a free
ion are shown in Table I for J=—,', —,', and —,

' taking the

[001] and [111]axes as the quantization axis z. The bases
for the representations E, i2, E5 i2, and G3/2 are denoted
as (a', P'), (a",/3"), and (7c, 7(,,p, v), respectively. They are
the eigenstates in the magnetic field along the z axis and
are arranged so that the matrix element & l, y I J+I1,y'&

has nonzero value between the upper base y and the
lower base y'. The derivation of the results in Table I is
described in the Appendix. The bases are derived from
the crystalline-field Hamiltonian &, given by Eqs. (Al)
and (A2), where the quantization axis is taken along the

[001] and [111]axes. The bases in standard textbooks'~'s
are those for zll[001], while those for zll[111] are not
found. In the ground and metastable states the plus- and
minus-spin states are represented by a" and P", where

&+IJ I

—&=&a"IJ IP"&&0.
We are interested in the electron-spin polarization un-

der the Zeeman interactions and neglect the hyperfine in-

teractions in the present and the next sections. The effect
of the hyperfine interactions, which will be discussed in

Sec. IV, determines the population distribution among
the magnetic sublevels of the metastable state but does
not change the sign of the electron-spin polarization.

In Table I the bases for J=
—,
' are not listed, though the

electric-dipole transition is allowed between the G3/2

TABLE 1. Bases of the irreducible representations of the double cubic group for J= 2, s, and 7 taking the [()01]and [111]axes as

the quantization axis.
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(J=—,') state and the ground state. In the case of J=—,',
there is a complexity arising from the fact that we have
two 63 /2 states; the eigenfunctions depend on an un-
known factor B4/B6 in the band, ' where B4 and B6 are
the coefficients of the fourth and sixth degree operator of
the crystalline-field Hamiltonian &, [Eqs. (Al) and (A2)
in the Appendix]. Therefore, it is not easy to discuss the
G3/z (J=—,') state in the band. Besides, the G3/z (J=—,')
state would not make a dominant contribution to the spin
polarization in the metastable state, as will be mentioned
in Sec. III.

In this paper our discussion on the 63/p state is re-
stricted to J=—', and —', . We also discuss the 63/z (J z)
state for comparison, although the transition between the
state and the ground state is forbidden.

In this section we pay attention to the optical transi-
tion and show the selection rules and the coupling
coefficients for the transition of T, symmetry. The cou-
pling coefficients for general symmetries are given in the
Appendix. The electric-dipole transition is allowed from
a E»2 state to E5/2 and 63/2 states, but forbidden to
E, /z states (E,/z X T, =E5/z+63/z). Table II shows the
selection rules for the electric-dipole transition (T, ) be-
tween ~E5/z, y ) and ~1",y") levels and the normalized
coupling coefficients

(3)

where

y =a",p",
y'=+1 (o+), 0 (m. ), —1 (o. ),

1 /2 &
E5 /2 &

63/2 &

and

y"=a', P' (I "=E,/z), a",P" (I "=E5/z),

«, A, ,p, v (
I"'= G3/z ) .

The derivation of the results in Table II is also described
in the Appendix. We obtained the coupling coefficients
from the bases in Table I and the Clebsch-Gordan
coefficients. The Clebsch-Gordan coefficients are the
coupling coefficients for the rotation group, and the cou-
pling coeflicients, whose definition is given by Eq. (A3),
may be called the generalized Clebsch-Gordan
coefficients.

In the case of the magnetic field along the [001] axis,
the selection rules and the coupling coefficients [Table
II(a)] between E&/z and I"' (Ei/z, E&/z, or G3/z) states do
not depend on the J value; calculations show that these
are the same for J=

—,', —,', and —,'. The coupl~~g
coefficients between G3/2 states depend on the J value,
though not shown in Table II. In the case of the mag-
netic field along the [111] axis, on the other hand, the
coupling coefficients between E5/2 and G3/2 states are
difT'erent for diff'erent J values of the 63/2 state as shown
in Table II(b), although they do not depend on the J
value of the E5/z state (J=—,

' and —,'). Those between E5/z
states are the same as in Table II(a) and independent of
the J value. Thus, the selection rules and the coupling

coefficients generally depend on the quantization axis and
the J value. This result arises from the fact that the
selection of the bases depends on the direction of the
magnetic field and the J value even if the states belong to
the same irreducible representation. In this paper we
point out the importance of the quantization-axis and the
J-value dependences of the selection rules and the cou-
pling coefficients.

Before discussing the spin-memory effect we consider
the MCD of the transition from the ground state (E»z)
to the band. The electric-dipole transition is allowed to
E5/2 and G3/2 states in the band. In high magnetic fields
and low temperatures (@AH/'kT))1), most of the ions
are in the ground-state sublevel ~E, /z, P"). Table II
shows that, for the transitions from the ~E5/z, p" ) state
to the 63/p states in the band, the ratio of the absorption
coefficients e+:e for the o. and o. circularly polar-
ized lights is always 1:3 independent of the field direction
and the J value. For the transitions to the E»2 states in
the band, only the o. + polarized light is absorbed. There-
fore the measure of MCD

should be —0.5 for the transitions to the 63/2 states and
+1 for the E5/2 states independent of the field direction
and the J value.

The observed MCD spectrum" shows that the value
of D in Eq. (4) is negative in the strong-absorption part of
the band between 5300 and 6000 A. This indicates that
the band in this region has mostly 63/p character. In
fact, the value —0.21 ( —0.37) of D at 5800 A (6000 A)
suggests that the G3/2 and E5/2 parts of the band at this
wavelength are 81 and 19 % (91 and 9 %), respectively.
In the next section we assume that the optically pumped
state in the band has a 63/2 character. The same discus-
sion is also valid for Tm +:CaF2 except for the shift of
the absorption spectrum.

III. SPIN POLARIZATION IN THE METASTABLE
STATE DUE TO THE SPIN-MEMORY EFFECT

In this section we calculate the electron-spin polariza-
tion in the metastable state considering the spin-memory
effect in the spontaneous transition (decay) from the band
to the metastable state. We assume that the spin polar-
ization is created by the preferential pumping from the
ground state E,/z (J=—,') to a 63/z state in the band fol-
lowed by a decay from the G3/2 state to the metastable
state E5/z (J=—,') without any relaxation among the sub-
levels of the 63/2 state.

According to the group theory there are three possible
symmetries E, T&, and T2 for the decay from a 63/2 state
to a E5/z state (63/z XE, /z =E + T, + Tz ). The coupling
coefficients given in Table II can be used for the decay of
T] symmetry. We also calculated the coupling
coefficients for E and T2 symmetries as shown in Table V
(Appendix). From these coupling coefficients we ob-
tained the expected values of the spin polarization in the
metastable state
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n+ —n)fc

p Q

n++n*

where n+ represents the population in the + spin level of
the metastable state. We first calculated the relative
pumping rate into the sublevels (Ic, A, , p, and v) of the

G3/2 state in the band under the optical pumping from
the ground state by using the coupling coefficients for the
electric-dipole transition in Table II. Then, we calculated
the population distribution in the metastable state
achieved by the spontaneous transition from the selec-
tively populated G3/2 sublevels to the metastable state.

TABLE II. Selection rules for the electric-dipole transition (T&) and normalized coupling coef5cients
(E,~zy, T, y'~ I"'y" ) for the cubic point group O. The quantization axis is taken (a) along the [001]axis
and (b) along the [111]axis. The selection rules and the coupling coefficients for I "=E,~2 and E,~, in
(b) are the same as in (a) and independent of the J value.
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E]/2 Es/2

Es/2

0 0
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v'3
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1

v'3
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v'3
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v'3

0
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v'2
v'3
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V'3

K3 /2
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3
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v'3

1

v'3
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3

1
0

3
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1
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v'3

K7/2 ~7/2
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P7/2
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1

v'3

1
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The spin-memory effect due to the three possible sym-
metries of the spontaneous transition was examined by
using the coupling coefficients in Table V.

Table III shows the calculated electron-spin polariza-
tion in the magnetic field along the [001] axis and the
[111]axis for difFerent J values of the G3/2 state in the
band. We calculated the spin polarization in two cases;
(a) in low magnetic fields under an optical pumping with
circularly polarized light incident parallel to the magnet-
ic field and (b) in high magnetic fields under an optical
pumping with linearly polarized light incident perpendic-
ular to the magnetic field. Our experiment corresponds
to case (a), and that of Anderson and Sabisky to case (b).
Weak and strong pumpings in case (a) mean that the opti-
cal pumping time is much longer and shorter than the
spin-lattice-relaxation time in the ground state. The cal-
culated values in case (a) are obtained by assuming that
the population ratio in the ground state n+.n is 1:1 for
weak o. pumping and 3:1 for strong o. pumping, where
n+ represents the population in the + spin level of the
ground state. The population ratio for the strong pump-
ing is the inverse ratio of the pumping rates from the sub-
levels expected from the electric-dipole transition to the
63 /Q state in the band. For 0.+ pumping the absolute
value of the spin polarization is the same with the case of
the o. pumping, but the sign is reversed. The calculated
values in case (b) are obtained by assuming that only the
minus-spin level is populated in the ground state
(p&H/kT))1, weak pumping). The spin polarization
P* depends on the field direction and the J value, while
the MCD is independent of them as mentioned in Sec. II.
These dependences arise from those of the spin-memory
effect in the decay process.

In our experiment in paper I the spin polarization P*
under the o. pumping in low magnetic fields along the
[111] axis was negative both for the weak and strong
pumpings (Fig. 2). Table III(a) shows that our result can
be explained only by the decay of T& symmetry for any of

the J values for the 63/2 state. Other symmetries give
positive or nearly zero polarizations. The calculated spin
polarizations in Table III(b) are those which should be
compared with the experimental results of Anderson and
Sabisky. " For symmetry Ti, Table III(b) shows that the
spin polarization is always negative, and that, for
H~~[001], the polarization ( —0.67) for the a pumping is
twice as large as that (

—0.33) for the n pumping. These
are just observed by Anderson and Sabisky.

On the other hand, for H~~[ll1], they predicted that
the spin-memory effect should be less sensitive to the po-
larization of the pumping light. However, this prediction
was in contradiction to their observation; similar light-
polarization dependence was observed for all directions
of the magnetic field. We suppose that they were uncon-
cerned with the importance of the J dependence, and that
their prediction was based on the coupling coefficients for
the G3&z (J=—,') state, for which Table III(b) gives the
polarizations —0.37(a ) and —0.33(m). If so, this is not
suitable because the electric-dipole transition to the states
with J=

—,
' is forbidden from the ground state (J= —,').

Now we should consider the G3&z (J = —', ) and G3&z
(J=—,') states in the band with the decay of T& symmetry.
The G3&2 (J=—,') state does not explain their observation
because no polarization is expected for the o. pumping. If
the G3&2 (J=

—,') state in the band is assumed to be respon-
sible for the spin-, memory effect, their experimental re-
sults can be explained; Table III(b) (H~~[111]) gives the
polarizations —0.46(cr ) and —0.33(m) consistent with
their observation. To the authors' knowledge, the impor-
tance of the J dependence of the coupling coefficients has
not been recognized so far.

It is noted that T, is the symmetry of the electric-
dipole operator and this implies that the decay may be a
radiative one. In fact, one phonon process is impossible
because the energy difference (-7000 cm ') between the
lowest part of the band and the metastable state is much

TABLE III. Calculated electron-spin polarization P* in the metastable state induced by the optical pumping and the spin-memory

eftect. Three symmetries (E, T&, and T~) are possible for the decay from G3/2 states in the band to the metastable state E,/, .

Weak
cr pumping

Strong
o. pumping

Symmetry of
the decay

E
Ti
T2
E
Ti
T2

Hii [001]

(a) Parallel pumping in
0.50

—0.83
0.50
0.00

—0.67
0.17

G3/p (J=
2 )

low fields
0.06

—0.54
0.50
0.37

—0.47
0.22

H~~ [111]

0.06
—0.17

0.13
0.37

—0.22
—0.02

G3/2 (J )

0.75
—0.63

0.13
0.83

—0.53
—0.02

g pumping

w pumping

E
Tl
T2
E
Tl
T2

(b) Perpendicular pumping
1.00

—0.67
0.00

—1.00
—0.33

1.00

in high fields
—0.44
—0.37

0.67
1.00

—0.33
—0.33

—0.44
0.00
0.30
1.00

—0.33
—0.33

0.25
—0.46

0.30
1.00

—0.33
—0.33
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larger than the Debye temperature of the host crystal
( —500 K). The rate of multiphonon process rapidly de-
creases as the energy difference becomes large, ' ' and
then the higher-order processes will not be efficient in the
short lifetime of the band, which is of the order of 10
sec from our measurement. As described in Sec. II we
did not consider the G&&z (J=—,') state in the band,
though the state is possible to be pumped from the
ground state. However, the transition from the state
with J =—', in the band to the metastable state (J=

—,') is
forbidden if the decay is radiative, and the other higher-
order processes for the transition of AJ=2 with the large
energy difference will not be efficient in the short lifetime.
Therefore, we consider that the G&&z (J=—', ) state does
not make a dominant contribution to the spin-memory
effect.

From the above argument we conclude that the decay
of T, symmetry explains the observed signs of the spin
polarization in the metastable state, and that the dom-
inant contribution to the spin-memory effect comes from
the G&&z (J=—,') state in the band. In our low-field experi-
ment, the spin polarization achieved in the metastable
state was in the opposite direction to that in the ground
state. This is in contrast to the high-field experiment of
Anderson and Sabisky, where the spin polarization was
preserved. The difference arises from the excitation pro-
cess to the band. As to the spin-memory effect from the
band to the metastable state, our experiment and that of
Anderson and Sabisky can be explained on the same
basis, i.e., the selection rules and the coupling coeScients
for the cubic point group O. 2 . 2n] n2 n3 n4 'll + '.le+9:0:0+ (7)

tions, we consider what fraction of the pumped ions de-
cay to the metastable state. We observed Auorescence
(1.1 pm of wavelength and —10 sec of lifetime at liquid
helium temperatures) from the metastable state of
Tm~+:SrFz (0.02% Tm~+) under the optical pumping to
the band with a cw dye laser. We analyzed power depen-
dence of the transient behavior and steady-state intensity
of the fluorescence by using rate equations, and obtained
a result that the value of the fraction g is about 0.1. This
value is nearly equal to the observed quantum e%ciency
of the fluorescence 0.08 in Tm +:CaF2. The small
value of g indicates that most of the pumped ions return
to the ground state without populating in the metastable
state. In fact, when we made an optical excitation to the
band of Tm +:SrF2 with nanosecond laser pulses, emis-
sion from the band to the ground state whose lifetime is
—10 sec was observed in a broad wavelength region (in
the visible and infrared regions). Therefore, the ions
which decay from the metastable state have little effect
on the population distribution in the ground state, and
the population distribution in the ground state is deter-
mined independent of that in the metastable state.

The electron and nuclear polarizations in the ground
state has been discussed by Grant et al. ' for
Tm +:CaF2. They showed that the population distribu-
tion in the ground state is well understood by assuming
complete nuclear spin memory and randomized electron
spin return in the optical pumping cycle. From this as-
sumption we get the population distribution in the
ground state

IV. EFFECT OF HYPERFINE INTERACTIONS

In the preceding sections we neglected the nuclear spin
and discussed only the electron-spin polarization. To ex-
plain the observed ESR signals, we have to consider the
nuclear spin and the hyperfine interactions.

The hyperfine structure arises from the interaction

where n; represents population in the ith sublevel (see
Fig. 1 in paper I) and u+ represents pumping rate from +
electron-spin level. In the derivation of Eq. (7) we
neglected the spin-lattice relaxation in the ground state,
which corresponds to the strong-pumping case. The dis-
tribution in Eq. (7) does not depend on the magnitude of
the magnetic field. This population distribution becomes

&~=gJpii J.H+aJ J I, (6) n, :n 2.n 3:n4 =0.16:0.24:0.36:0.24,
where gJ and aJ are the Lande g factor and the hyperfine
constant in the spin-orbit coupling state of a free ion.
The Hamiltonian (6) is regarded as a perturbation to the
doublets or quartets (E,zz, E5&~, or G3/p) in the crystal-
line field, whose eigenfunctions are given in Table I. The
hyperfine interaction splits a doublet into four levels and
a quartet into eight levels because the nuclear spin I of

Tm js —'.2'
For high magnetic fields the electron and the nucleus

are decoupled (gJpiiH ))az), so that the ESR signals ob-
served by Anderson and Sabisky" directly reAect the
electron-spin polarization discussed in Sec. III. In this
section we consider the hyperfine interactions in the
ground state, in the metastable state, and in the band.
We calculate the population distribution created by the
spin-memory effect among the sublevels of the metastable
state in the low magnetic fields, and try to explain the in-
tensity ratio of the observed ESR signals.

Before discussing the effect of the hyperfine interac-

when we pump Tm + ions in SrF2 with o. polarization
at 5800 A (u+.u =2:3). This distribution explains the
intensities of the observed ESR signals in the ground
state of Tm +:SrFz (paper I). Therefore, we start our dis-
cussion from the population distribution in Eq. (8) in the
ground state.

The hyperfine structures are known in the ground and
metastable states as described in the previous papers. "
Although we do not have any information on the
hyperfine interaction in the band, it is instructive to ex-
amine the two extreme cases; the electron and the nu-
cleus in the band are

(A) completely decoupled (gJp&H ))aJ)
and

(B) completely coupled (aJ ))gJpiiH) .

As discussed in Sec. III the dominant contribution to
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the spin-memory effect comes from the band of G3/2
(J=—,') character and the decay of Ti symmetry. There-
fore, we use these electronic character and symmetry in
the following and neglect the interaction between the
G3/2 (J=—,') state and other states in the band. The pop-
ulation distribution n, :n 2 ..n 3 .n 4 in the metastable state
is calculated in the two cases (A) and (8) under these as-
sumptions. Since our ESR experiment was performed in
the magnetic field along the [111]axis, we take the quant-
ization axis z along the [111]axis. The electron-spin po-
larization P* and the intensity ratio of the ESR signals
I i2..I23 are obtained from the distribution as

n+ —n)fc

p Q

n++n*
n 3 n*, + ( a—* b*—)( n 4 n—

z )

n& +n2+n3 +n4
(9)

n
&

.n2.n3 .n4 =0.32:0.35:0.12:0.21 .

If this distribution is achieved in the metastable state, the
electron-spin polarization and the intensity ratio of the
ESR signals in Eqs. (9) are given by

Ii2:I&3 =b' (n i nz ):a*—(n2 n3 ), —

where the definitions of n;*, I;*, a*, and b* are the same
as in paper I.

In case (A) the eigenfunctions of a G3/2 (J=—',) state are
given by

Ip~/2& I ~ &

(10)

Iv7/2&l~. &

where ~~7/2& A,7/2& ~p7/2&, and ~v7/2& are the electronic
eigenfunctions of the 63/z (J=—,') state given in Table I
(z~~[111]) and are eigenfunctions of the first (Zeeman)
term in the Hamiltonian (6) in the magnetic field, and
~I, & represents the nuclear eigenfunction ~I, =+—,

' &.

From eigenfunctions (10) and the eigenfunctions of the
E5/2 state given by Eq. (3) of paper I ( ~++ & and

~

—+ &

should be replaced by ~a" &~+ —,
'

& and ~P" &~+—,
'

& for the
discussion here), we derived the selection rules and the
coupling coefficients for T, symmetry between the four
levels (E~/2) and eight levels (G3/2). Then we obtained
the population distribution in the metastable state in-
duced by the preferential pumping and the spin-memory
effect after a procedure similar to that described in Sec.
III. The o. pumping from the ground state at 5800 A
and 200 Oe (a* =0.665 and b* =0.335), for example,
followed by the decay of T, symmetry results in the dis-
tribution

els of a G3/~ (J=—,') state are reduced to a doublet at
(—,')aJ and two triplets at ( —,', )aJ and ( ——,')az. From the
selection rules and the coupling coefficients calculated
from the eigenfunctions, we obtained the population dis-
tribution in the metastable state

n i .nz .n3 ..n4 =0.31:0.27:0.23:0.19 (13)

under the same conditions as in case (A). In the present
case the electron-spin polarization and the intensity ratio
in Eqs. (9) are given by

p*= —0. 11, I i2.I23 =0.67:1.00 . (14)

This intensity ratio agrees with the observed one, al-
though the agreement is not complete.

In both cases the hyperfine interactions reduce the
electron-spin polarization, but the sign of the polarization
is not changed. The observed ESR signals in low-
magnetic fields ( —200 Oe) are understood if the electron
and the nucleus are coupled rather than decoupled in the
band. The difference between the calculation and the ob-
servation seems to come from the fact that we examined
only the dominant contribution in the extreme cases; the
spin-memory effects due to the band of G3/z (J=—', ) char-
acter and the decay of Ti symmetry in the completely
coupled and decoupled cases. However, it is difficult to
estimate the corrections for the above calculation.
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V. SUMMARY

The spin-memory effect of Tm + in cubic fields was in-
vestigated theoretically. We obtained the selection rules
and the coupling coefficients for the cubic point group 0,
and calculated the electron-spin polarization in the meta-
stable state achieved by the optical pumping and the
spin-memory effect. It was recognized that dependences
of the coupling coefficients on the quantization axis and
the J value are very important for the analysis of the pop-
ulation distribution in the magnetic field. The observed
spin polarizations in our low-field experiment and the
high-field experiment of Anderson and Sabisky were un-
derstood on the same basis. The dominant contribution
to the spin-memory effect comes from the band of G3/2
(J=—', ) character and the decay of T, symmetry. In low-

magnetic fields as in our experiment the electron and the
nucleus are coupled through the hyperfine interaction
rather than decoupled in the band.

P = —0.24, I i2.I23 = —0.06:1.00 . (12)

This calculated intensity ratio is quite different from the
observed one in paper I. The intensities I&2 and I23 ob-
served at the same magnetic field are nearly equal.

In case (8) the eigenfunctions are given by linear com-
binations of those in case (A). We calculated the eigen-
functions of the Hamiltonian (6) taking the Zeeman term
as a perturbation. At zero magnetic field, the energy lev-

APPENDIX: COUPLING COEFFICIENTS
FOR THE CUBIC POINT GROUP 0

The selection rules and the transition probabilities used
in Secs. II and III are obtained from the coupling
coefficients of the irreducible representations in the cubic
field. Here, we derive the eigenfunctions of the
crystalline-field Hamiltonian, and then obtain the cou-
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TABLE IV. Bases of the irreducible representations E, T& and T2 of the cubic group for J= 1 and 2
taking the [001] and [111]axes as the quantization axis.

Ix), +1&
2'„0)
Iz', —1&

I 1, +1&
Il, o&

zll [oo1]

Il, +»
Il, o&

zII [111]

J=2 E, g)

E,e&

T„+1')

Ir, , o'&

I
2„—1')

I2, o&

I2, +2&+v'2

I2, +2&—
v'2
—I2, + 1 )

I2, —2&v'2

2, —2)v'2

I2, +1)+ I2, —2)v'3 ' V3
1

2, +2)+ —I2, —1)
v'2

l2 +1)+ ~-' l2. -2)
&3 ' v'3

I2, o&

2, +2) — —I2, —1)
v'2 1

v'3 ' v'3

TABLE V. Normalized coupling coefficients (E,~, y, I"y'I G, ~2y" ) for the cubic point group 0 taking (a) the [001] axis and (b) the
[111]axis as the quantization axis.

(a) zII [001]
E5/2 X E G3/2

E5/2 X T) G3/2 J= —', , 2, 2)
p

Es/2 X T2

V'2

v'3

v'2
v'3

1

v'3

pl

pl

v'2
v'3

1

v'3

1

v'3

v'2
v'3

E5/2 XE
K3 /2

1

v'3

~3/2 P3/2 V3/2

v'2
v'3

K5 /2

1

3

(b) zII [111]

~5 /2 P'5 /2 +5 /2 K7/2

1

3

G 3/2

g7/2

2v'2
3

1

v'3
2v'2

3

1

3

2v'2
3

1

3
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TABLE V. (Continued).

E5/2 X Tl

K3 /2

G3/2 (J=—)

~3/2 K5 /2

(J= —,
'

)

~5 /2 P5 /2 +5/2 K7 /2

G3/2 (J=
2 )

~7/2 V7/2

1

3

2v'2
3

v'2
v'3

1

v'3
v'2
u'3

2v'2
3

v'2
v'3

v'2
v'3

1

v'3
v'2
v'3

v'2

V3
5

3&3

v'2
3v'3

v'3

1

v'3

1

v'3

v'2
v'3

v'2
3v'3

5
3v'3

E5/2 X T2 G3/2 (J=—)

P3/2 &3/2 K5/2

G3/2 (J=
2 )

~5/2 P5/2 +5 /2 K7/2

G3/2 (J= —)

P7/2

+1'

+1'

pl

v'2
v'3

1

v'3
v'2
v'3

5
3v'3

3v'3

v'2
v'3

1

v'3

1

v'3

v'2
3v'3

5

3v'3
v'2
v'3

1

v'3

1

v'3

v'2
v'3

v'2
v'3

1

v'3

pling coefficients by using the eigenfunctions and the
Clebsch-cordon coefficients.

We consider the states with J=—,', —,', and —,
' of a Kra-

mers ion in a cubic field, so that the electronic states are

characterized by the irreducible representations E, /z,
E5&2, and G3/p of the double group. The crystalline-field
Hamiltonian in a cubic field is expressed in the standard
notation as

B4(04+50' )+B6(06 2106 ) z~~ [001]
C

—
—,'B (0 +20V20 )+ ", B 0 — —0+ —",0, z~~[111]

(A 1)

(A2)

The first form (Al) is referred to the fourfold axes (z~~ [001])and the second form (A2) to the threefold axes (z~~ [111]).
The energy eigenvalues and eigenfunctions for the Hamiltonian are obtained from the known matrix elements of the
crystalline-field operators. The obtained eigenfunctions are listed in Table I. They are also the eigenfunctions in the
magnetic field along each axis (H~~z) as long as the field is not too strong.

The selection rules between I and I " states for I ' symmetry of the transition can be obtained by reducing I X I ' in
terms of I"', where I, I", and I " are the irreducible representations of the group. The relative transition probabilities
are obtained from the squares of the coupling coefficients. The coupling coefficients (1 (J)y, l '(J')y'~l "(J")y") are
defined by the coefficients in the expansion

(A3)
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where I (J)y, I '(J')y' &
=

~
I ( J),y & I '(J'), y' & and

~
r( J),y & represents one of the eigenfunctions (bases) for the irre-

ducible representation I labeled by J.
The expression of the coupling coefficients is derived as follows. As shown in Table I the eigenfunctions in the crys-

talline field are given by linear combinations of the eigenfunctions i J,M & of a free ion:

ir(J), y & =pa(ry JM )
~ J,M & . (A4)

Therefore, we can calculate the coupling coefficients from the Clebsch-Gordon coefficients & JM, J'M'i J"M"
& defined

by

iJ-,M"&=y y~JM, JM &&JM,JM ~J"M-&,
M M'

where
~
JM, J'M'

&
=

~
J,M &

~

J', M' &. From Eqs. (A3) —(AS) we obtain the expression of the coupling coefficients

(A5)

& I (J)y, l '(J')y' I"'(J")y"
&
= g pa*(ryJM)a'*(I"y'J'M')& JMJ'M'~ ga "(r"y"J"M")~J",M"

&

M M' M"

=g g pa*(I yJM)a'*(1 'y'J'M')a "(I"'y"J"M")&JM, J'M'~ J"M"
& .

M M' M"
(A6)

This expression is quite general and not restricted to the
cubic point group O.

We are interested in the transition between I =E5i2
and I "=63/p states for J=—'„—,', and —', as discussed in
Secs. II and III. Three symmetries O'=E, T, , and T2 are
allowed for the transition (E5i2 X G3iz =E+T& + T~ ).
For the symmetries of the transitions we use the irreduc-
ible representations E (J=2), T, (J =1), and T2 (J =2).
Their bases are also derived from Eqs. (Al) and (A2), and
are shown in Table IV. Table V shows the calculated
values of the coupling coefficients derived from Eq. (A6)
with Table I, Table IV, and the Clebsch-Czordan
coefficients. The selection rules and the relative transi-
tion probabilities used to calculate the spin polarization
in Table III are obtained from the coupling coefficients in
Table V.

As shown in Table V the coupling coefficients generally
depend on the quantization axis and the J value. Howev-
er, those for z~~ [001] do not depend on the J value (J=—',
and —', for E~lz, J=—,', —', , and —', for 63&2). The eigenfunc-
tions and coupling coefficients given in standard text-
books' ' are those for x~~ [001].

In the derivation of Table V we used the bases of the ir-
reducible representations shown in Table IV for the sym-
metries of the transitions. The coupling coefficients in
Table V are changed if we use the bases of the irreducible
representations labeled by different values of J such as E
(J =4), Ti (J =3), and T2 (J=3). But, as shown in the

following, the spin-memory effect does not depend on the
J value of the transition symmetry, as long as the decay is
a spontaneous process. The transition probability be-
tween iI, y & and

~

I"',y" & states for the transition of 1
'

symmetry is proportional to the quantity

pi & ry, r'y'~r"y"
& i', (A7)

when the transition is a spontaneous process. We consid-
er two irreducible representations I"(J, ) and I (Jz) for
the symmetry of the transition (J

&
W J2), whose bases are

written by 5 and p. One set of the bases can be represent-
ed by the linear combinations of the other set. From the
definition of the coupling coefficient in Eq. (A3) and the
orthogonal character of the coefficients in the linear com-
binations, we can show the following relation:

yi&ry, r s~r"y" &i'=yi&ry, r'z r"y" &i'.
6 P

(A8)

Therefore, the transition probability does not depend on
the J value of I for the spontaneous process. The decay
from the band to the metastable state discussed in this
paper is characterized only by the symmetry, and that the
spin-memory effect does not depend on the J value of the
transition symmetry. The bases for the specific J values
in Table IV are sufficient to derive the spin polarization
in Table III.
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