
PHYSICAL REVIEW 8 VOLUME 43, NUMBER 3 15 JANUARY 1991-II

Magnetoplasmon polaritons in finite n-i-p-i superlattices
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We investigate the effects of an external magnetic field on plasmon polaritons propagating in

truncated n-i-p-i superlattices, using a local theory with retardation. We use a transfer-matrix
method to simplify the algebraic expressions, which are otherwise quite involved. The external
magnetic field is taken to be parallel to the surface and perpendicular to the direction of propaga-
tion of the plasmon polaritons. We also present numerical results pointing out the differences of the
spectra with and without the presence of the external magnetic field. Our results generalize previ-

ous work on this subject.

I. INTRODUCTION

Recently a number of papers have appeared dealing
with the propagation of bulk and surface plasmons in
semiconductor superlattices of various types. Binary su-
perlattices consisting of alternating layers of materials 3
and B with or without a two-dimensional electron (hole)
gas at the interfaces were studied by many authors. ' A
particular superlattice structure, the so-called n-i-p-i su-
perlattices, has also been investigated and its particular
features discussed. '

The n-i-p-i structure is a different superlattice com-
posed of doped semiconductors that presents many in-
teresting properties. It is formed by a periodic array of n-
and p-doped semiconductor layers separated by insulators
as it was proposed by Dohler. ' A certain fraction of the
donors and acceptors is ionized, producing doped layers
with positive charge in each n layer and negative charge
in each p layer.

In this paper we present a full theory of the bulk and
surface-plasmon excitation spectrum of a finite n-i-p-i su-
perlattice. We have included the effects of both retarda-
tion and an external magnetic field, and we have obtained
the dispersion relation for surface magnetoplasmon po-
laritons in this structure. In some ways, this paper can be
considered as an extension of the work of challis et al. ,

"
which investigated these phenomena for semi-infinite
binary superlattices. On the other hand, it completes the
work done previously by Farias et al. where the spectra
of bulk and surface-plasmon polaritons in an n-i-p-i su-
perlattice without an applied magnetic field were exten-
sively discussed. Although the treatment presented here
generalizes those papers, it is not just a mathematical ex-
tension since new physical features are encountered.

Our model is based on a transfer-matrix treatment, al-
ready presented earlier, ' to simplify the algebra, which is

otherwise quite involved. Since the quantization of the
electronic states into subbands is quite negligible due to
our basic assumption that the layer thicknesses are
sufFiciently large, we can describe the properties of the
layers by macroscopic dielectric functions. Thus the elec-
tromagnetic fields in each layer are described by solving
Maxwell's equations subject to the appropriate boundary
conditions.

The plan of this paper is as follows. Section II presents
the full theoretical derivation of the magnetoplasmon-
polariton dispersion relation, assuming that the elec-
tromagnetic mode is p polarized. Section III is devoted
to the presentation of some numerical results. The con-
clusions are given in Sec. IV. We also present (in the Ap-
pendix), for completeness, our theory for the case where
the electromagnetic mode in the superlattice is s polar-
ized.

II.GENERAL THEORY

The n-i-p-i semiconductor superlattice that is con-
sidered in this paper is depicted in Fig. 1. Materials 3
and C are n- and p-doped semiconductors with dielectric
tensor e, (to) and E, (co) and thickness a and c, respec-
tively. Materials B and D are intrinsic semiconductors
with frequency-independent dielectric tensor eb and Ed

and thickness b and d, respectively. The unit cell has
length L =a +b +c +d and is designated by the index n,
as is shown in Fig. 1. In the nth unit cell, at the inter-
faces z =nL and z =nL +a, there is a two-dimensional
electron gas (2DEG), while at z =nL +a +b and
z =nL +a +b +c there is a two-dimensional hole gas (2
DHG). We assume that a uniform external magnetic
field is imposed in the y direction and that surface magne-
toplasmon polaritons are allowed to propagate in the x
direction (parallel to the interfaces) with wave vector Q
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FIG. 1. Schematic representation of an infinite n-i-p-i superlattice.

and frequency co.
We start our theoretical development by deriving first

the dispersion relation for magnetoplasmon polaritons in
an infinite superlattice and then for the finite one. In
both cases the field amplitudes are assumed to be local-
ized at each interface.

A. Bulk modes

E,'"'(z
~

k ccrc ) = 2 '1"' exp( —a z) + A z~' exp( a~ z ), (2.3)

E,'"'(z
~
@co ) =i [A, , 2 ',"' exp( —a .z ) + A z~ 3 2".' exp( aiz) ],

(2.4)

tron frequency, and background dielectric constant, re-
spectively, in the layer under consideration.

The solutions of Maxwell's equations at the nth cell are

In this section, we follow the lines of Ref. 7, hereafter
referred to as I (its Sec. II A). We assume p polarization
for the electromagnetic mode with the external magnetic
field along the y axis. Thus the dielectric function in lay-
ers A and C has the form'

H'"'(z~ k~) = i coco[eI ~
3 ~1~—'exp( —a~z )

—
e~, A ~"'exp(a~z)] .

Here,

(2.&)

e'(co) =
0 l E'2

0 e3 0

A@2 0

where

e1(co)=e [I+co /(co, —co )],
e2( co ) —e~ co~ co& /co( co~ ci) )

E3(co) =c ( I co& /co )

(2. l)

(2.2)

[kx ej(co Ic ) ] 1f kx )Ecole'
CX i[a (co /c ) k„]'~ i—f k„(e co/c, (2.6)

(2.7)

(2.8)

2
J &J 2J &J

.+
~ =1x &&g —~g &2g

PJ y
~ E'2~ CXJ. 6)~

e~, [k, (e, +a~, ) —2a, e„] a, k e,, (e~ —e,, )

kx(kx&z, aje1,)—
Here ~~, co„and e are the plasmon frequency, cyclo- (2.9)
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J'"'(zlk~) =i coeoo~E,"'(zl ken), (2.10)

where the subscript p reads e for electrons or h for holes.
Here

n e 2

, p=e, h .I Q)Ep 0
(2.1 1)

n is the carrier concentration per unit area and m is

where the + ( —) sign is associated with the subscript
r = 1 (2).

The boundary conditions for the electromagnetic fields
at the interfaces are that the component E„'"'(z.lkco) is
continuous across an interface, and that the magnetic
field H'"'(zlkco) is discontinuous across the interface, the
discontinuity being due to the presence of a current den-
sity at the interface given by

the effective mass for the charge carriers. Using these
boundary conditions in the same way as in I we find, after
some algebra, the following dispersion relation for the
bulk-plasmon polariton of wave vector Q:

cosQL =
—,
' TrT . (2.12)

Here T is a unimodular matrix which relates the
coeKcients of the electromagnetic fields in one cell to
those in the preceding one. It is defined in the same way
as in I provided we replace e' by e'„- in the M,

' and X,'
matrices with r =1 (2) for the matrix elements M, 2 and
X)q (M~~ and &2~).

This dispersion relation is the generalization of the
dispersion relation for bulk-plasmon polaritons found in I
to include the presence of an external magnetic field.
Another special case of interest is the dispersion relation
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FIG-. 2. Finite n-i-p-i superlattice whose length is pI, where p is an arbitrary integer and I the size of the unit cell.
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obtained by Wallis et al. " for a periodic heterostructure
consisting of two different types of dielectric slabs. Our
dispersion relation reduces to their result for the limiting
case o, =o.

& 0, a ~c, and b~d.

B. Surface modes

In order to study surface modes we consider the struc-
ture shown in Fig. 2, where we replace the parts of the
superlattice lying in the regions —~ ~ z ~ 0 and
pL ~ z ~ ~ (p being an integer) by isotropic media E and
F unaffected by the external field. So media E and F have
dielectric tensors that are diagonal, with the diagonal ele-
ments all equal to e, and eI, respectively.

Obviously, the periodicity in the z direction is now des-
troyed and we can no longer use Bloch's theorem which
relates the amplitude in one film to that in another
through the envelope function exp(iQmL), m being the
differences of the layers involved. Instead, we have the
envelope functions exp( /3mj) —and exp[ —/3(p —m)L]
which correspond to localization at the top and bottom
surface of the superlattice, respectively. Observe that for
bulk waves one should replace /3 by iQ-

Let us assume that the coefficients A, and A2, (j =a,
b, c, or d) which are related to the envelope function
exp( —/3mL) are independent of the coefficients A'„and

which are associated with the envelope function
exp[ —/3(p —m)L]. This assumption enables us to relate
these coefficients in the eigenvalue equation of T (see I)
provided we replace iQ by —P and /3, respectively. Thus

[T—exp( —/3L)I]
~
A '"') =0 (2.13)

and K' identical to K providing we replace exp( g—j) by
exp(/3L ). T» and T,2 are elements of the matrix T.

Since we should know the coefficients A, d, 22d, 3 ', d,
and A2d in order to match the electromagnetic fields at
z =pL, the boundary conditions at the 3-D interface
yield

A )d fd + A 2d fd =exp( —/3L )( A ) + A 2 ),
A &dfd+ A2dfd=exp(/3L)(A', .+A,'.),
eld A ldfd e2d A2dfd

(2.17)

E"(z~kco) =E,exp(a, z ),
H"(z ~ken) =icoeoe,'E, exp(a, z ),

(2.18)

while for z)pL

E (z kco)=Efexp( —afz),
Hyf'(z~kco)= ia)eoef—Efexp( —afz) .

Here

(2.19)

a, =(k —e co Ic )'~, k )ecole and i =e or f
(2.20)

=exp( /3L )—[(e'„—o- )A „—(e2', +a~) A„],
&Id A'idfd &'2d A2d—fd

=exp(/3L ) [ ( e'&, —o ~ ) A '„—( e2, + cr~ ) A 2, ] .

The electric and magnetic field in the region z & 0 can be
written as

and

[T—exp(/3L)I]~ A ""')=0

yielding

(2.14)
e', =e, la, with i =e or f . (2.21)

Imposing the boundary conditions at the E-3 interface
(see Fig. 2), z =0, we obtain

with

and (2.1S) E, =21,+32, +31,+22, ,

e,'E, = —e'„( A „+A '„)+e2, ( A 2, + A 2, ) .

(2.22)

(2.23)
exp( /3L )

—T&&-E=
T12

(2.16) The boundary conditions at the D-F interface, z =pL,
yield

Efexp( —afpL) =exp[ /3L (p —1 ) ]( A )d fd—+ Ad fd )+exp[/3L (p —I ) ]( A Id fd + A 2d fd )

f fexp( afpj)=eIdfd I
—A &dexp[ /3L(p —1 )]+A &d

ex—p[/3L(p —1 )] ]

ezdfd [A2dexp[ /3L(p —1)]+A'dexp[/3L(p 1)]I

(2.24)

(2.25)

Now using (2.25) and (2.27) we can reduce (2.32), (2.33), (2.34), and (2.3S) to the convenient matrix equation shown
below.

E1~ K&2~

1+@'

e1, —K'e2,
0
0

A,,exp( /3Lp)—k', exp(/3jp )

(1+K)exp( /3Lp) ( I +K')exp—(/3jp) 0 —exp( afpL)—
—efexp( afpL)—EI

(2.26)

Here
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K ' — (1+

, ANDT

(2.27)

43

, —ef(1+K)][a' — ' ' eF')~ E 6 +6'e — '
2, e, ( 1 +K')]

K')][e'„—K ',e„—Kez, +E', (1+K (2.28)
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III. NUMERICAL RESULTS
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spond to I3L purely real and positive, splits also into two
branches for k„a =0.98. With the presence of the exter-
nal magnetic field (Fig. 6) there are four surface
magnetoplasmon-polariton modes. Two of them are ob-
served in the region 0.2 &co/co &0.6 and they terminate
at k„a =3,0, while the other two modes, which exist at
0.7&co/co„&0.9, enter the upper bulk bands for k, a ap-
proximately equal to 12. In all cases considered here, re-
tardation effects are important only in the region of small
values of k.

IV. DISCUSSION

The results presented here generalize those of I in two
major ways. First, the dispersion equation (2.38) applies
to a specimen of finite thickness pI, rather than the
semi-infinite geometry of I. Second, a static magnetic
field is included, to give characteristic magnetoplasmon
effects.

The effects of finite thickness, which are well known
for polaritons in slabs of optically active materials, ' are
seen in Figs. 3 and 5. First the bulk continuum of the
semi-infinite specimen is replaced by the discrete spec-
trum of guided waves. These correspond to a real Bloch
wave vector within the superlattice which is quantized by
the boundary conditions at the upper and lower surfaces
of the superlattice. Second, for a thick specimen the sur-
face polaritons at the top and bottom surfaces are essen-
tially degenerate in frequency. As the thickness is de-
creased, the decaying-exponential envelopes of these de-
generate modes begin to overlap, and the frequencies split
into an antibonding and bonding pair. This effect is
clearly seen in the intermediate-frequency mode of Figs. 3
and 5. Another important point can be inferred from
(2.18) that can be written as exp(2PpL) =X/D. As
p~ ~, i.e., the semi-infinite limit, exp(2PpL) tends to ~
for 13)0 and tends to zero for 13&0. The different signs
correspond to the surface modes localized on the upper
and lower surfaces, so N =0 correspond to the dispersion
relation of one of these modes while D =0 correspond to
the other.

The application of an external magnetic field in thin
films and multilayered heterostructures has been shown
to cause interesting qualitative change in the behavior
characteristic of the interface excitations. ' In particular,
the case studied here, where the field is parallel to the
surface and propagation is perpendicular to the field, has
as one important effect the introduction of nonreciprocal
propagation, ' in which the surface modes traveling in
+k„and —k directions have different frequencies. For
the data used here, the differences between co(k) and
co( —k) are too close to be resolved in the scale used in
Figs. 4 and 6. This effect is better noted if the n-i-p-i su-
perlattice is resting on a substrate, which serves to fur-
ther lower the symmetry. In addition to introducing non-
reciprocity of the surface modes, the magnetic field pro-
duces substantial shifts in the boundaries of the guided-
wave regions, as can easily be seen by comparing the
figures with and without the applied magnetic field.

The most promising experimental technique for the
study of the magnetoplasmon modes is Raman scattering.

Up to now, the majority of applications of Raman
scattering have been to phonon-related properties, ' and
only a small proportion of the results has been concerned
with plasma effects. Our analytical and numerical results
give an indication of the rich spectrum of modes to be ob-
served. Observe that so far no surface-plasmon mode has
been observed experimentally for values of k„a up to ap-
proximately 1.38. Also the Raman experiment of Olego
et al. ' has shown that the surface mode exists only for
k„a ) 1.7.

Two other important techniques may be mentioned.
First, the deposition of a grating on the specimen surface
enables coupling of incident far-infrared radiation to sur-
face and guided modes; in general the increase of wave
number k by 2n~/d due to the grating period d is rela-
tively large, so that retardation effects are unimportant.
Second, attenuated total reflection (ATR) may be used to
give a small advance of k„, so that retarded surface
modes are detected. A substantial body of results on
phonon-related surface modes of superlattices, and pre-
liminary results on plasmon-related modes in a 6-doped
sample, show the potential power of this method.
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APPENDIX: s POLARIZATION

We have concentrated our results on p polarization,
since this is expected to give the most striking effects.
However, the derivation of the formal results for s polar-
ization is very similar, so they are given here for com-
pleteness.

We have now

E'J"'(z ~ken) =BI"'exp( —a z)+B2".'exp(a z) .

The in-plane component of H'"' is

H„'"'(z
~
ken) = (ia /poco) [B—I"' exp( —a, z )

—B2"'exp(ajz) ] .

The field components are characterized by the vector

Bi
~B(n))

&2~

(A4)

(A5)

The transfer matrix can still be written as in I with ma-
trices M„Nb, etc. , given by

E'"'(x, t) =(O, E'"'(z ~ken), 0)exp[i(k„x cot )], (Al)—
H'"'(x, t) = (H'"'(z

~
keg), 0, H,'"'(z

~

ken�)

)exp[i (k„x cot )], —

(A2)
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exp( —a, a ) exp(a, a )

M, =
(a, /po)exp( —a, a )

—(a, /po)exp(a, a )
(A6)

Nb=
Ab

Po

exp( ab—b )

exp( a—
b b)m*

exp(abb )

2
CXb nP, e+ exp(ahb )]
Po m

(A7)

and so on. With these changes, the dispersion equation
for bulk modes is still the general form (2.12).

The analysis of surface modes is parallel to that given
for p polarization. The result may be written in the form
(2.38), provided the following changes are made: (a)

e'„,(r =1,2) is replaced by a, both in (2.28) and in the
definitions of A,, and A,,'; and (b) K and K' are given by
(2.16), but the T-matrix elements for s polarization are
used.
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