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Recent experimental studies of the high-temperature superconductor YBagCu306+ at high
temperatures (above 700 K) detect a maximum in the derivative with respect to oxygen chemical
potential of the stoichiometric factor x, located within the disordered tetragonal-phase region.
Here we present approximate numerical calculations by a new mean-field technique, which ex-
plain this macroscopic effect in terms of local, essentially one-dimensional, fluctuations in the
distribution of oxygen atoms in a lattice-gas model for the Cu-0 basal planes of this material.
Such fluctuations are characteristic of a system near a disorder line in its phase diagram, and are
associated with the formation of finite fragments of positionally and orientationally disordered
oxygen chains. Our calculations agree with the positions and widths of the experimentally ob-
served maxima, and also predict corresponding peaks in the specific heat. The mean-fi. eld results
are complemented with large-scale Monte Carlo and numerical transfer-matrix calculations for
the same model. The finite-size scaling behavior of the local-fluctuation peaks in the Monte
Carlo data is distinctly different from that of the peaks which correspond to phase transitions.
The physical picture developed in this study also provides an alternative to the low-density,
low-temperature orthorhombic phase that has been proposed by other authors.

I. INTRODUCTION

In a recent thermodynamic study of the oxygen content
of the high-temperature superconductor YBa2Cu306+
McKinnon et al. observed a low, broad maximum in
the derivative of the stoichiometric factor x with re-
spect to the oxygen chemical potential. This maxi-
mum was located within the disordered tetragonal (non-
superconducting) phase region, and was clearly distin-
guishable from the peak which signals the tetragonal-to-
orthorhombic phase transition. Similar maxima in this
quantity, as mell as in the specie. c heat, have also been
seen in numerical Monte Carlo2 s and transfer-matrixs
calculations. Here we present, in addition to further
Monte Carlo and transfer-matrix results, approximate
numerical calculations by a new mean-field technique,
which explain these observations in terms of short-range
order and anisotropy in the distribution of oxygen atoms
in a lattice-gas model of the Cu-0 basal planes. Such
local anisotropy appears when the oxygen concentration
is sufFiciently high to allow formation of oxygen chains
due to attractive efI'ective interactions between pairs of
0 atoms connected by a Cu atom, but too low for the
formation of an ordered orthorhombic phase. Although
no thermodynamic singularities (phase transitions) are
associated with these local fluctuations, their efI'ects are

nevertheless macroscopically observable, as illustrated by
the above-mentioned experimental and numerical obser-
vations. Our approximation method, which is described
in Sec. III, is based on the similarity between these local,
essentially one-dimensional, fluctuations and the fluctua-
tions characteristic of a system near a disorder point.
Disorder lines, which are lines of disorder points, exist
within the disordered regions of the phase diagrams for
a number of anisotropic lattice-gas models with compet-
ing interactions. Much of the inspiration for the present
work arises from Gompper and Schick's successful appli-
cation of the disorder-line concept to explain the unusual
macroscopic properties of microemulsions.

The purpose of this study is twofold. First, we aim
to give a microscopic physical picture of the fluctua-
tions that produce the experimentally observed maxima
in thermodynamic response functions. ~ Second, we argue
that this picture also provides an alternative to the low-
density, low-temperature orthorhombic phase that has
been proposed by other authors. 2

II. MODEL

The lattice-gas model of the Cu-0 basal planes was
originally introduced by Berera, de Fontaine, Moss,
and Wille ~ and investigated in a number of recent
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s.udies. 3 9 Its relevance to the physical materials
has recently been reviewed. ~ ~ The basal planes consist
of a square lattice of copper atoms with lattice constant
a and a basis of two oxygen sites at ( 2, 0) and (0, 2). The
0 atoms interact through repulsive nearest-neighbor and
locally anisotropic next-nearest-neighbor efFective inter-
actions. The Hamiltonian is

—Cv ) cc, —p) c;.
(NNNv)

Here the c; are the site-occupation variables for the 0
atoms; c; = 1 if site i is occupied, and c; = 0 if site i
is empty. O'NN is the effective nearest-neighbor (NN) in-

teraction energy, and 4c„and 4v are the efl'ective next-
nearest-neighbor (NNN) interaction energies, with and
without a Cu atom between the 0 sites, respectively. The
sums run over all the indicated pairs of sites. The oxygen
chemical potential is p, and N is the total number of 0
atoms. The basal-plane lattice and the interactions in
the Hamiltonian are shown in Fig. 1. We use dimension-
less units such that 4NN = —1 (repulsive), and choose
4v = —0.5 (repulsive), and 4~„= +0.5 (attractive).
These interactions were also used in previous numerical
studies, ~ and yield a phase diagram in reason-
able agreement with experiments. 2 For direct quan-
titative comparison with the experimental isotherm at
T = 923 K, measured by McKinnon et al. ,

~ we have also
performed some calculations with the effective interac-
tion constants recently obtained in a first-principles lin-
ear muflin-tin orbital (LMTO) calculation by Sterne and

)4

FIG. 1. The lattice in the basal Cu-0 planes, and the
interactions in the lattice-gas Hamiltonian, Eq. (1), are illus-
trated. The circles represent Cu atoms, and the squares rep-
resent 0 sites. The nearest-neighbor interactions (4NN) are
shown as thin diagonal lines, the next-nearest-neighbor inter-
actions through a copper (O&„.) and through a vacancy (4?v)
are shown respectively as zig-zag lines and thick solid lines.
The numbered arrows indicate the one-dimensional chains of
0 sites connected by Cu a,toms. The odd-numbered chains
"1"and "3" are vertical in the figure, and the even-numbered
chains "2" and "4" are horizontal.

Wille. The oxygen concentration in the basal planes,
e, is half of the factor z in the stoichiornetric formula
YBazCusOs+,

(2)

where N is the total number of 0 sites. The quantity

&de)
X d4 "i7

which is half of the thermodynamic response func-
tion measured by McKinnon et a/. , is identical to the
nonordering susceptibility for the equivalent Ising model.
At low temperatures both the experimental and theo-
retical phase diagrams contain three phases: A disor-
dered tetragonal phase with 8 0 (denoted tetra-0),
and two ordered orthorhombic phases with 8 1/4 (de-
noted ortho-1/4) and 0 1/2 (denoted ortho-1/2), re-
spectively. At temperatures above approximately 800 K
the ortho-1/4 phase becomes unstable, leaving only the
tetra-0 and ortho-1/2 phases. Detailed phase diagrams,
based on numerical transfer-matrix and Monte Carlo cal-
culations, have been presented in Refs. 3 and 9.

III. CHAIN MEAN-FIELD (CMF)
AP PROX IMATION

The enhanced local fluctuations that give rise to the
observed maxima in the nonordering susceptibility yQ
and the specific heat C are associated with the forma-
tion of finite oxygen chains due to the attractive inter-
action C c„, and are basically one dimensional in charac-
ter. Such one-dimensional fluctuations are characteristic
of disorder points, which are points in a phase diagram
where short-range correlations change their qualitative
behavior. One of the characteristics of a system at
a disorder point is that correlation functions along cer-
tain symmetry directions (which depend on the details of
the lattice and the interactions) become identical in form
to the (exactly known) correlation function of the one-
dimensional Ising (lattice-gas) model in zero magnetic
field. It is this particular aspect of the disorder-line
concept that we have used to develop the mean-field ap-
proximation described below.

The basic idea of our approximation is to treat
the correlations along the oxygen chains in the Cu-0
basal planes exactly, whereas chain-chain interactions
are taken into account in a self-consistent manner. For
this we use a mean-field approximation in which the ex-
actly treated subsystems are the one-dimensional chains
that consist of next-nearest-neighbor oxygen sites con-
nected by copper atoms. With the difFerent emphasis
of obtaining an improved mean-field approximation for
studying phase transitions, a similar approach has previ-
ously been applied to weakly coupled chainlike magnetic
systems. ~4 ~7 One of the Cu-0 planes with the fourfold
degenerate chains is shown in Fig. 1. The chains tha
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are vertical in the figure are numbered "1" and "3",and
those that are horizontal are numbered "2" and "4". As
usual in mean-field theories, the condition that the equi-
librium state corresponds to a minimum in the free en-

ergy is equivalent to a set of coupled nonlinear equations
for the egective chemical potentials p~ that act on each
of the subsystems. For a vertical chain labeled "1" this
equation is

pi ——p+2C'Nri '8(p2)+8(p4) +2@v8(ps) —2C'NN —@v,
(4)

where the coupling to the horizontal chains is through
CNN, and to the vertical chains labeled "3" through 4~.
The equation for p3 is obtained by interchanging the sub-
scripts "1"and "3".The eA'ective fields p2 and p4 which
act on the horizontal chains, are obtained from pi and
p3 by interchanging even and odd indices. In these equa-
tions the subsystem oxygen concentrations 8(p ) are
given by the exact concentration of a one-dimensional
lattice gas with interaction constant Cg„, subject to a
chemical potential p

- -1/2
1 I' pn —po l 1 —exp( —4cu/kaT)

O p = — tanh
2 ( 2k~T ) cosh ("& ~&')

The quantity pp ——24N~ —CgU —4V is the value of'

the chemical potential about which the phase diagram is
syrrunetric (corresponding to zero magnetic field in the
equivalent Ising model). 2s The numbering of the four sub-
systems is of course arbitrary. The "vertical" chains were
chosen as those subject to the largest eA'ective fields, and
the chain numbers were assigned so that the condition
pi & p3 & p2 & p4 was satisfied.

For weak/y coupled chain systems this method provides
excellent estimates of the critical temperatures. In our
present case the chains are not weakly coupled, and we

find numerically only a slightly improved T„compared
to the simplest mean-field approximation. However, our
main interest is to study the loca/ fluctuations that lead
to the formation of short fragments of oxygen chains in
the disordered phase, and thus to the breaking of /o-

ca/ isotropy. To prevent the system from settling into
the disordered, isotropic equilibrium phase, in which the
four subsystems are equivalent, we therefore apply weak,
syrriiIietry-breaking chemical potentials that are diA'er-

ent for each of the four subsystems. We find that the
resulting anisotropic "constrained equi1ibrium" state is

quite insensitive to the strengths and details of these
symmetry-breaking chemical potentials. The parts of yo
and C that correspond to the local fiuctuations were ob-
tained as averages in this constrained state of the suscep-
tibility and specific heat of the four one-dimensional sub-
systems, each acted on by its respective effective chemical
potential p~. (Although it is easy to obtain the specific
heat and susceptibility in closed form by diAerentiating
the exact expression for the chain free energy, ~8 numeri-
cal evaluation of the former requires the determination of
small quantities by subtraction of much larger ones. In
practice we therefore found it more reliable to evaluate
the specific heat by numerical diR'erentiation of the exact
free energy. )

IV. RESULTS AND DISCUSSION

Our main numerical results are shown in the figures.
The data displayed in Figs. 2—4 were obtained with the

dimensionless interaction constants given after Eq. (1),
4NN ———1, 4v ———0.5, and C c„—+0.5. Fig. 2(a) shows
the specific heat per site C/(Nk~) versus chemical poten-
tial p/l@NNI at temperature kaT/l@NNI = 0 175. (With
the overall energy scale adjusted to yield a phase diagram
in agreement with the experimental data of Specht et
al. ,

~~ as in Ref. 3, this dimensionless temperature corre-
sponds to approximately 640 K.) The solid line represents
the contribution from Local fluctuations, obtained with
the chain mean-field (CMF) method described above,
whereas the data points are Monte Carlo results for the
full specific heat of 2(I x L) systems with I = 8, 16,
and 32. The local contribution shows two pairs of max-
ima, one near each of the two phase transitions that in-
volve the ortho-1/4 phase. This double-peak structure
corresponds to that of the exact specific heat for the one-
dimensional Ising mode1, which has two narrowly spaced
maxima symmetrically located about zero magnetic field.
Of the two CMF maxima near the tetra-0 —to—ortho-1/4
transition, the larger one lies well inside the disordered
phase region, whereas the smaller one lies close to the
transition itself. The maximum within the disordered
region coincides with a maximum in the Monte Carlo
data, whose height does not scale with the system size

Near the ortho-1/4 —to-ortho-1/2 transition a similar
situation is seen, with the nonscaling maximum located
inside the ortho-1/2 phase region. In the tetra-0 and
ortho-1/2 regions the agreement between the CMF re-
sults and the Monte Carlo data is excellent. The peak
positions are close, but the CMF peak values somewhat
exceed the nonscaling Monte Carlo maxima. We believe
this disagreement in the tetra-0 phase is due to disrup-
tion of the one-dimensional fluctuations by orientational
fluctuations of the chain fragments, which are not con-
sidered in the CMF approximation. Since, in contrast
to the tetra-0 phase, the ortho-1/2 phase is orientation-
ally ordered, the disruption is less severe there, leading
to better agreement between the CMF and Monte Carlo
results. The close agreement between the CMF results
and the nonscaling maxima in the Monte Carlo data for
C we take as a strong indication that these maxima are
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caused by essentially one-dimensional local fluctuations
associated with the formation of short fragments of oxy-
gen chains in the disordered tetra-0 phase, and short
"chains" of vacant oxygen sites in the ordered ortho-1/2
phase. The subsidiary maxima in the CMF data we in-
terpret as nonscaling background contributions due to
local fluctuations near the phase transitions themselves.
These contributions are small compared with the scal-
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FIG. 2. The specific heat per site C/(Nkis) (a) and the
nonordering susceptibility per site k~Tyo/N (b) are shown
vs chemical potential p/ICINNI for the lattice-gas model with
the dimensionless effective interactions 4NN = —1 (repulsive),
Ov = —0.5-(repulsive), and Oo~ = +0.5 (attractive). The
temperature is k&T/I@NN I

= 0.175 (approximately 640 K).
The solid lines represent the contributions from local fluctu-
ations, obtained mith our CMF method, mhereas the data
points are Monte Carlo results for the full specific heat and
nonordering susceptibility of 2($ x L) systems with L = 8

(c), 16 (x), and 32 (o). The vertical lines mark the phase
transitions that separate the three phases, tetra-0, ortho-1 /4,
and ortho-1/2. They were obtained by numerical transfer-
matrix finite-size scaling calculations with N/N' = 8/12 (Ref.
3). See the detailed discussion in the text.

ing maxima in the Monte Carlo data, which correspond
to long-range critical Huctuations. We observe similar
results in comparing the Monte Carlo and CMF results
for the nonordering susceptibility, as well. In Fig. 2(b)
we show k~Tye/1Vve'rsus p/I@NNI. Single CMF max-
ima are located within the tetra-0 and ortho-1/2 phase
regions, and they coincide with the nonscaling maxima
in the Monte Carlo data. In addition, the latter exhibit
distinct, scaling maxima at the phase transitions.

The positions in the phase diagram of the local-
fluctuation maxima in C and ge are shown in Figs. 3
and 4, respectively. In both figures panel (a) displays
the data in terms of temperature and chemical poten-
tial, and panel (b) in terms of temperature and oxygen
concentration.

In Fig. 3 the specific-heat peak which lies in the tetra-
0 phase region in Fig. 2(a) is seen to persist up to high
temperatures. As T is increased, the peak moves towards
smaller p [panel (a)] and higher 0 [panel (b)], while its
half width increases. The agreement with the Monte
Carlo data is excellent for low T, and reasonable even
at high T. The peak which lies in the ortho-1/2 phase
region in Fig. 2(a) moves towards larger p in a similar,
but not quite symmetrical, fashion. The agreement be-
tween the CMF and Monte Carlo results remains closer
than for the peak which lies in the tetra-0 phase, up to
such temperatures where the Monte Carlo peak cannot
be resolved from the scaling maximum at the tetra-0 —to-
ortho-1/2 phase transition. Surprisingly, the two smaller
peaks, which at low T coincide with the phase transi-
tions involving the ortho-1/4 phase, also persist up to
temperatures considerably above the maximum critical
temperature for this phase. Eventually they merge into
one low maximum, centered at p 0 and 0 0.25,
which can be detected in the Monte Carlo data, even at
&~T/I@NNI = o 45

In Fig. 4 the positions of the two local-fluctuation max-
ima in the nonordering susceptibility yo are seen to re-
main relatively constant at low T, whereas the peaks
broaden, move together, and eventually merge as T is in-
creased above the maximum critical temperature of the
ortho-I/O phase. An alternative way to define a disor-
der line is as the locus of points where the imaginary
part of the largest complex eigenvalue of the transfer
matrix vanishes. Some points where this condition
is satisfied, obtained from a numerical transfer-matrix
calculation with strip width %=12, are also indicated in
Fig. 4. The Anite-size eR'ects are considerable, leading
to a smaller separation between the disorder lines than
indicated by the other two methods. This is particularly
evident in the temperature range kgyT/I@NNI C [0.2, 0.3]&

probably due to the inhuence of the four-state Potts mul-
ticritical point, where the three lines of phase transitions
merge. The general agreement between the CMF data
and the numerical Monte Carlo and transfer-matrix re-
sults is good. In Fig. 4(b) are also included the position
and approximate half width of the disorder peak observed
by McKinnon et al. ~ at T=923 K. The qualitative agree-
ment is good, but the difference in 8 between the disor-
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der peak and the peak which corresponds to the phase
transition is smaller than predicted.

As can be seen from the ground-state diagram
[Fig. 2(b) of Ref. 3], the distance between the disor-
der peak and the peak which corresponds to the phase
transition is an approximate measure of the strength of

the chain-chain repulsion C ~. We have therefore also cal-
culated yo at T=923 K, using the eA'ective interactions
recently obtained by Sterne and Wille with the LMTO
method. 2 These are CN~ ———27.6 mRy, Cc„——+9.6
mRy, and 4v ———4.4 mRy. The position of the tetra-0—
to—ortho-1/2 phase transition for these interactions has
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FIG. 3. We show the positions of the locaWiuctuation peaks in the specific heat C, obtained with our CMF approximation
(solid lines), and their approximate half widths at half maximum (dotted lines). The positions of the nonscaling maxima in the
Monte Carlo data for C are also shown (s), with approximate half widths indicated as horizontal error bars. The lattice-gas
interaction constants are the same as in Fig. 2. For reference are shown the phase boundaries obtained by numerical transfer-
matrix calculations with R/N' = 8/12 (Ref. 3) (dashed lines). (a) displays the data in terms of temperature ksT/(4NN (

vs
chemical potential p/)4NN). (b) displays the same data in' terms of k&T/]4NN( vs basal-plane oxygen concentration B. Here
are also shown experimental points for the locations of the phase boundaries from Specht et al (Ref. 22) (o),. which are used
to establish the estimated temperature scale along the right-hand vertical axes, and from McKinnon et al (Ref. 1) (~ ). .
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of the nonscaling maxima in the Monte Carlo data are shown (*), with approximate half widths indicated as horizontal error
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the largest complex eigenvalue of the transfer matrix vanishes for a system of size %=12 are also shown (&). Th«»«-»ze
egects in this estimate are considerable, leading to a smaller separation between the disorder lines than obtained by the other
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The experimental points representing the phase boundaries are the same as in Fig. 3(b). In addition we show the position (solid
diamond) and approximate half width (horizontal error bar with crescent-shaped ends) of the disorder peak in yo, observed
by McKinnon et aL (Ref. 1).



208 P. A. RIKVOLD, M. A. NOVOTNY, AND T. AUKRUST 43

been determined by a transfer-matrix finite-size scaling
calculation with N/N' = 8/12. 2 In Fig. 5 the experimen-
tal and numerical results are shown together as functions
of 8. Two distinct maxima are seen in this figure: The
one to the left is the disorder-line peak in the tetra-0
phase, whereas the one to the right is a superposition of
t, he phase-transition peak and the disorder-line peak in
the ortho-1/2 phase, which lie too close to be resolved.
We emphasize that no adjustable parameters have been
used. The agreement between the experimental and nu-

merical data is striking, especially for the peak positions
and the height of the disorder maximum in the tetra-
0 phase. The fact that the experimental peak near the
phase transition is lower and less sharp than the scal-
ing Monte Carlo peak, we believe is due to the finite
experimental resolution, and possibly to sample inhomo-
geneities causing smearing of the transition.

A number of authors have proposed the existence
of a separate, low-density orthorhombic phase at low
temperatures. 2 s i~ Such a phase, a one-dimensional di-
lute "gas" of completely filled parallel oxygen chains,
would break the rotational, but not the translational,
symmetry of the underlying lattice. To look for evi-
dence of such a phase we have performed Monte Carlo
simulations with Glauber dynamics of 2(I x I) systems
with I=32 at k1iT/~4NN[=0 10 and 0..05. At the higher
of these temperatures the system in the tetra-0 disor-
dered phase was seen to consist of short chains of oxy-
gen atoms, randomly dispersed and oriented. At the
tetra-0 —to—ortho-1/4 phase transition these chains were
observed to order orientationally and pack into an ortho-
1/4 (2 x 1) configuration with occasional breaks in the
chains. This picture agrees completely with the result
that this phase transition belongs to the XY universal-
ity class. s The disorder maxima in the nonordering sus-
ceptibility and the specific heat are related to the fluc-
tuations in the chain lengths. At the lower temperature,
kIiT/(O'NN j=0 05, the con.figurations that we observe on
the low-p side of the transition to the ortho-1/4 phase
resemble the low-density orthorhombic phase described
above. However, since the filled oxygen chains are suFi-
ciently far apart to be treated as isolated Ising chains in
an external field, the correlation length along the chains
is easily calculated. At p/~4NN~ = —0.5 (near the disor-
der line) the correlation length is approximately 74, more
than twice I.. Because of the periodic boundary condi-
tions, spanning chains are the rule whenever the correla-
tion length is larger than about I/2. We therefore be-
lieve that the numerical data that have been taken as evi-
dence of a low-density orthorhombic phase simply e~press
finite-size efI'ects due to the large correlation lengths.

In this work we have studied the macroscopically ob-
servable effects of local Auctuations near disorder lines
in the phase diagram for a lattice-gas model of oxy-
gen ordering in the high-temperature superconductor
YBapCu306+~. These efI'ects are readily observable in
experiments, as wel] as in numerical mean-field, Monte
Carlo, and transfer-matrix calculations. We have devel-
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oped a physical picture of these fIuctuations in terms of
randomly dispersed and oriented finite oxygen chains,
and established that, this picture enables us t, o obtain
both the experimentally measured thermodynamic re-
sponse functions, and an alternative to the low-density
orthorhombic phase proposed by other authors.

Note added in proof After this . paper went to press
P. Schleger kindly brought to our attention recent exper-
imental data for yo at temperatures between 723 and
923 Ik [P. Schleger, W. N. Hardy, and B. X. Yang, Phys-
ica C (to be published)]. At 923 K these results are in
reasonable agreement with those of Ref. 1, but indicate
a somewhat smaller distance. between the disorder- and
phase-transition peaks over the whole temperature range.
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FIG. 5. The nonordering susceptibility k~Tyo/N is
shown vs oxygen concentration 0 at T = 923 K. The ex-
perimental data of McKinnon et al. (digitized from Fig. 4
of Ref. 1) are represented by solid circles. Numerical re-
sults are given for the lattice-gas model with the effective
interactions obtained in LMTO calculations by Sterne and
Wille (Ref. 23): 4NN = —27.6 mRy, @c~ = +9.6 mRy, and
C'v = —4.4 mRy. The plotting symbols for the CVM and
Monte Carlo numerical data are the same as in Fig. 2. The
vertical lines mark the phase transition between the tetra-0
and ortho-1/2 phases, obtained by numerical transfer-matrix
calculations with N/N' = 8/12 (Ref. 29).
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