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Wigner solid from finite-cluster studies
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We perform finite-cluster exact diagonalization studies for electrons in the lowest Landau level
for filling factors from —,

' to —,', . In contrast to previous studies, we focus on the ground-state
eigenfunction. This wave function changes continuously for filling factors from —,

' to —,'. At a
filling factor of 11, there is a dramatic qualitative change in the ground-state wave function. As-
sociated with this change is a peak in the structure factor at a finite wave vector as well as excita-
tion energies that are consistent with gapless excitations at 11 filling. These results are consistent
with recent experimental findings.

There has been much interest in the fractional quan-
tized Hall effect (FQHE) and its transition to the solid
phase recently. Two solid-fiuid transitions were found. '

Electrons in the lowest Landau level can exist in a particu-
larly stable fractional quantized Hall state at odd-
denominator filling factors or some other states with no
long-range order at other filling factors. Either one of
these can become a solid with long-range order as the den-
sity is changed and thus there can be two transitions. The
transition between a nonfractionally quantized Hall state
and the solid has been discussed recently. ' Here we
focus on the transition between the solid and the fraction-
al quantized Hall state. The relative stability between
these two states were discussed by Lam and Girvin who
calculated the quartic anharmonic correction to the ener-

gy of the solid with the magnetophonon wave function and
compare this energy to that of the Laughlin wave func-
tion. They found that the fiuid energy is higher than that
of the solid at a filling factor v of 1/6. 5. Esfarjani and
Chuis recently improved upon this estimate by including
the cubic anharmonic correction to the solid energy and
found that the transition occurs at v= 1/5.6. These esti-
mates are in apparent contradiction of recent experimen-
tal findings that discover a fractional quantized Hall state
at v= &, and at v= 9. There can be different reasons
why the theoretical estimates are in disagreement with the
experimental results. The nature of electron solids in a
magnetic field have received considerable attention recent-
ly. Kivelson et al. , Baskaran, ' and Tesanovic, Axel,
and Halperin'' have discussed the idea of a solid as well
as ring exchanges in the context of the FQHE. Our recent
systematic studies of anharmonic corrections'2 suggest
that the solid energy is extremely accurate. It is possible
that the energy of the fractional quantized Hall state can
be lowered if a more accurate wave function than that of
Laughlin is used. It is also possible that one needs to in-
clude the next Landau level or the finite extent of the
wave function to obtain agreement. It is with the purpose
of clarifying these issues that we carried out the following
finite-cluster exact diagonalization studies for particles in
the lowest Landau level interacting with a 1/r potential.

There have been numerous finite-cluster exact diago-
nalization studies done previously for filling factors

y&(r) =ex pliny
—(x xl ) 2/2]/(tr 'I2Ly )—'I2,

xi = (2tt/Ly)j . (2)

Ly is the width in the y direction. We set the magnetic
length /=(kc/eB)'I =1. The Hamiltonian in second
quantized form can be written as

K Z A (j i,j 2j 3j 4)C, C , C,C,+g e~ C;+C; . .

Igl I

(3)

The A's are integrals of the Coulomb potential and the

greater than l'l . ' ' However, none of these discussed
in detail the ground-state wave function. Nor is there any
evidence of a solid function with true long-range order,
which only comes in at ll filling, in previous finite-cluster
studies. In principle, the FQHE state possesses a gap in
its excitation spectrum, whereas the solid exhibits no gap.
At l I filling, the number of basis states for four particles
is 3091 and it is not practical to perform calculations with
more particles. Because of the small number of particles
that can be incorporated in a calculation, it is difficult to
separate the existence of a gap in the excitation spectrum
from finite-size eAects. Fortunately, the ground-state
wave function is very easy to examine and provides for
much clearer evidence of an additional phase. We find
that much of the spectral weight of the ground-state wave
function is concentrated in a very small fraction of the
basis states. This wave function changes continuously for
filling factors from 3 to —,

' . At a filling factor of —,', there
is a dramatic qualitative change in the ground-state wave
function. Associated with this change is a peak in the
structure factor at a finite wave vector as well as excita-
tion energies that are consistent with gapless excitations at

filling. These results are consistent with recent experi-
mental findings ' and suggest that the —,', state is a solid
state. It also suggests that the discrepancy between
theoretical estimates and experimental results lie neither
in the exclusion of other Landau levels nor in the finite ex-
tent of the wave functions. We now describe our results in
detail.

The basis set can be written as product wave functions
of Landau orbitals given by '

14 293 O1991 The American Physical Society



'l4 294 S. T. CHUI AND XIU QIU

Landau orbitals &J's:

& (j.jb,jb,j.')
= —,

' „dr„dr'p~ (r)p*., (r')pj, (r)p~ (r')/lr —r'l .

eM is the Madelung energy. We have assumed the parti-
cles are confined in a rectangle under periodic boundary
conditions. An aspect ratio of 0.866 was used for the
four-particle case. This is chosen so as to be commensu-
rate with a hexagonal lattice. For a square e~ is equal to—1.95e /L. For a rectangular lattice with aspect ratio
0.866, it is equal to —1.943 458e /(L, L» ) . Here
L&Ly 2ÃN is the area of the rectangle.

We have performed calculations for filling factors from
to

~ ~
. We focus on the ground-state wave function by

selecting only those amplitudes larger than 0.1. The num-
ber of such states n, is typically 2 orders of magnitude less
than the total number of basis states. Furthermore, most
of the spectral weight of the total wave function is concen-

TABLE I. The spectral weight and the number of states n,
with amplitude larger than 0.1. Also shown is the total number
W of basis states.

Filling factor Spectral weight

0.698

0.8198

0.862

0.937

0.97

n,

19

21

3091

1641

735

245

43

trated in them. This is shown in Table I.
Because of this simplicity of the ground-state wave

function, it is easy to see how it changes as the filling fac-
tor is changed. We denote the states as l%') =

I ji,j2,ji,j4),
where j; =1, . . . , 4/v, with i =1, 2, 3, and 4. In the frac-
tional quantized Hall state, we find that the five states
with the largest amplitude are given by

lA) = li, i + 1,2/v+i, 2/v+i + I) —
l
i+ 1/v, i+ 1+1/v, 3/v+i, 3/v+i +1),

l8) = —(li,i +1,2/v+i —1,2/v+i +2)+ li + 1/v, i + 1+ 1/v, 3/v+i —1,3/v+i + 2)

+ li —l, i +2,2/v+i, 2/v+i +1)—li —1+1/v i +2+ I/v, 3/v+i, 3/v+i +1)),
lC) =(li —l, i+2,2/v+i —1,2/v+i+2) —li —1+1/v i+2+1/v, 3/v+i —1,3/v+i+2)),

lD) = (li,i+1,2/v+i —2, 2/v+i+3)+ii+1/v, i+1+1/v, 3/v+i —2, 3/v+i+3)
+ li —2 i +3,2/v+i, 2/v+i+1) —

li
—2+1/v i +3+1/v, 3/v+i, 3/v+i +1)),

lE) = —(li —l,i +2,2/v+i 2, 2/v—+i +3)+ li —1+1/v i+2+1/v, 3/v+i —2, 3/v+i+3)
+ li —2,i +3,2/v+i —1,2/v+i +2) —li —2+1/v, i +3+1/v, 3/v+i —1,3/v+i +2)) .

T»s can also be illustrated schematically as follows, where the crosses (circles) indicate occupied (unoccupied) sites.

lA) =I--oox xoo---oox xoo -(I/v-)) —l(1/v-)--oox xoo---oox xoo--),

l8& = —(l--oxooxo---oox xoo--(I/v-))+ l(I/v-)--oxooxo---oox xoo--&

+ l--oox xoo---oxooxo--(1/v-)) —l(1/v-)--oox xoo---oxooxo--)),

lC& = I--oxooxo---oxooxo--(I/y-)& —l(I/v-)--oxooxo---oxooxo--&,

lD) = l--xooooxo---oox xoo--(I/v-)&+ l(I/v-)--xooooxo---oox xoo--&

+
I
- -OQ x x QQ - - - x OOOO x Q- - ( I/ v- )) —

I ( I/ y- ) - -QQ x x QQ - - - x Oooo x 0- -),

lE) = —(I -- xoooox 0---ox oox o--(1/v-)&+ l(1/v-) -- xooooxo---oxooxo--&

+I--oxooxo- xooooxo--(I/v-)& —l(1/v-)--oxooxo- xooooxo--)).

(s)

(6)

Thus, the state with the largest amplitude consists of two clusters each with two electrons. The other states consist of an
increasing number of hops away from this cluster configuration. The amplitude of these basis states in the ground state
as a function of the filling factor is shown in Fig. 1. These amplitudes change continuously from v= —,

' to v= 9 . At
v = —,', it suddenly decreases by one order of magnitude. Indeed, the dominant states at v = —,', are completely different.
The state lA') with largest amplitude consists of four occupied sites each, separated from each other by ten empty sites.
The amplitude of other states decreases as the number of hops away from this equally spaced configuration increases.
Specifically, the ground-state wave function is approximately given by

I
~'& =0.»3l~'& —0.142 I8 ) —0.1411c'&+0.140ID'&+ 0.»8 IE'&+0» 3 IF'&+ o. Ios IG'& —0.102lH & (7)
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FIG. 1. The amplitude of the five states
IE& in the ground-state wave function as a
verse filling factor, 1/v.
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FIG.G. 2. The projected structure factor exp(q 2/2)S(q„, q» =0)
as a function of the momentum q .

where

lw'& = 17, is, 29,4o&,

l~'& =16,18,29,41&+ l7 18,30,39&+ I8, 17,2»40&+17 19 28 40&

I
C') = I7, 17,30,40)+ I7, 18,28,41)+ I6, 19,29,40)+ I8, 18,29,39),

ID'& = Is, 1'7, 30 39)+ l6 19 28 41),
IE') = I7, 17,29,41)+ I6, 18,30,40)+ I7, 19,29, 39)+ I8, 18,28,40),
IF'& = I7, », », »&+ l8 16,30,40&+ I6, », 28,4»+ I5, »,29,4»

+ I8, 18,30,38')+ I9, 17,29,39)+ I7, 19,27,41)+ I6,20, 28,40),

(s)

The
is sho
until
The e
with d
within
cates
pect from a solid phase with broken symmetry. The ex-
perimental result from Ref. 9 is also shown in Table II.
The agreement between the present calculation and exper-
iment at low filling factors is remarkably well. Because
we have not performed systematic size-dependence stud-
ies, this agreement could be fortuitous. We do expect
however, that the size dependence will be less for the
larger-size, smaller-filling-factor systems. The discrepan-
cy at 3 filling is most likely due to the finite extent of the
wave function and the small number of sites in the numer-
ical calculation.

The ground-state energy per particle E is shown in
Table III together with the solid energy E, and the energy
of the Laughlin fluid EL. E is close to but slightly low
tht an EL and E„as expected. To display the trend more
clearly, we have also shown E/Jv. This energy first de-

S(k) =&p-i pl &

where pq is the projected density operator defined by

pl, =g

exp�(ik8,

,)exp(ik *
~,/2),

J
(io)

.
&
+ iy (, ,& For large k, S(k ) approaches

TABLE II. The excitation energy as a function of the filling
factor, in units of e /el.

Filling factor

Excitation energy 0.00008 0.000 7 0.003 0.008 0.05
Expt. results 0.0 0.0009 0.004 0.007 0.02

IG'& =16,», 30 41)+ 16 19 30 39)+ I8 1'7 28 41)+ I8, 19.28 39),
IH'& = I8, 16,», »&+ I9, », 30, 38&+ 16, »,27,4»+ Is, 20, 28, 41) .

I

excitation energy as a function of the filling factor creases as v changes from 3 to 5 . It then flattens out be-
wn in Table II. This energy changes continuously t~een v 7

——'. After v= —' i
h

'
d b 1 d f '

dy or er o magnitu e.
xci a ion energy at —„ ing corresponds to a state

gain more understanding of the nature of the ground
s ate, we have also looked at the projected static structure

i erent total y momentum. This small ener lies
the accurac

gy
'

factor S(k), obtamed from the ordinary structure factor
t e accuracy of the calculation and probably indi- by requiring th t 11

'
t d

increased degeneracy in the ground states as we ex- L d 1 1. Th' '
d fi

' '
g a a in erme iate states lie in the lowest

an au eve . is is denned to be
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TABLE III. The ground-state energy per particle from the diagonalization, Eg/4, the Madelung en-

ergy e~, the total ground-state energy per particle E, the Laughlin fluid energy EL., the crystal energy,
and the energy divided by the squared root of the filling factor, in units of e 2/el.

—0.115 15
—0.123 53
—0.13778
—0.15827
—0.1909

—0.11689
—0.12922
—0.146 523
—0.17337
—0.223 82

E
—0.23204
—0.252 75
—0.284 3
—0.331 64
—0.414 72

EL

—0.2274
—0.25
—0.281
—0.327 6
—0.41

Ec
—0.229 2
—0.251 6
—0.282 2
—0.327
—0.399

E/Jv
—0.769 6
—0.758 25
—0.752 18
—0.741 6
—0.718 3

1, whereas S(k) approaches 0. Our result is shown in Fig.
2 for exp(q /2)S(q„, q~ =0) as a function of q„ in units of
the reciprocal-lattice vector G of the triangular lattice. At

filling and —,', filling, the magnitude of the peak at the

q =G is comparable. At —,', filling, the peak at q =2G is

much larger. This is consistent with greater long-range
order for —,', filling than that at 5 filling. Thus, this result
is consistent with our expectation that the state at
filling corresponds to a solid with long-range order.

In summary, we have performed finite-cluster exact di-
agonalization studies for electrons in the lowest Landau
level interacting with a I/r potential for filling factors
from 3 to —,', . We find that the ground-state wave func-

tion changes continuously for filling factors from 3 to 9 .
At a filling factor of —„ there is a dramatic qualitative
change in the ground-state wave function. Associated
with this change is a peak in the structure factor at a finite
wave vector, as well as excitation energies that are con-
sistent with gapless excitations at —,', filling. These results
are consistent with recent experimental findings that ob-
serve the FQHE at —,

'
filling and —,

' filling. It suggests
that recent results by Lam and Girvin and by Esfarjani
and Chui can be improved if a better estimate of the fluid
energy can be obtained.
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