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Period and amplitude halving in mesoscopic rings with spin
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We consider the flux dependence of persistent currents in mesoscopic rings threaded by mag-
netic flux, and extend well-known arguments to include particles of spin —,

' . We find several in-

teresting consequences of spin, such as period and amplitude halving in a single ring, without in-

cluding electron-electron interactions, transverse channels, or disorder. These consequences de-

pend sensitively on the fixed number (modulo 4) of particles on a given ring, and lead to strong
fluctuations between samples containing a small number of rings.
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The purpose of this paper is to address the consequences
of the electron spin, treated simply as a nondynamical
(i.e., flavor) index, for persistent currents flowing in

normal-metal rings threaded by magnetic Aux. To do
this we adopt the lines of reasoning used recently by
several groups in addressing the experimental results of
Levy etal. on the total magnetization of a collection of
approximately 10 mesoscopic metal rings. We imple-
ment these arguments in the simplest possible context,
that of a single, strictly one-dimensional ring, containing a
fixed number of free, noninteracting spin- & fermions,
such as electrons. We find striking results which depend
sensitively on the number of particles (modulo 4) and
which lead to interesting mesoscopic effects, such as
period halving and amplitude halving due to the spin de-
gree of freedom. We emphasize that these effects would
show up in experiments examining a single isolated
mesoscopic ring and have, to the best of our knowledge,
not yet been predicted by other approaches. If addressed
experimentally, such effects might be useful in eliminating
one or more proposals ' for the primary explanation of
period halving in a collection of mesoscopic rings.

To gain some confidence that such simple ideas may
indeed accurately reAect some of the physics of mesoscop-
ic rings, we first restate arguments contained in Ref. 3 to
explain the four particularly striking issues which have
emerged from the experiments of Levy et al. on the total
magnetization of a collection of approximately 10 meso-
scopic normal-metal rings. We then go on to extend these
simple ideas, taking into account the electron spin.

The observations of Levy et al. which we wish to ad-
dress are (i) the oscillatory response of the magnetization,
with a period half the flux quantum (i.e. , (to/2, where

po =h/e), to the magnetic flux through each ring; (ii) the
consistently diamagnetic nature of the magnetization; (iii)
the scaling of the magnetization with the number of rings
1V; and (iv) the magnitude of the total magnetization of
the collection of rings.

We consider M spinless, noninteracting particles of
mass m on a strictly one-dimensional ring of radius a,
threaded by a magnetic flux (((. The Hamiltonian is given
by
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periodically extended elsewhere, the current vanishing at
the 2p/(to integral. In the even-M case, the current results
from the M/2 successive pairs of particles in the Fermi
sea, the difference between the slope of e„(p) for n =p and
n =1 —p, yielding (21)/po) (1 —2tlt/toto) from each pair. In
the odd-M case, the first contribution to the current re-
sults from the (M —1)/2 successive pairs of particles
beneath the Fermi surface; the second contribution is
from the remaining particle at the Fermi surface. The

where 6 = ltt /2ma characterizes the energy-level spacing
and Op is the angular coordinate of the Pth particle. We
impose periodic boundary conditions in order to obtain
single-valued many-body wave functions. The single-
particle energy levels are given by e„(tie) =A(n —ttt/tie),
with n integral, from which we obtain the ground-state en-
ergy E =P„s„, where the summation includes the M
lowest-lying single-particle energy levels, consistent with
the Pauli principle. The equilibrium current for a single
ring j= (2A/po) pp =

~ ( —i&/t16ij —p/po) can be obtained
through'= —(aH/a(((), where ( ) denotes an expecta-
tion value in the canonical ensemble, i.e., with fixed
particle number M. We shall concentrate here only on
ground-state (i.e., T =0) properties; in this case, the
current is given by j= —BE/Bp Note that . the current
(and all other equilibrium expectation values) are periodic
functions of p, with period (at most) po. This follows from
the invariance of the spectrum of eigenvalues and eigen-
functions under p p+po. Thus, we may restrict our
attention to the first Brillouin flux zone ( —po/2, po/2).

At zero temperature and for a single ring, one finds

1(M) =-,' [1+(—1) ]1....(M)

+ —, [1 —( —1) ]j dd(M),

where
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contributions from the Fermi sea and the Fermi surface
are each of order M, but are different in nature, the latter
determining the overall sign of j,dd. We emphasize that
for odd M the current is diamagnetic (i.e., j & 0 for small
p& 0), while for even M it is paramagnetic (i.e., j& 0 for
small p&0). In both cases the current is periodic only
over the first Brillouin zone. Note that the expressions for
the current given in Eqs. (2) have been derived for ballis-
tic motion on a ring.

In order to estimate the amplitude of the current,
j .,„=MA/po, we apply the result given in Eqs. (2) in a
phenomenological way to a metal. First, we eliminate M
in favor of the three-dimensional spin- —, Fermi velocity vF

using t, F = UF
=2zhM—/2mL, where vF' is the one-(]d) (]d) .

dimensional Fermi velocity, and L =2+a is the circumfer-
ence of the ring. Thus, we can express the amplitude in
terms of known bulk-metal parameters, i.e., j .,„=evF/L.
Second, in the diffusive regime, where the elastic mean-
free path 1 (i.e. , due to static impurity scattering of elec-
trons), the circumference L, and the localization length g
satisfy l «L «g, it is reasonable to replace the ballistic
length L by the diffusive length Lo =L /l. One then ex-
pects to observe persistent currents with period po, provid-
ed that LD and the dephasing length /~ (typically due to
inelastic scattering from phonons and electrons) satisfy
Lg &1~. With these modifications, the maximum values
of bothj, „,„and j,dd become j,„=e,t, F/LD, where D indi-
cates the diA'usive regime. For Cu, using vF = 1.57&10
ms ' (Ref. 8), L = 2.2 pm (Ref. 4) and 1=30 nm (Ref.
9), one obtains j,. „=1.6 nA.

We now describe the properties of a collection of N
disconnected rings, each carrying a fixed number Mp of
particles (k =1,2, . . . , N), in order to address the experi-
mental results of Levy et a1. For convenience, we assume
that the number of particles on each ring is governed by
identical, independent Poisson distributions with mean M.
The current j& in each ring produces a magnetic moment
Aj&, where 8 is the area of each ring. It is the total mo-
ment of the collection of rings which is observed experi-
mentally; this total moment is given by AJ=+I, =~Ajl, .
Performing a quenched average over the number of parti-
cles on each ring, denoted by square brackets [ ]„,„it
yields an average (effective) current

gime, the total current is given by [J ].„, which is ob-
tained from [J].„simply through the replacement of j .,„

~ D
by jmax

As can be seen from Eq. (3), and also from Fig. 1, (i)
one consequence of considering a collection of N rings
with some width to the distribution of the number of par-
ticles fixed on each ring' is that the period of the flux
dependence of the total magnetization is ha/ved, with
period po/2=k/2e. Moreover, (ii) the nature of the total
magnetization is consistently paramagnetic, in contrast to
the tentative diamagnetic assignment of Ref. 4. Equation
(3) also shows that (iii) the total magnetization scales
with the number of rings N and the mean number of par-
ticles per ring M; and (iv) the magnitude of the total mag-
netization can be pictured as coming from N identical
effective current loops, each carrying an oscillatory cur-
rent with maximum value j,„=evF/LD ——1.6 nA. For
10 rings each with area A = 0.3 (pm) (Ref. 4), this
predicts a maximum total magnetic moment p~,.„=2.3
X 10 ' Am . The experimental value p'",.~„', to witkin a

factor of 2, is p'",,„' = 1.2 x 10 ' Am, in good agreement
with the theoretical prediction. We suspect that if this is
the primary explanation of the experiments of Levy
etal. , then there should be some deeper, underlying
reason why these results are su%ciently robust to survive
the inclusion of transverse channels, static impurities,
phonons, electron-electron interactions, etc. ' '

Having gained confidence in the validity of such a sim-
ple model we now develop a straightforward extension of
the discussion given above in order to establish the conse-
quences of the spin of the particle. For obvious reasons,
we concentrate on the case of spin &. In this case, the
current is given by j = —BE/BP, where o simply denotes

eVF

e VF

= —, Nj,, „(M) 1
— ——,

' e sgnP. (3)

Note that the amplitude of the average current per ring is
half the amplitude of the current in a single ring. When
the mean number of particles per ring M is large, such as
approximately 10 as it is in the Cu rings studied in Ref.
4, then the last term in Eq. (3) is utterly negligible.
Furthermore, a simple calculation shows that the relative
fluctuations of the total magnetization are also exponen-
tially suppressed, [(J—[J]„.„) ].,„/[J],. „—exp( —2M). As
above, we determine M by the experimental value of the
three-dimensional Fermi velocity vF. In the metallic re-

FIG. 1. The dependence of the current on the Aux in a single
ring containing M particles for the three cases (described in the
text) arising through the presence of the spin- —,

' degree of free-
dom: case (0), M/2 even (dotted line); case (2), M/2 odd
(dashed-dotted line); cases (l) and (3), M odd (solid line).
Note the period and amplitude halving for M odd. This figure
also applies to a collection of N rings containing spinless parti-
cles, showing j„„„(dotted line), j,dz (dashed-dotted line), and
[J],„/N (solid line). We stress that period and amplitude halv-

ing occur in the spin- 2 case in a single ring, without the necessi-

ty of averaging over a collection of rings.
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j " =j„,„((M—1)/2)+j,dd((M+1)/2)

24o 4o/2 M
(5)

Case (2). An odd number of pairs alone, i.e., M=2
(mod4) —the currents resulting from up spins and down
spins are identical and each is equal to the current in the
case of M/2 spinless particles, given in Eqs. (2). Thus, the
current is diamagnetic, with period po, and given by

j "=2j,dd(M/2) = (2M&/po)p/po.

Case (3). An odd number of pairs plus one extra parti-
cle, i.e., M = 3 (mod 4)—there is now one missing particle
compared with case (0), and the current is composed from
j„,„and j,dd. Thus, the current is paramagnetic, with
period po/2, and given by

J "=J,„,„((M+1)/2)+J.„((M—1)/2)

2go Po/2 M

All four currents are to be periodically extended, as de-
picted in the figure. Note that the currents in cases (1)
and (3) (for which M is odd) are equal, to relative order
1/M. Omitting such 1/M corrections, the four cases can
be compactly summarized as

j = -' (j "+j"+j "+j")
+ —, (j ' —j ' )cos(Mx/2) . (s)

Furthermore, in cases (1) and (3) the amplitude of the
current is given by j ' =Md/(2&o) =evF/2L, i.e., half
the value for cases (0) and (2), i.e. , j ' ' =MA/po

that we are now incorporating spin. In contrast with the
spinless case discussed above, the ground-state energy E is
given by E =g„,s„, where the summation includes the M
lowest-lying single-particle energy levels, which can now
be occupied by (at most) two particles with opposite spins.
Here, a refers to the spin eigenvalues. Note that we are
treating spin merely as a label; we take the Hamiltonian
to be spin independent. '

Repeating the argument given above, but now account-
ing for the spin, we find that there are essentially three
distinct ways, ' depicted in the figure, in which a single
ring can respond to the external magnetic flux, determined
by the total number M of spin- 2 particles.

Case (0). An even number of pairs alone, i.e., M=O
(mod4) —it should be clear that the currents resulting
from up spins and down spins are identical and each equal
to the current in the case of M/2 spinless particles, given
in Eqs. (2). Thus, the current is paramagnetic, with
period po, and given by

j,o —2j (M/2) 1 2 I I

sgny . (4)
Ma

Ao

Case 0). An even number of pairs plus one extra parti-
cle, i.e., M =1 (mod4) —there is now one additional par-
ticle, whose spin is unpaired compared with case (0), and
the current is composed from j„,„and j,dd. Thus, the
current is paramagnetic, with period po/2, and given by

=evF/L. Thus, we see that both the period and the am-
plitude of the persistent current are halved in a single ring
containing an odd number M of spin- 2 particles, com-
pared with a single ring containing an even number of
spin- 2 particles. Therefore experiments on samples con-
taining only a few mesoscopic rings should exhibit strong
sample-to-sample fiuctuations in the periodicity (between
po and Po/2), amplitude (between evF/L and evF/2L), and
direction (between diamagnetic and paramagnetic) of the
current, depending on the precise realization of fixed par-
ticle numbers on the rings. The former two Auctuations
are novel mesoscopic phenomena, being consequences of
spin.

For experiments on semiconductors, the low density of
carriers reduces the amplitude of the current compared
with pure metals. However, the possible absence of static
disorder in semiconductors, compared with real metals,
may compensate this reduction. Other factors being
equal, it may be preferable to perform experiments on
semiconductors in the ballistic regime l & L, since one
would be testing a simpler situation, for which theoretical
predictions would not need to account for disorder. One
may also consider distinct valleys of a Fermi surface in the
same way that we have been considering spin. For metal
rings of the size and purity of those used in current experi-
ments l «L, one may introduce a phenomenological
description, as discussed above, replacing the ballistic ring
circumference L by the diffusive one, i.e. , L LD =L /I,
leading to the modified amplitudes evF/Lo (and evF/2LD).

We now turn to an important question: Should such
spin-determined eA'ects show up in experiments on collec-
tions of a large number of rings? The answer to this ques-
tion depends crucially on the width of the distribution of
the number of particles on each ring. Using Poisson
statistics, as above, we find that (to within terms which
are exponentially small in the mean number of particles
M) the total quenched-average current [J ].,„ is exactly
as described above for the spinless case, Eq. (3), i.e.,

N

[J ]., = g [jl ]., (9a)
I. =]

N 1
— ———e sinM sgnp, M))11 Mh 2~/~ 1 M .

Po Ao/2

(9b)

= [J]„„M»1.
Thus, we see that spin efIects do not show up in experi-
ments which average over a large number of rings. As
with the spinless case, the result for the metallic regime is
simply given by [J ]„,.

In the simple model considered here, it is clear that Fer-
mi statistics plays an essential role. It is tempting to
suspect that if the phenomena discussed here are to sur-
vive the incorporation of transverse channels, static im-
purities, phonons, electron-electron interactions, etc. , then
they must have originated in some robust topological
property that Fermi statistics confers upon the ground-
state many-body wave function. '' We conclude by em-
phasizing the fact that this simple picture would be direct-
ly tested by experiments on a single ring. In addition,
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such experiments would help to clarify the true origin of
period halving of persistent currents in normal-metal
rings.
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