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Low-temperature properties of a two-level system interacting with conduction electrons:
An application of the overcompensated multichannel Kondo model
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We consider an atom in a double-well potential [parametrized by a two-level system (TLS)] in-

teracting with screened conduction electrons. The tunneling of the TLS is assisted by the Fermi
gas. Close to the strong-coupling fixed point the renormalization-group equations for the noncom-
mutative model in the case of spinless fermions, but an arbitrary number of relevant orbital chan-
nels, lead to the n-channel Kondo problem with S = 2. By solving the thermodynamic Bethe-ansatz

equations for the n-channel Kondo problem numerically in the presence of a magnetic field, we dis-
cuss the low-temperature properties of the TLS close to the fixed point. The Zeeman splitting cor-
responds to the energy diff'erence between the two positions of the tunneling atom. The atom is not
localized at one of the potential minima. The susceptibility diverges as H~0 and T—+0, indicating
that the symmetric TLS is unstable against a local lattice deformation via coupling to phonons. The
lattice distortion disappears above a critical temperature T, . The ground-state equilibrium situation
of the TLS corresponds to HWO and a Fermi-liquid picture applies. The values for the specific heat
become very large as H~O. For small fields the specific heat shows a double-peak structure, which
is particularly pronounced for n =2.

I. INTRODUCTION

Since the pioneering work of Caldeira and Leggett, '

the subject of tunneling particles coupled to a heat bath
has attracted great interest, in particular, also in the
context of metallic glasses. In metallic glasses an atom
may tunnel between two possible positions possessing lev-
els close in energy, which can be represented as a two-
level system (TLS). The tunneling atom is placed in a
double-well potential and can then spontaneously hop
from one position to the other. These tunneling transi-
tions are rare and a much more efficient mechanism is
electron-assisted tunneling, in which the scattering of a
conduction electron ofF' the tunneling atom induces the
transition. The multiple scattering of electrons with the
TLS creates electron-hole excitations of arbitrarily small
energy in the electron gas, giving rise to logarithmic
singularities in the scattering matrix and other physical
quantities, in close analogy to the Kondo and x-ray
threshold' problems. Problems involving logarithmic
singularities in all physical properties to all orders in the
perturbation expansion are suitable candidates
for renormalization-group treatments. In the
renormalization-group procedure, high-energy states
with energies close to the band edge are gradually elim-
inated from the system, giving rise to renormalizations of
the coupling parameters, vertices, and self-energies. The
successive reduction of the band cutoff energy (ultraviolet
cutoff) eventually leads to a fixed point, which determines
the critical properties of the model. Such a renormaliza-

tion treatment has been applied to several models involv-

ing a TLS interacting with a degenerate Fermi bath.
For so-called noncommutative models, the relevant fixed
point is usually related to a strong-coupling situation. As
shown by Muramatsu and Guinea, in some cases the
fixed point can be related to a well-known problem,
namely the n-channel Kondo model. " This model has
been solved exactly by means of the Bethe anastz' ' and
the purpose of this paper is to study the critical proper-
ties of the fixed point of the interacting TLS in terms of
this solution.

There is experimental evidence for the strong coupling
between the TLS and the conduction electrons. In metal-
lic glasses, the tunneling gives rise to an additional con-
tribution to the low-temperature specific heat which is
linear in T. The specific-heat contribution linear in T in
high-temperature superconductors has also been attribut-
ed to TLS tunneling. An anomalously large acoustic sat-
uration intensity as well as a logT dependence was ob-
served in the acoustic absorption of the metallic glass
Pd-Si-Cu. ' ' The strong coupling of TLS to electrons
appears to be responsible for anomalies in the ultrasonic
absorption and dispersion in amorphous superconduc-
tors. ' ' The specific heat of superconducting Nb is also
strongly afIected by the tunneling of H, D and 0 impuri-
ties. ' Some physical properties of A 15 compounds
have, as well, been attributed to the strong interaction of
TLS with electrons. '

A general form of the Hamiltonian of a TLS interact-
ing with a degenerate Fermi gas was given by
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Zaw ado wski,

H =Hp+H~Ls+H;„, , (la)

where Hp is the kinetic energy of the conduction elec-
trons, H+Ls represents the TLS, and H;„, describes the
scattering of the conduction electrons off the TLS. It is
convenient to express the band states in partial waves at
the site of the TLS impurity

~0 g 8kakasakas
k, o:,s

(lb)

where k is the absolute value of the momentum, s is the
spin projection, and a is an index labeling both the orbit-
al angular momentum l and its z projection m. The states
of the TLS are parameterized in terms of Pauli matrices

HyLs — —kpo +—6 i
0' (lc)

where Ap is the energy splitting between the two states of
the double well and 6& is the intrinsic tunneling rate.
The interaction of the conduction electrons with the TLS
can be written as

H;„,=
k, k', n, P, s, i

7&l l
ak V PakP 0 (1d)

(le)

where i =x,y, z. The k dependence of the potentials V'&
has been neglected, although the important angular
dependence (i.e., a, P) is being kept. The k dependence
is believed to be irrelevant since the infrared singularities
are determined by states close to the Fermi energy. The
V' terms represent the difference of the scattering ampli-
tudes for the two positions of a rigid TLS, while the V
and V~ terms describe the electron-assisted tunneling, i.e.,
electron scattering with simultaneous tunneling of the
atom. These terms arise from the fluctuations of the po-
tential barrier due to Auctuations in the electron density.
Note that the spin of the electrons is not altered in the
scattering process. Since atoms are much heavier than
electrons, it is expected that, for the bare parameters,

~
V ~, V~~ &&

~

V'~. Note that Eq. (lc) can be diagonalized
by means of a rotation of the o. matrices to give an
e6'ective splitting of F = ( b 0+ b,

&
)'; hence, we may

choose 4& =0 without loss of generality.
If we assume that only one partial wave (e.g. , s waves)

is important, the problem is reduced to a potential
scattering one. The renormalized coupling constants do
not scale into a strong-coupling regime, resembling in
this way the x-ray threshold problem. ' The tunneling
rate decreases with temperature and, at low T the dynam-
ics is frozen into one of the two potential minima. The
fermion excitation spectrum can be "bosonized, " showing
a close analogy with a TLS coupled to a phonon bath.

The physical situation is, in general, very different if
two or more partial waves are relevant. It is usual to
choose the z axis aligned with the TLS and neglect the ex-
tension of the TLS in the x and y directions, so that only
m =0 plays a role (m is the z component of the orbital
angular momentum of the electron). The special case
when

is zero for all i and j is called the commutative model.
The scaling equations in this case do not renormalize into
a strong-coupling fixed point and the situation is similar
to the one with only one partial wave. The noncommuta-
tive model corresponds to the case where Eq. (le) is not
identically zero. The physical fixed point of the non-
commutative model is, in general, a strong-coupling one,
i.e., the invariant coupling parameters of the model grow
when the electronic band cutoff is lowered. As a conse-
quence, due to the electron-assisted hops, the TLS cannot
be localized in one of the states. ' This situation is
mathematically analogous to the Kondo problem where
the impurity is spin compensated by the conduction elec-
trons, quenching in this way the magnetic properties at
low temperatures.

The analogy between the Kondo problem and the non-
commutative model is, of course, only a formal
mathematical one. The TLS itself corresponds to the
Kondo impurity spin —,', the energy separation 6 of the
two positions in the TLS has its analogy in the Zeeman
splitting of the Kondo impurity spin, and the partial
waves (orbital degrees of freedom) of the conduction elec-
trons interacting with the TLS represent the spin degrees
of freedom of the conduction electrons in the Kondo
problem. The spin of the conduction electrons interact-
ing with the TLS corresponds to the channel index in the
Kondo problem.

Hence, assuming that the interaction of only two par-
tial waves with the TLS is important, we have to further
distinguish between models involving spinless fermions
and electrons with spin degrees of freedom. In the form-
er case, the fixed point corresponds to the single-channel
Kondo problem, ' while the latter situation reduces to
the two-channel Kondo model. The physical properties
of the one- and two-channel Kondo models are, however,
dramatically different. In Sec. II we argue that, if g par-
tial waves are relevant (g ) 1), the fixed point in the case
of spinless fermions corresponds to the n-channel Kondo
problem with impurity spin —,

' and n =g —1=1. The ex-
act solution of the n-channel Kondo problem was ob-
tained by Andrei and Destri' and Tsvelick and Wieg-
mann' in terms of the Bethe ansatz. The thermodynam-
ic Bethe-ansatz equations and the method of solving them
numerically are summarized in Sec. III. The thermo-
dynamic properties of the model, obtained numerically,
are presented in Sec. IV. We find that the TLS is unsta-
ble with respect to an induced asymmetry of the two
atomic positions, i.e., the coupling to the phonon bath
produces a local distortion. Concluding remarks follow
in Sec. V.

II. SCALING OF THE INTERACTING
TLS-HAMILTONIAN AND RELATION

TO THE n-CHANNEL KONDO PROBLEM

In this section we closely follow arguments given in
Refs. 7 and 8. The renormalization of Hamiltonian (1) is
simplest within the poor man's scaling approach, in
which conduction states with energies close to the band
cutoff are successively eliminated from the system. As a
consequence, the effective band cutoff D' is gradually re-



13 296 P. D. SACRAMENTO AND P. SCHLOTTMANN 43

duced and the coupling parameters of the Hamiltonian
are renormalized, obeying the following differential equa-
tions:

c) V'p(x)/Bx = —2ip g E'~'g V' r(x) V'yp(x),
~~J Y

(2)

where v„'(x) is the amplitude that is still renormalized
and the V*h(p) are the infinitesimal generators of an irre-
ducible unitary representation of the rotation group satis-
fying the following equations:

iV*~(p)= g s"'g V*~(p) Vrp'(p) . (3b)

The different subspaces p correspond to the different
dimensionalities of the generators, i.e., to the different
values of an effective "spin" S„(with dimension
g„=2S„+1).

Assuming that only one subspace p is relevant at low
temperatures and small energies (i.e., it decouples from
the rest of the states), the effective Hamiltonian is of the
form

a,„,—Vu y A„.,S~W„,p, ,
a,P, s, k, k'

where 3 and A are fermion operators for conduction
states having the symmetry corresponding to the sub-
space p. For spinless fermions, and if the subspace is two
dimensional, the problem reduces to the single-channel
Kondo problem. If the spin of the electrons is not
neglected, the two-dimensional case corresponds to the

where x =ln(D /D') )0, p is the density of states, and E'~'

is the Levy-Civita symbol. The logarithmic dependence
on the cutoff is due to the electron-hole excitations with
arbitrarily small energy, while the c'J' symbols enter as a
consequence of the Pauli matrices describing the TLS and
the V'& being noncommutative. Note that the general
form of the Hamiltonian remains invariant under the re-
normalization procedure, except for the change in the
coupling amplitudes. The initial conditions for the
differential equations (2) are that the V' &(x =0), i.e., for
D'=D, are equal to the bare coupling parameters.

Equation (2) refers to the renormalization of the model
in leading logarithmic order. Renormalization to higher
order does not affect the general structure of the
differential equations, but generates higher-order terms in
V, e.g. , V, V, on the right-hand side of the equations.
With minor modifications, the argumentation below
remains valid beyond leading-order scaling.

With the repeated application of the renormalization
procedure, the system eventually reaches a Axed point.
Near the fixed point the vector space on which the ma-
trices operate can be divided into invariant subspaces
whose scaling equations can be studied separately. We
assume that one subspace is dominant and determines the
properties of the system. Consider one subspace labeled
with p. Close to the fixed point it is expected that the
matrix character of [V' &(x)]„does not change with fur-
ther scaling and can be factorized

[ V' &(x)]„=V*h(p)v„'(x),

two-channel Kondo model. We now show that if the
subspace p has dimension g„ the problem for spinless
electrons is equivalent to the n-channel Kondo model
with n =g —1.

The Hamiltonian of the n-channel Kondo problem" is
given by

~re= X &I«k ak +J
k, m, o k, k', m, o, o.'

+ ~S akmo. o-o'ak'mo. '
&

(sa)

P[S s, ]=a+b(S s, ), (5c)

where a and b are constants. Since potential scattering is
not relevant in the strong-coupling regime, the Hamil-
tonian [(5b) and (5c)] is then equivalent to H;„„give bny

Eq. (4), if spinless Ak are considered.
Although we are not able to provide rigorous results

for the spin-degenerate case, one may speculate that, due
to the strong coupling, the two spin channels in Eq. (4)
add together yielding an effective orbital subspace of di-
mension g =4S„+1. Here we invoked the same type of
mechanism that led from Hamiltonian (5a) to (5b) and
(5c), but without proving it in our case. This result is
rigorous if the orbital subspace p in Eq. (4) is two dimen-
sional. Now that we have established a correspondence
between the low-temperature properties of the TLS and
the n-channel Kondo model of S =

—,
' and an appropriate-

ly chosen value of n, the exact solution of this model can
be used to study the behavior of the TLS close to the
fixed point, i.e., for low T and small energies.

III. BETHE-ANSATZ EQUATIONS
AND NUMERICAL PROCEDURE

The n-channel Kondo problem has been exactly diago-
nalized by means of the Bethe ansatz' ' for a contact in-
teraction at the impurity state and a linearized energy
dispersion around the Fermi level with a built-in cutoff.
This cutoff'is necessary to correctly obtain the interaction
between different orbital channels. The charge excita-

where S are the spin operators describing the magnetic
impurity, J is the antiferromagnetic coupling constant,
and m labels the orbital channels. Although Eq. (5a) is
diagonal in m, the different orbital channels are not in-
dependent of each other. On the contrary, the exact solu-
tion by means of the Bethe ansatz' ' shows that they are
strongly coupled and form an orbital singlet, i.e., the
spins of the conduction electrons at the impurity site are
glued together to form a total spin s, =n!2, where n is
the number of channels. It has been shown by Tsvelick
and Wiegmann that the excitation spectrum of model
(5a) is equivalent to that of the following Hamiltonian:

Hsc = g ukck~ck~+ J g ck~P [S (s, )~~ ]cz ~, (5b)
k, k', o, o'

where c and c are new fermion operators with
n/2—~cr ~ n/2. P(x) is a well-defined special polyno-

mial of order min(2s„2S) so that the model (Sb) is SU(2)-
invariant. For the case S =

—,', the polynomial is of the
fcrm
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where c.k is the thermodynamic energy of the bound
state. Here, k =1 corresponds to a free unbound spin
wave. The functions gk are self-consistently obtained as
a solution of the thermodynamic Bethe-ansatz equa-
tions' ' which consist of an infinite recursion sequence,

lnrlk(A)=Go ln[(1+pl, ))(1+qk+i)]
—5k „exp(mA /2), k =1,2, 3, . . . (6)

tions completely decouple from the orbital and spin de-
grees of freedom. The maximization of the spin required
by Hund's rules leads to an orbital singlet. Within the
Bethe ansatz many-particle spin-wave functions are con-
structed from the ferromagnetic state by gradually Gip-
ping spins. Each Aipped spin gives rise to a spin wave,
characterized by a rapidity, which parameterizes its ener-

gy and momentum. The spin wave may form bound
states; in this case the motion of the center of mass is
characterized by a common rapidity A. In the thermo-
dynamic limit and in thermal equilibrium the thermal
population of a bound state of k spin waves is determined
by the function

rl j, (A) =exp[ok(A)/T],

with the integration kernel given by

G (A) = [4 cosh(m A/2) ]

where the star denotes convolution and go=0. These
equations are completed by the asymptotic condition

lim [( I/k)lnr)k(A)] =H/T =2xo,

where H is the field (in the case of the TLS H is the asym-
metry or level splitting b, ) and the impurity free energy is
given by

F; = —TI dA G[A —(2jn)ln(Tx/T))

X in[1+qz, (A) ] .

Note that the field and temperature dependence of the
equations only enters via the asymptotic condition, Eq.
(&).

In the limits A~+ ~, the A dependence in Eqs. (6) be-
comes irrelevant and the equations can be solved analyti-
cally. The asymptotic solutions are

in[1+gk(+ ~ )]=21nIsin[~(k +1)/(n +2)]/sin[~ j(n +2)]], k (n
=2 lnI sinh[(k + 1 n)x ]—o/sinh[ x]o], k ~ n,

in[1+gk( —oo )]=21nIsinh[(k+1)xo]/sinh[xo]], Vk .

(10a)

(lob)

The functions rjk(A) are monotonically decreasing func-
tions of A and interpolate smoothly between the asymp-
totic values at A~+ ~. From Eqs. (10a) we see that the
i)k(A) are finite everywhere, except for k =n as A tends
to + oo. This implies that s„( ao ) = —~, i.e., the
conduction-electron states coupling to the impurity at
low T consist of bound states of n spin waves. This corre-
sponds to the notion discussed in Sec. II that the conduc-
tion electrons are strongly coupled in orbital singlet states
of effective spin S, =n/2. All other states are frozen out
or decoupled from the impurity at low T.

For intermediate values of A, the recursion sequence
(6) has to be solved numerically. To implement this solu-
tion, the infinite sequence (6) is truncated at an index k,
and the functions ln[1+gk(A)] for k )k, are replaced
by an appropriate asymptotic interpolating form. The
numerical problem then reduces to the simultaneous
solution of a finite number, i.e., k„of coupled integral
equations. Also the range of values of A is truncated at
+A„where A, is a value of the rapidity so that all the
functions of i)k(A) have reached their asymptotic values,
Eqs. (10). The errors in the free-energy derivatives (ob-
tained numerically) are controlled by varying k, and A, .
Satisfactory results were obtained for k, =50 and
A, =56. This method is similar to the ones employed
previously, except that a higher numerical precision
is required if n%2S, in particular, if n )2S.

The above-described numerical procedure is not accu-
rate enough at low temperatures for large values of H/T
and the numerical derivatives become unreliable. This is,
in part, the consequence of the exponential behavior with
xo of the asymptotic expressions (10), but arises mainly
from the exponential dependence on A of the integration
kernel and the asymptotics of the functions gk for k ~ n.
The low-T properties of the impurity are determined by
the A —++ ~ asymptotics of g2&. The contributions of
rjk(A~+ m) for k ) n are exponentially large, of the or-
der of exp[2xo(k —n)] and corrections due to their A
dependence can be neglected. Hence, they can be elim-
inated from the system of integral equations which in this
way reduces to a set of n equations. It is convenient to
rewrite this set of n integral equations in terms of the en-
ergy potentials sk(A) defined at the beginning of this sec-
tion. It has been shown by Tsvelick that, for H)&T
and S & n/2, the impurity has Fermi-liquid-like proper-
ties, i.e., the entropy and the specific heat are proportion-
al to the temperature. The T =0 solution of the remain-
ing n integral equations can be obtained analytically. At
T =0, all ck for k & n are nonnegative, while c„changes
sign at B„defined by s„(B„)=0.B„depends logarith-
mically on the field and it is convenient to shift A so that
the change of sign of c.„occurs at the origin. The correc-
tion to the T =0 solution of c„due to a small but finite
temperature is then proportional to T . It is then possi-
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ble to write c.„=c'„'+T c'„' and perform a Sommerfeld
expansion of the Fermi distribution function, where c.'„' is
the zero-temperature solution and E', ' is the contribution
proportional to T . Since the c& for k e n do not have a
zero at finite A a Sommerfeld expansion for them is not
possible. The correction due to small temperatures is
again proportional to T, i.e., c.k =c& '+a& '. In this way
integral equations for the c.'k ' are obtained, which are
nonlinear and require the knowledge of the zero-
temperature solution. The asymptotic conditions for the
new integral equations can be obtained from Eqs. (10).

In summary, we solve the thermodynamic Bethe-
ansatz equations by employing two di6'erent numerical
procedures: a standard one giving good results for
H/T(10 and the second one suitable for H/T ) 10.
The results for C/T (second temperature derivative of
the free energy) match at H/T = 10 within a few percent.

IV. RESULTS

for n )2. For n =2 and 5 =
—,', the critical exponent of

the susceptibility vanishes and a logarithmic divergence
is obtained instead:

M; ~(H/T~)ln(H!T~), g, ~~In(H/Tz) . (12)

Similarly, for zero field and low temperatures, one ob-
tains

C; ~(T/T~)',

C; „/T ~ ( T/T~ )

y; p
~ ( TITS )'

(13)

where r=4/(n +2). Qnce again for n =2 and S =
—,', the

exponents of C; „/T and g; vanish, giving rise to a log-
arithmic dependence.

We restrict ourselves to the solution of the n-channel
Kondo problem for the situation n )25=1. The case
n =2S =1 (subspace p is two dimensional corresponding
to two channels of spinless fermions) just corresponds to
the ordinary Kondo problem for which the thermo-
dynamic Bethe-ansatz equations have been solved numer-
ically in Ref. 25. The properties for n =1 are Fermi-
liquid-like at low temperatures and, in general, similar to
those of a resonant level for all fields.

For n )2S =1 the eA'ective conduction-electron spin
5, is larger than S =

—,', i.e., larger than needed to com-
pensate the impurity spin at low T. In this case the mod-
el scales into a strong-coupling fixed point with a finite
value of the interaction constant. " This contrasts the
situation for n =2S =1, which has an infinite coupling
fixed point giving rise to Fermi-liquid-like behavior. A
fixed point with finite coupling leads to critical behavior
and to power-law dependences in thermodynamic proper-
ties as H and T tend to zero (the critical point is
H = T=0).

The zero-temperature limit has been solved analytical-
ly' ' ' and, for small fields, one obtains (S =

—,')

~ (H/T )2/n + &z (H/T )(2/n) —I

Hence, for n ) 1 and S =
—,', the susceptibility diverges

as H and T tend to zero. As a consequence the TLS is
unstable to a level splitting 6, i.e., to an asymmetry of the
energy levels of the two positions of the tunneling atom
(asymmetric double well). In other words, assume we ini-
tially have a symmetric TLS and allow a small coupling
to a phonon deformation field. The divergent susceptibil-
ity of the TLS and the coupling to the phonons will in-
duce a local distortion of the environment which then
leads to a level splitting. At high temperatures this split-
ting will be zero, but there is a critical temperature T,
below which 6%0 is the stable situation. The transition
at T, is continuous, i.e., 6 tends to zero as T~T, . The
transition is similar to the one expected for the quadrupo-
lar Kondo efFect.

We are representing the TLS interacting with the elec-
tron gas by the n-channel Kondo model. We have as-
sumed in Sec. II that only one subspace p is relevant.
The validity of our argument is then restricted by the role
of other subspaces. At low T one subspace is believed to
be the dominant one. When the temperature is raised or
for higher-energy excitations, other representations will
inAuence the physical properties. We will, however,
present our numerical results for the entire temperature
range, with the understanding that the applicability to
the TLS is restricted to low T.

Equations (11) and (12) show that the limits H~0 and
T~0 cannot be interchanged, since the temperature and
the field have different scaling dimensions dz =4/(n +2)
and dII=2/n. Both scaling dimensions are equal to one
only for the case n =2 and, consequently, the same loga-
rithmic dependence in H and T is found.

The numerical zero-field results for the specific heat
over temperature and the susceptibility as a function of
T/Tz are shown in Figs. 1(a) and 1(b), respectively, for
n =1, . . . , 6. Since S =—', only for n =1, both g and
C/T are finite as T~O. In this case the ground state is a
singlet, implying Fermi-liquid behavior. As discussed
above, for n =2 a logarithmic dependence and for n )2,
a power-law dependence, are obtained at low T. Note
that, within our numerical accuracy, all the susceptibility
curves cross each other at about T =0.1'.

Inserting Eq. (10) for k = 1 into the expression for the
impurity free energy (S =

—,'), Eq. (9), one obtains that the
zero-field zero-temperature entropy is given by

S ( T~0,H =0)=lnI 2 cos[vr/(n +2)]] (14)

Hence, for n&1, the T =0 entropy is nonzero, which im-
plies that the ground state is not a singlet. This is con-
sistent with the divergence in the susceptibility discussed
above.

In a finite field the situation is qualitatively diA'erent. If
HWO, the susceptibility is always finite (for all n and S)
and, consequently, the ground state is expected to be a
singlet. Hence, the zero-temperature entropy is zero as
pointed out previously by Tsvelick, S(T=O, HWO) =0.
This is the case irrespective of the strength of the field.
The entropy then has an essenti. al singularity at the criti-
cal point H =T=0, As a consequence of the singlet
ground state for HAO, the TLS has Fermi-liquid proper-
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FICx. 1. Numerical zero-field results for (a) the specific heat
over temperature and (b) the susceptibility as a function of
T/T& for n = 1,2, . . . , 6. Note that both C/T and y diverge as
T~O for n & 1.

0. 8

0. 6—

0.4— n=5

ties over a limited range of temperature. For small fields
the characteristic energy scale is the field strength rather
than the Kondo temperature.

The low T(Fermi-liquid-) behavior has to be calculated
using the second numerical procedure described in Sec.
III. In a previous paper we obtained the entropy and
specific heat in constant field for n =2 and S =

—,
' using an

interpolation scheme between the numerical results for
the free energy as a function of temperature and field and
the analytical solution for the ground state. Unfortunate-
ly, the numerical derivatives of the free energy obtained
through the interpolation turned out to be inaccurate at
very low T. The procedure yielded a finite entropy in the
presence of a small field at low T. ' All other features
found, i.e., the double-peak structure in the specific heat,
the very large y values, and the shoulders in the suscepti-
bility, are qualitatively correct and quantitatively not far
off. In order to rectify our previous results we also show
in this paper our accurate numerical results for n =2 and
S =—'.2'

The entropy curves in constant fields as a function of
T/Tz for n =2, 3 and 5 are shown in Figs. 2(a) —2(c), re-
spectively. In zero field the entropy of the TLS interpo-
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FIG. 2. Entropy as a function of T/T& for (a) n =2, (b)
n =3, and (c) n =5 and five values of the field H/Tz =0, 0.1,
0.3, 1, and 10. The entropy is singular at H=T=O; if H=0
the entropy at T =0 is finite and given by Eq. (14), while it van-
ishes if HWO. For HWO the low-T entropy is proportional to T.

lates smoothly between the value given by Eq. (14) for
low temperatures and the asymptotic free-spin entropy,
ln(2), at high T. In a nonvanishing field, the entropy
tends to zero proportionally to T at low temperatures as
discussed above. At high T, i.e., for T «H, again the
asymptotic free-spin value of ln(2) is reached. The drop
in the entropy at low T, a consequence of the magnetic
field (asymmetry of the double well in the case of the
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tern erature scale of the orderTLS), for n =2 begins on a temper r
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'
g. h are wo

ener scales involved, name ydependent energy
he field is small, as seenT hich are well separated if t e e is~r w 1c

e, ' ' ' rlar em. Asnin-ln Fig. a. e,2( ). The situation is similar for larg
h Kondo screening is less prono
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n = . . . , 6. This fi ure summarizes the low- e e a-
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with the impurity degreesh traditional Kondo problem wit e
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In Figs. 5 we display the specific-heat curves for con-
stant H (0.1 Ts and Tlr) as a function of temperature for
n = 1 —6 to explicitly show the dependence on the number
of channels. The qualitatively different behavior for
n =1 is apparent. In Fig. 5(a) the double-peak structure
is evidenced for n + 2, with the weight of the low-
temperature peak growing with n, while the importance
of the Kondo compensation decreases. The shift of the
magnetic field peak with n is also clearly seen. In Fig.
5(b) the case of H =TK is shown. The two peaks are
merged, the height of the peak grows with n and asymp-
totically approaches a spin- —,

' Schottky resonance. The
peaks are now positioned at about the same temperature.

In view of the Fermi-liquid properties for HAO, the
low-temperature specific heat is proportional to the tem-
perature and can be characterized by a coeKcient y.
C/T in constant field as a function of T/Tz for n =2, 3,
and 5 are shown in Figs. 6(a) —6(c), respectively. The
H =0 curves do not, of course, saturate as T—+0. y is,
however, finite if H is nonzero. For n ) 1, C/T increases
dramatically at low T if the field is small, giving rise to gi-
ant y values. A maximum in C/T develops for larger

fields (C/T no longer decreases monotonically with T),
which is the consequence of the developing Schottky
anomaly. At very high temperatures (T ))H), the curves
approach the high-temperature Kondo asymptotics. The
comparison of C/T for several n in the same fixed field of
H =0.1' is shown in Fig. 7. Note that the y value for
n =2 is roughly 300 times larger than the corresponding
one for n =1. For n )2, the y values decrease as a func-
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FICz. 5. Specific heat as a function of T/Tz in constant field
(a) H/T&=0. 1 and (b) H/T&=1 for n =1,2, . . . , 6. Note the
distinct behavior of the traditional Kondo problem. With in-
creasing n the Kondo resonance becomes less important, while
the size of the field-dependent peak grows. In (b) the two peaks
have already merged into one peak.

FIG. 6. C/T as a function of T/T& for (a) n =2, (b) n =3,
and (c) n =5 in constant field H/T& =0, 0.1, 0.3, 1, and 10. Gi-
ant y values are obtained in small fields. The shoulders are due
to the incipient Schottky anomaly in higher fields.
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FIG. 7. C/T as a function of T/Tz in a constant field of
H=0. 1T~ for n =1,2, . . . , 6. Again a distinct behavior for
n =1 is observed. The y values decrease with n as a conse-
quence of the developing Schottky anomaly.

0. 8

tion of n.
In Fig. 8 the y value (as obtained by extrapolating C/T

to zero temperature) is plotted versus the T =0 suscepti-
bility for n =2, 3, and 5. y /g, which is the inverse of the
Wilson ratio, grows rapidly as H —+0. For instance, for
n =2, H=0. 1Tz is about 1260, i.e., 200 times larger
than for the traditional Kondo impurity. This is, in the
first place, the consequence of the giant y values, re-
quired to quench the large zero-temperature zero-field en-
tropy. The low-field y/g ratios decrease with the num-
ber of orbitals. Since one gradually approaches a
Schottky anomaly with increasing n, the fraction of en-
tropy removed via a linear specific heat (Fermi liquid)
necessarily has to decrease. For large H, y/g is supposed
to asymptotically reach the value 2H/3n.

We had obtained similar results for n =2 in Refs. 30
and 31. The y values obtained there are substantially
smaller than those obtained here, as a consequence of the
extrapolated nonvanishing T =0 entropy for H&0. The
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0. 0 —, --

10
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10 0 2
10 10

n=5

(c)

10

1500 0 —,
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1000— FIG. 9. Susceptibility as a function of T/T& for (a) n =2, (b)
n =3, and (c) n =5 in constant fields of H/TI; =0, 0.1, 0.3, 1,
and 10. The divergent response in zero field is clearly seen. The
shoulders correlate with the field-dependent peak in the specific
heat.

0
0.00

0.3

0.15

X(T=0)
0.30 0.45

FIG. 8. y values as a function of the zero-temperature sus-
ceptibility for n =2, 3, and 5 with the field as the parameter.
Note the rapid increase of y as H~0.

giant y values are actually the cause of the imprecision in
the procedure employed in Refs. 30 and 31. A more de-
tailed analysis of the increase of y for n =2 as H~O
shows that, approximately, y ~H, which is consistent
with the field-dependent energy scale of H /T& argued
above.
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The susceptibility as a function of temperature for con-
stant fields is shown in Figs. 9(a)—9(c) for n =2, 3, and 5,
respectively. y decreases montonically with field, but has
a maximum as a function of temperature. This maximum
in y(T) correlates with the low Tp-eak of the specific
heat.

V. CONCLUDING REMARKS

We considered an atom in a double-well potential
(parametrized by a TLS) interacting with screened con-
duction electrons. The hopping of the atom between the
two positions is assumed to be assisted by scattering of
the electrons. The spin of the electron remains invariant
in this process, but the electron can change its orbital
character. This is similar to the n-channel Kondo prob-
lem if the role of spin and orbit is interchanged.

Close to the strong-coupling fixed point, the
renormalization-group equations for the noncommutative
model lead to a structure resembling the infinitesimal
generators of an irreducible unitary representation of the
rotation group. Assuming that only one subspace p, (of
dimension g„=2S„+1)is relevant, we have shown that,
in the case of no spin degeneracy, the TLS Hamiltonian
in the strong-coupling regime (T ~ Tz), reduces to the n

channel Kondo problem with S =
—,
' and n =g —1, where

g is the dimensionality of the relevant subspace. This re-
sult extends the proofs given in Refs. 7 and 8 to arbitrary
degeneracy.

The n-channel Kondo problem has been exactly diago-
nalized by means of the Bethe ansatz. ' ' By solving the
thermodynamic Bethe-ansatz equations' ' numerically
in the presence of a field, we gained insight into the low-T
properties of the TLS model using the above-mentioned
equivalence. The magnetic field in the n-channel Kondo
problem plays the same role as the energy difference be-
tween the two positions of the tunneling atom. We have
presented our results for all temperatures even though
the equivalence only holds for low temperatures, since
the results for the n-channel Kondo model are interesting
by themselves.

The magnetic susceptibility in the Kondo problem cor-
responds to the response of the TLS to a change in the
asymmetry of the double-well A. y(H, T) diverges at
(H =0, T =0) along both lines, (H +0, T =0) and—

(H=0, T~O). This implies that the symmetric TLS
(symmetric double well) is unstable at low T. Even a very
small coupling to a local lattice distortion field (e.g. ,

pseudospin-phonon coupling) is going to produce a
significant asymmetry in the potential minima. The total
free energy of the system consists of three terms: the one
of the TLS interacting with the electrons, the
pseudospin-phonon coupling (Zeeman energy), and the
elastic energy of the phonon mode. The first one is given
by Eq. (9), the coupling to the phonons is proportional to
6 and the elastic energy to 5 . The minimization of the
total free energy with respect to 6 yields an equilibrium
condition of the form (S, ) =aH, where a is proportional
to the elastic constant. At T=0 there is always a non-
trivial solution H„which is gradually reduced with in-
creasing temperature and vanishes above T, given by
y(H =0, T, ) =a. This is similar to the situation found
for the quadrupolar Kondo effect, ' where the insta-
bility is with respect to a quadrupolar distortion. A
divergent correlation length is associated with the critical
behavior of the susceptibility. Hence, even if the concen-
tration of TLS is very small, they are going to interfere
with each other at low T. This interference competes
with the local lattice distortion induced by a single TLS.

Since the ground-state equilibrium situation for an iso-
lated TLS corresponds to HWO, the ground-state entropy
vanishes and a Fermi-liquid-like picture applies, i.e., the
susceptibility is finite and the specific heat is proportional
to T. The specific-heat y values can become very large,
giving rise to very large y/y ratios. For small fields the
specific heat shows a double-peak structure which is spe-
cially evident for n =2. The low-T peak is reminiscent of
the Zeeman splitting, while the high-T peak is caused by
the Kondo screening. For large n the magnitude of the
low-T peak is considerably larger than the Kondo reso-
nance. At larger fields (H —Tz) the two peaks merge.
The same field-dependent structure shows up as a shoul-
der in the susceptibility as a function of temperature.
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