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We show that, when the effective disorder of a system increases, non-Rayleigh statistics charac-
terize the intensity fluctuations of a propagating wave in a random medium. We find a single
scaling parameter that describes the intensity distribution function, which depends on the conduc-
tance and transmission coefficient of the system. Our analytical results are in agreement with the
results of numerical simulations, which indicates that the statistics of transmitted waves and
reflected waves in restricted geometries is very different.

One of the fundamental properties related to the propa-
gation of waves in disordered systems is their random am-
plitude fluctuations which obey the Rayleigh law of
Gaussian statistics. This general result holds for the wave
function of quantum waves as well as for classical elec-
tromagnetic waves' ~* or acoustical waves. The inhomo-
geneities of the system induce strong multiple scattering
of the wave which leads to large local intensity fluctua-
tions at any given point. The basic Rayleigh law derives
from the central-limit theorem in which the amplitude of
the wave can be decomposed into a sum of random, sta-
tistically independent amplitudes created by different
Feynman multiply scattered trajectories. Are there condi-
tions under which one can obtain the breakdown of Ray-
leigh statistics? This is of recent experimental interest,
where it was observed® that when the disorder increases,
non-Rayleigh statistics appear.

In this paper, we derive the conditions for non-Rayleigh
statistics and show that the statistical properties of the in-
tensity of a wave at any given point in the system is deter-
mined by a single scaling parameter. For transmitted
waves, this parameter S; is the crossing probability be-
tween any two Feynman trajectories which depend on the
conductance g and the transmission coefficient T of the
system. When g7T'? decreases, the intensity fluctuations
obey non-Rayleigh statistics. For reflected waves, the
relevant parameter S, is different and depends on
(/1)¢~!, where [ is the elastic-transport mean free path
and d is the dimensionality of the system.

Our analytical results for the non-Rayleigh distribution
functions for the intensity of transmitted or reflected
waves are in agreement with our numerical simulations.

We first present our main results for non-Rayleigh
statistics in terms of the moments of the intensity. For
Rayleigh statistics, (/")/{I)" =n!. By contrast we find

UMD =nf(n), ¢y

where f(n) is due to interference effects which we discuss
below. The interesting result is that f(n) is different for
transmitted and reflected waves. It is an increasing func-
tion for transmitted waves and a decreasing function for
reflected waves. For transmitted waves and small values
of S;, we get

frn,S)=1+%+S,m*>—n), )

43

where S; represents the crossing probability of two Feyn-
man trajectories which we calculate later.
For reflected waves we obtain

fr(n,S;)=0-8,)"L,[S,/(01—S,)], 3)

where S, is the probability to return to the same channel
(which is derived below) and L,(x) are the Laguerre
polynomials. The function fg(n,S,) is always smaller
than unity.

We have performed numerical simulations to study the
intensity statistics by using the method of Edrei, Kaveh,
and Shapiro.® In Fig. 1(a), we plot f7(n,S;) and in Fig.
1(b) we plot fr(n,S,) for a sample of length L =50 and
width W =7. The solid curves correspond to Egs. (2) and
(3) and the squares represent the numerical simulations.
The agreement is evident from the figures. It should be
noted that the deviations from Rayleigh statistics for
transmitted waves are opposite to those for reflected
waves, as will be explained later. From the intensity mo-
ments, we derive all the distribution functions by using the
Fourier-transform method. For transmitted waves, we ob-
tain the following analytical result:

PT(I,S[)

=) “lexp(— 1/ {1+ + S,LUAD)2 =41/ + 21} .

)
In Fig. 2, we plot P7r(1,S,). The squares correspond to
the numerical simulations and the solid curve represents
Eq. (4). The agreement is very good. For comparison, we
plot (dashed curve) the negative-exponential distribution
function (I) ~'exp(—I/I)), which decreases much more
slowly than the numerical results.

We now present the underlying ideas upon which the
distribution functions are based. The Rayleigh distribu-
tion function is obtained by assuming that all the different
Feynman trajectories which represent the partially multi-
ply scattered waves are independent in the sense that they
acquire a different independent random phase for each
path. The amplitude of the wave at a given point in the
system is given by

E=XE,, (%)
a
where we sum over all Feynman trajectories. The aver-
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FIG. 1. (a) Infr(n,S;) as a function of n. The squares repre-
sent the numerical simulations and the solid curve Eq. (2). (b)
fr(n,S,) as a function of n. The squares represent the numeri-
cal simulations and the solid curve Eq. (3).

aged nth moment of the intensity is given by

(IM= X (E, - E.E} - E}). (6)

ap--a,

B Ba
When all the Feynman trajectories are assumed to be in-
dependent, it follows that

(ELE}) =8, 51 ™

and the nonzero contributions in (6) arise only from pairs
(E4EF) when a=p. Since there are n! such possible
pairs, we obtain (/") =nXI)". The origin of non-Rayleigh
statistics is due to the intersections between Feynman tra-
jectories. Consider two Feynman trajectories which inter-
sect, as shown in Fig. 3. We label these two trajectories
with four indexes: (i,j) to represent the trajectories be-
fore they intersect and (7,J) to represent the trajectories
after they intersect. We then have four trajectories which
interfere and lead to an amplitude

E=E[[+EiJ+Ej]+Ejj. (8)

Consider for example, the averaged second moment {I?)
which  will include two terms of the form
(EqESE;Ef) <(E™?), where A¢ is the phase difference

N. SHNERB AND M. KAVEH 43

:

s
o 8

P(I/<I>)

I
>

=) o
N )
I T U TN T TN TN TN SN N TN N DU N T

o

I/<I>

FIG. 2. PU/D) as a function of I for transmitted waves.
The squares represent the simulations and the solid curve Eq.
(4). The dashed curve corresponds to the Rayleigh statistics.

between the four trajectories (see Fig. 3) and is given by
A¢=(¢i+¢1)_(¢i+¢j)_(¢j+¢l)+(¢j+¢1). Since
each part of the trajectory appears twice and each time
with a phase with opposite sign, it follows that A¢=0.
This enhances the second moment and consequently all
the higher moments. We denote the crossing probability
of two trajectories in Fig. 3 by S;. The second moment is
given by

D =2D2+2S5,D?2. )

The first (Rayleigh) contribution arises from pairing of
two trajectories and the second term results from the in-
terference caused by four trajectories that were created by
two intersecting trajectories. We now calculate all the
possible nonzero terms which arise in the nth moment (/")
in Eq. (6) due to the crossing of two trajectories. The
number of possible terms of the form (E.  E.xEfr Efx) is
(4)2. From each set of amplitudes E,, - - E,, and
Ef -+ Eg, the number of possible remaining pairs
(Eq Eg,) is (n—2)!. Thus, the number of nonzero terms
resulting from the ensemble average of Eq. (6) is
2($)2(n—2)!. Since the crossing probability is S,, the
contribution to the nth moment is 2(§)%(n — 2)1S,{I)" and

FIG. 3. Typical two-crossing Feynman trajectories for
transmitted waves.
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the entire nth moment is given by

D =nAD"+2()(n —=2)18D". (10)

From (10), we obtain f7(n,S,), as given in Eq. (2). We
conclude that the crossing of two Feynman trajectories
dramatically enhances {I").

We now derive the scaling dependence of the crossing
probability S; and show that it depends on the conduc-
tance and on the transmission coefficient of the system. A
Feynman trajectory in a d-dimensional system occupies a
volume (A9~ !I)(L/1)2. The volume fraction of a Feyn-
man trajectory for W <L is therefore (W/W)?4~'(L/I)
and is equal to g ~'. The probability that two typical
Feynman trajectories will cross at a given point is there-
fore g 2. The effective number of points available for a
random-walk trajectory is N =W 'L/A"!l which is
equal to g/T2 From this result, the crossing probability
for W < L may be written as

S;=1—(1—g 28T g=1. an

We see that as g— 1, S;— 1 and we reach the strong-
disorder limit in which localization sets in. Here, we are
interested in the weak-disorder limit in which g>>1 and
the propagation of the wave in the medium is diffusive. In
this limit, S, may be expanded to give

S, =1/gT?. (12)

In this regime, the transmission coefficient 7<1 and
the conductance g>>1. We confine ourselves to gT2 >1,
which corresponds to small values of S;. In general,
Py(1,S,) is a function of only one scaling parameter S,
which is given by (11).

Our expression for Pr(1,S,) in Eq. (4) is valid only for
S; <1 for which multiply-crossing Feynman trajectories
can be neglected. When S; increases, one should also con-
sider all higher-order crossing effects. In this case, the
calculation of P7(Z,S;) for S;— 1 is an extremely com-
plex problem, since it must include multiple-crossing
Feynman trajectories.

We now turn to the statistical properties of reflected
waves and show that they differ greatly from those of
transmitted waves. We first show that, in contrast to
transmitted waves, the crossing of two Feynman trajec-
tories for reflected waves has only a negligible effect on
the intensity statistics. There are two possible crossing
effects for reflecting waves which are shown in Fig. 4. Fig-
ure 4(a) represents crossing between two different Feyn-
man trajectories, whereas Fig. 4(b) represents a self-
crossing of a single trajectory.

The averaged length of a reflecting trajectory is Pl
where we find that P=5-6. For the case presented in Fig.
4(a), the crossing probability is (A\/W)“~'P which is ex-
tremely small for W>>A and does not affect the intensity
statistics. Similarly, we find that the self-crossing proba-
bility [Fig. 4(b)] for PI < W is given by (\/1)9~'/p?~2,
In the weak-disorder limit, where />, this self-crossing
will affect intensity statistics only slightly. We therefore
conclude that the mechanism of Feynman trajectory
crossing, which is crucial for the non-Rayleigh statistics
for transmitted waves, is not important for the statistics of

<D )

FIG. 4. (a) Typical two-crossing Feynman trajectories for
reflected waves. (b) Typical self-crossing Feynman trajectory
for reflected waves.

reflected waves because the trajectories are too small.
However, the statistics of the reflected wave will change
dramatically if the number of input channels is reduced.
This is of general interest since this was recently achieved
experimentally*’ in the study of long-range correla-
tions.® 7!® Denoting 7,4 as the reflection amplitude from
channel a to channel 8, we can express the second intensi-
ty moment by

(I%) = X rapraigryprys) . 13)
a,a
nr

Introducing x =X 4| rasl* and y = |rgsl* we get

(I =0x2+2xy+y?) (14)
and for the nth moment,

am=y, [,';](n—m)!x"_"’y'". (15)
From Eq. (15), we get

UMAD"=n'(1 —8,)"L,[S,/(1 —S)]1,

where y =S, is the probability to return to the same chan-
nel, which is given by 4(A/IP)¢~!. This defines the func-
tion fr(n,S,) in Eq. (3). From the numerical simula-
tions, we have found S, =0.6, from which we see from
Fig. 1 that strong deviations are found from Rayleigh
statistics.

Finally, we consider the role of absorption on non-
Rayleigh statistics. There are two different regimes
L,>Land L,<L. For L, > L, we find that stronger ab-
sorption reduces the non-Rayleigh statistics for transmit-
ted waves and enhances them for reflected waves. The
effect of absorption is important for reflected waves only
when the absorption length L, is smaller than the aver-
aged reflected trajectory /P. In this case, S, is changed to
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(A/LZ)?"" and increases as L, is shorter. On the other
hand, absorption cuts the Feynman trajectories for
transmitted waves and therefore reduces the crossing
probability, which becomes S, =A“"'L}~9/Ll. Thus, re-
ducing L, causes the intensity statistics to be more
Rayleigh-like. This is so only for L, > L. For L, <L, the
crossing probability increases, and in the limit L, < L, the
dominant contribution to the intensity comes from ballis-
tic trajectories which contribute a nonfluctuating part to
the intensity and to a peak in the distribution Py ().
Such behavior was recently observed by Garcia and
Genack® for samples with L,= ¢ L where Pr(I) was
found to undergo a maximum followed by a stretched ex-
ponential. A detailed comparison between the experiment

of Garcia and Genack® and P7(I) for L, <L will be
presented elsewhere.

The non-Rayleigh behavior in this limit is due to the
fact that the number of possible trajectories N decreases
appreciably and do not allow the use of the central-limit
theorem (which holds when N — o).

In summary, we have calculated the non-Rayleigh
statistics for transmitted and reflected waves of disordered
systems. They are shown to depend only on a single pa-
rameter which for transmitted waves is the crossing prob-
ability of two Feynman trajectories and, for reflected
waves, the probability for returning to the same channel.
Our calculated distribution functions are in agreement
with the results of numerical simulations.
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