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Optical dispersion relations in amorphous semiconductors
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We report generalized expressions for the optical constants of amorphous (a) semiconductors.
The dielectric function spectrum e&(co) is assumed to yield a continuous absorption obeying the
power law (fico) (fico —E~) and have a steep high-energy end at the high-energy cutoff E„where
E~ is the optical energy gap. The corresponding el(co) spectrum shows clear structures both at the

E~ and at the E, edges. By introducing the damping effect into the model, the optical spectra be-
come structureless which are typically observed in amorphous semiconductors. Analyses are
presented on the optical dispersion relations of a-Si, a-Ge, and a-GaAs, and the results are in satis-
factory agreement with experimental data over the entire range of photon energies (1.5—6.0 eV).

I. INTRODUCTION

e~(co) = 2
(2ir)'

X f d k~P, „(k)~ 5(E,(k) E„(k)—ih'co), —

Investigation of the dielectric behavior in solids is an
old topic which arises in strong connection with the fun-
damental optical properties of solids. Knowledge of the
refractive indices and absorption coe%cients of semicon-
ductors is especially important in the design and analysis
of various optoelectronic devices. The dielectric function
e(co) =e,(co)+i ez(co) can describe such an optical
response of the medium at all photon energies E =A'm.

Despite the intense interest in amorphous semiconduc-
tors for photovoltaic and other device applications, their
optical properties are not yet clearly understood especial-
ly at high photon energies. Although some measure-
ments (such as refiectivity and spectroscopic ellip-
sometry) can determine the dielectric-constant dispersion
e(co), ' ' any theoretical calculations of e, (co) and e2(co)
have not yet been reported.

Pierce and Spicer' performed photoemission measure-
ments on amorphous (a-) Si to study the electronic struc-
ture and optical properties of the material. They used a
conventional retarding-field energy analyzer and a
higher-resolution screened-emitter analyzer to measure
the energy distribution curves (EDC s) from this materi-
al. When the EDC's from crystalline (c-) Si are exam-
ined, one finds variations in the position and strength of
structure as a result of the conservation of wave vector k
in the crystal. However, in amorphous materials no such
variations have been found in the EDC's. ' This is not
unexpected because the absence of long-range order in
amorphous materials renders the Bloch theorem inapplic-
able and leaves the crystalline momentum Rk undefined.
They suggested the optical transitions in amorphous
semiconductors to be described to a first approximation
by the nondirect-transition model in which conservation
of energy but not wave vector is significant. '

The dielectric constant e2 for a crystalline semiconduc-
tor can be given by

'2

where P„(k) is the momentum matrix element (c~p~U ), c
and U denote the conduction and valence bands, respec-
tively, E,(k) —E, (k) is the interband energy, and the in-

tegration is performed over the first Brillouin zone.
It is well known that the valence and conduction bands

retain their meaning even in the amorphous state. As-
suming that the basic volume V contains the same num-

ber of atoms in the amorphous as in the crystalline states
and that P„(k) is independent of k, Tauc et al. ' ' ob-

tained

2&e
e2(co) =

mco

'2
3(ir) 1

ip CU

X Ig, (E*)g,(fico E*)dE*, — (2)

where g, and g, are the densities of states in the conduc-
tion and valence bands, respectively. Substituting

g, (E )-E'~, g, (E )-E'~ into Eq. (2) (where

E Ep E +Ep Aco Eg are measured from the band ex-

trema, and E is the optical energy gap), they obtained a
linear variation of (fico)ez with iitco:

(fico)ei(co)' =D' (%co Eg ), —

where D is a nondimensional strength parameter and E
is the optical energy gap.

Weiser and Brodsky ' also showed that the optical-
absorption data in the observable spectral range (a) 10
cm ') can be remarkably fitted by the expression
a ~ (E E)i/E. It is n—oted that these models are some-
what analogous to the case for the indirect-band-
gap transitions in crystalline semiconductors [i.e.,
e2(E) cc E (E—E ) ]. Davis and Mott suggested a
linear variation of (En a)' as the major characteristic of
amorphous semiconductors studied experimentally,
where n is the refractive index of the medium. More re-
cently, Cody, Brooks, and Abeles reported that a varia-
tion of ez with E would be an indication of a constant-
dipole matrix element for nondirect transitions between
simple parabolic bands.

It is evident that it is of both technological importance
and scientific interest to have the analytical expressions
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of e(co) [=e,(co)+i@2(co)] for amorphous materials. The
purpose of this paper is to describe the optical properties
of amorphous semiconductors in terms of a simplified
model of the band structure of the materials. In Sec. II
we describe the details of our model, which is an exten-
sion of that of Tauc et a/. ' ' The e2(co) spectrum is as-
sumed to yield a continuous absorption obeying the
power law (fico) (%co Eg )—and have a steep or gradual
high-energy end at an appropriately chosen high-energy
cutofF E, . Although the contribution of the nondirect
transitions to ez(co) (or absorption coeScient) is well
researched, ' an expression for e, (co) has not yet been
reported to our knowledge. By introducing the high-
energy cutoff E„we can solve the Kramers-Kronig (KK)
relation and obtain the expression for e, (co). In Sec. III
we show the fits with our model to some experimental
data (a-Si, a-Ge, and a-GaAs). A satisfactory agreement
between our model and experimental data will be
achieved over the entire range of photon energies. Final-
ly, in Sec. IV the conclusions obtained in this study are
summarized brieAy.

II. MODEL

where 6(z) is the Heaviside function given by

1 for z)0
Bz ='

0 for z(0.

x, =%co/E, .

The KK transformation of Eq. (7) gives

(Eg )' E,', ln
(fico )

2

+—1+
2 %CO

2D
ei(co) = 1+

%CO+ E
ln

%CO+ E
J

The parabolic bands extending to infinite energies im-
plied by Eq. (4) [Eq. (2)] should be nonphysical. We,
thus, modify the model by taking into account a high-
energy cutoff' at the energy E, . This modification pro-
vides

e (co)= (fico E) —6(1—x )6(1—x ),D 2

(A' )
c

with

It is noted that the expression (3) is almost identical to
that of the indirect optical transitions in crystalline semi-
conductors:

+—1—
2 RCO

%CO E
ln

%CO E (9)

ez(co)= (fico E) 6(1—x—),
)2 s

with

xs =E /irido,

(4)
The e&(cu) spectrum of Eq. (9) exhibits a divergence at

E, . We, therefore, introduce in this expression a damp-
ing efFect in a phenomenological manner by replacing %co

by %co+ iI . The contribution of the optical transitions to
e(co) [e&(co)=Ree(co); e2(co) =Ime(m)] in amorphous
solids is finally written as

e(co)=1+ 2D
ln +— l+

(x +;r)2 E, 2 m~+;r
'2
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2 2 Eg2EdE,
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The model described above requires four parameters,
namely E, E„D,and I . These parameters can be com-
monly used as adjustable constants for the calculations of
both e2 and e, . The energy gap Eg and the strength pa-
rameter D can be successfully determined from the Tauc
plot of irido(e2)' versus iiico [Eq. (3)]; this plot should give
a straight line of slope D ' and intercept E~ on the ener-
gy axis. The parameter values D and E, must, in princi-
ple, be determined from the mell-known sum rules

where N is the number of atoms per m . For c-Si
(%=5X10 m ), e(0),&=11.7 and n,&=4 when
E ~~. Note that the microstructure and hence atomic
density of amorphous film of any material are strongly
dependent on deposition parameters relevant to the
preparation technique and process used. It is also
known that the optical properties of amorphous materi-
als are strongly influenced by the effects of overlayers (ox-
ide or surface structure) and/or bulk density deficit.

Note that Eq. (10) with I =0 eV diverges at E, (e, ),
but the experimental data do not diverge (see Figs. 2—4).
As mentioned in our previous paper, such a divergence
can be successfully taken oF by introducing the damping
effect (see Fig. 2 of Ref. 22). In the limit I ~0 eV the
calculated e2 spectrum of Eq. (10) exactly agrees with
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that of Eq. (7). The damping eff'ect can also smear out
the E and E, structural features and, as a result, the op-
tical spectra become structureless which are typically ob-
served in amorphous semiconductors.

III. RESULTS AND DISCUSSION
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FICx. 1. Plots of (fico)e~ vs Ace for a-Si. The experimental
data are taken from Ref. 8. This plot gives a slope of
D' =10.8 and intercept Eg =1.8 eV (optical energy gap) on

the energy axis (see solid line). The dashed line is also the calcu-
lated result taking into account the damping effect (I =0.6 eV
and D =172).

A. Amorphous Si

We show in Fig. 1 the plots of (A'a~)@2~ versus photon
energy fico for a-Si [Eq. (3)]. The solid circles are the ex-
perimental data taken from Ref. 8 (solid circles). These
data were obtained from spectroscopic ellipsometry taken
on a low-pressure chemical-vapor-deposited sample on a
thermally oxidized c-Si wafer. We can obtain from this
figure the optical energy gap E = 1.8 eV and the strength
parameter D = 117 for a-Si (solid line).

The fits with our model to the experimental e(co) of a-
Si are shown in Fig. 2 (solid lines). The data are taken
from Ref. 8 (e„solid circles; e2, open circles). A single
broad peak found in the experimental e2(co) spectrum is
typical behavior of amorphous semiconductors. For c-Si,
the first-order allowed optical transitions are k-conserved
direct transitions, and therefore, the interband spectrum
reAects the joint density of states in specific parts of the
Brillouin zone [see Eq. (1)]. ' The prominent E, and
E2 structures in c-Si appear in the spectral region near
3.4 and 4.3 eV, respectively. The disappearance of such
structural features in a-Si is due to the breakdown of
crystal periodicity in the amorphous material. The ex-
perimental data of a-Si give a maximum value of ez-—30
near 3.7 eV. The dielectric function exhibiting the larg-
est e2 at its peak is most representative of a bulk sample
of completely coordinated amorphous material. The
value of ez-—30 has been shown to be an apparently limit-
ing peak value for a-Si, i.e., the corresponding spectrum
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FIG. 2. e(co) spectrum of a-Si (300 K). The experimental
data are taken from Ref. 8 (e&, closed circles; e&, open circles) ~

The solid lines are obtained from Eq. (10) with the following nu-
merical values: Eg =1.8 eV, E, =4.6 eV, D =117, and I =0
eV. The open triangle corresponds to the value of e(0),ff

(E ~oo ) [=11.7; see Eq. (1 la)] for c-Si. The dashed lines are
obtained from Eq. (10) with the following numerical values:
E = 1.8 eV, E, =4.6 eV, D = 172, and I =0.6 eV.

is thought to be the "intrinsic" dielectric properties of
dense a-Si. Similar values have also been obtained by
glow discharge, low-pressure chemical-vapor deposi-
tion, and multipole plasma-deposition techniques.

The solid lines in Fig. 2 are calculated from Eq. (10)
with the following numerical values: E = 1.8 eV;
E, =4.6 eV; D = 117; and I =0 eV. The cutoff energy E,
(=4.6 eV) has been chosen such that the zero-frequency
dielectric constant e(0)dr (E ~ca) is identical to that
for c-Si [e(0),a=11.7]. As evident from Eq. (lla), in-

creasing E, increases the value of e(0),~. The c-Si value
of e(0),s. is also plotted in the figure by the open triangle.
As mentioned in Sec. II, our model with I =0 eV pro-
vides a hard cutoff in the e2 spectrum at the E, edge.
Also, the model exhibits a divergence in the e, spectrum
at this energy. Our model, however, successfully explains
the experimental e(co) at low photon energies (i.e., below
3.7 eV for e2 and below 4.1 eV for e, ).

We can remove the disagreeable features at the E, re-
gion by taking account of the damping effect in the mod-
el. A comparison of our e model to the experimental
data is shown in Fig. 2 by the dashed lines. As discussed
in Sec. II, the damping effect can greatly change the spec-
tral features of e. To achieve a better fit, we must there-
fore use different D values than those used for the solid
lines (1 =0 eV). The dashed lines in Fig. 2 are the calcu-
lated results with I =0.6 eV and D=172. The corre-
sponding plot of (A'co)ez versus A'co is also shown in Fig.
1 by the dashed line.
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The damping energy I =0.6 eV derived here seemed to
be considerably larger than those of the interband transi-
tions in crystalline materials. ' ' ' ' The damping en-
ergy obtained in the crystalline semiconductors can be
successfully explained by a sum of two different contribu-
tions: I ( T) = I o+ I =( T), where I o is independent of the
temperature T, arising mainly from crystalline imperfec-
tions, and I -( T) is a contribution through emission and
absorption of lattice vibrations (phonons) of average fre-
quency =, proportional to [exp(:-/T) —1] '. ' This
expression ensures that the higher the temperature, the
larger is the I" value. Amorphous material preserves the
short-range order of the crystal (in this case the
tetrahedral coordination), but does not preserve the
long-range order. It is, therefore, natural to consider that
the large I" value required in the a-Si analysis is due to
the e6'ects of long-range disorder (and short-range de-
fects) in this material. If the main damping mechanism is
due to such structural defects, its energy value may not
be dependent on the temperature, and therefore, one
would predict no significant temperature dependence of
the e(co) spectra in amorphous materials.

Introducing the damping eft'ect into the model (dashed
lines), we can achieve a reasonable fit with the experiment
in the high-energy region ()3.5 eV). On the contrary,
however, the fit becomes poorer than that with I =0 eV
in the low-energy region. In our model, the strength pa-
rameter D is taken to be constant over energies of pair
states between the conduction and valence bands. This
assumption is usually made in the theory of the optical
properties of crystals. If we assume that D is a proper
function of energy, the fit will be greatly improved. How-
ever, to check the validity of this energy dependence, we
will require an exact electronic energy-band structure of
the amorphous material, which is still an open question.

B. Amorphous Ge

The fits with our model to the experimental e(co) of a-
Ge are shown in Fig. 3. The solid lines are calculated
from Eq. (10) with I =0 eV. The data of Connell, Tem-
kin, and Paul' on sputtered a-Ge for nearly ideal, void-
free material have been quoted (e„solid circles; ez, open
circles). This corresponds to a maximum value of e2-—23,
centered at -2.9 eV. Similar results have also been ob-
tained by Theye on evaporated a-Ge.

The plots of (A'co)ez versus fico gave the energy gap
E =0.85 eV and the strength parameter D =50 for this
material. The zero frequency e(0),a for c-Ge is 16 when
E ~~. This value is also plotted in the figure by the
open triangle. The cutoff energy of E, =4. 1 eV provides
the value of e, =16 (fico=0 eV), which is the same as the
zero-frequency value of c-Ge [i.e., e(0),ir (E —+ ~ ) ]. The
solid lines in Fig. 3 are calculated with these numerical
values (i.e., E =0.85 eV, E, =4. 1 eV, D =50, and I =0
eV). Like in the case of a-Si, the model gives a good fit
with the experimental data at low photon energies (i.e.,
below 2.6 eV for ez and below 3.3 eV for e&).

The dashed lines in Fig. 3 are the calculated results of
our model with I WO eV. The numerical parameters are
the same as those used for the solid lines (I =0 eV), ex-
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cept D (=81) and I (=0.9 eV). By considering the
damping effect, we can remove the nonphysical, singular
features at the E, region in both the ez and e, spectra.

C. Amorphous GaAs

Comparisons of our model to the experimental e(co)
spectra for a-GaAs are shown in Fig. 4. The solid and
dashed lines are calculated with I =0 and 0.9 eV, respec-
tively. The experimental data are taken from Ref. 9.
These data correspond to implantation-amorphized
GaAs produced by high-fluency (1 X 10' cm 2) high-
energy (270 keV) As+ bombardment. It is well known
that an energetic ion leaves a trail of defects and disloca-
tions in an otherwise perfect crystal. At suKciently
high-ion Auencies, the damage tracks and the solid be-
come indistinguishable from amorphous material
prepared in other ways. ' '

The plots of (fico)ez versus fico gave the optical energy
gap Eg =0.8 eV and the strength parameter D =29 for
this material. The e(0),s for c-GaAs is 13.2 when
E ~~. This value is also plotted in Fig. 4 by the open
triangle. The cutoff energy of E, =5. 1 eV provides the
value of e&=13.2 (fico=0 eV) which is the same as the
zero-frequency value of c-GaAs [i.e., e(0),s. (E ~~)].
The solid lines in Fig. 4 are calculated with these parame-
ters (i.e., E =0.8 eV, E, =5. 1 eV, D =29, and I =0 eV).
The dashed lines are also obtained with these values, ex-
cept D (=44) and I (=0.9 eV).

As in the case of a-Si and a-Ge, our model with I =0

FIG. 3. e(co) spectrum of a-Ge (300 K). The experimental
data are taken from Ref. 1 (e&, solid circles; e2, open circles).
The solid lines are obtained from Eq. (10) with the following nu-

merical values: Eg=0. 85 eV, E, =4. 1 eV, D =50, and I =0
eV. The open triangle corresponds to the value of e(0),ff

(E ~~) [=16; see Eq. (lla)] for c-Ge. The dashed lines are
obtained from Eq. (10) with the following numerical values:

Eg =0.85 eV, E, =4. 1 eV, D =81, and I =0.9 eV.
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spectra of various crystalline substances. The e2 spectra
of As+-implanted GaAs showed that one of the main
features induced by ion implantation is a gradual smear-
ing out of the E& and E2 structures by damage clusters.
The peak value of ez, which is related to the intensity of
interband absorption, drastically falls with increasing
damage. The E2 peak finally disappears for high doses.
We were, however, not able to explain why the E, energy
has nearly the same value as the E2 energy gap.

IV. CONCLUSIONS

I I I

2 3 4
(eV}

FIG. 4. e(co) spectrum of a-GaAs (300 K). The experimental
data are taken from Ref. 9 (e&, solid circles; e2, open circles) ~

The solid lines are obtained from Eq. (10) with the following nu-
merical values: Eg =0.8 eV, E, =S.1 eV, D =29, and 1 =0 eV.
The open triangle corresponds to the value of e(0),& (E —+ ~ )

[=13.2; see Eq. (11a)] for c-Ge. The dashed lines are obtained
from Eq. (10) with the following numerical values: E~ =0.8 eV,
E, =5. 1 eV, D =44, and I =0.9 eV.

eV can explain the spectral dependence of e in the low-
energy region (solid lines). The model with I =0.9 eV
(and D =44) improves the fit at the E, region, resulting
in reasonable agreement with the experiment over the en-
tire range of photon energies (dashed lines).

The cutoff energies (E, ) obtained in the present study
are 4.6 eV (a-Si), 4. 1 eV (a-Ge), and 5.1 eV (a-GaAs).
These energies are found to be nearly the same as the E2
transition energies in the crystalline substances
[Ez =4.27 eV (c-Si), 4.35 eV (c-Ge), and 4.7 eV (c-GaAs) j.
It is well known that the E2 peaks dominate in the e2

We have presented a method for the calculations of the
real (e, ) and imaginary (ez) parts of the dielectric func-
tion of amorphous semiconductors. The model is based
on the Kramers-Kronig transformation and assumes that
the e2(co) spectrum yields a continuous absorption obey-
ing the power law (A'co) ~(A'co E) and—a steep high-
energy end at the cutofF' energy E, . The transition
strength parameter is also taken to be constant over ener-
gies of pair states between the conduction and valence
bands. The corresponding e&(co) spectrum shows a weak
structure at the optical energy gap Eg and a strong nega-
tive peak at the E, edge. Introducing the damping efFect
into the model, the calculated spectra resemble those typ-
ically observed in amorphous materials. Detailed analy-
ses are presented for a-Si, a-Ge, and a-GaAs, and the re-
sults obtained are in reasonable agreement with the ex-
perimental data over the entire range of photon energies
(1.5—6.0 eV). If one assumes that the strength parameter
is a proper function of energy, the fit can be further im-
proved. Dielectric-related optical constants, such as the
refractive indices and the absorption coefficients, are easy
to obtain from the present study in analytical functional
forms.
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