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The phonon dispersion of the high-temperature bcc phase of Zr has been measured at several
temperatures. The longitudinal L ~(1, 1, 1) mode and the transverse T, —'(1, 1,0) mode with [110]
polarization are of very low energy (i.e., of large amplitude) and overdamped. These phonons
achieve the displacements necessary for two martensitic phase transitions. The L —,(1,1, 1) phonon

displaces the lattice toward the high-pressure co phase and the T& —'(1, 1,0) phonon shifts the bcc
planes into the stacking sequence of the low-temperature hcp phase. These Auctuations are inter-
preted as dynamical precursors of the low-symmetry phases within the bcc phase. Elastic precur-
sors or central peaks were not found in pure bcc Zr. Furthermore, it is shown that the bcc phase is
stabilized mainly by the excess vibrational entropy due to the low-energy phonons.

I. INTRODUCTION

This work, which belongs to a series of papers report-
ing the phonon dispersion of the bcc, or P, phase of the
three group-IV metals, discusses measurements on pure
I3-zirconium. The papers dealing with P-Ti (Refs. 1 and
2) and P-Hf (Ref. 3) are referred to as I and III, respec-
tively. The dispersions of these metals are of particular
interest for an understanding of the anomalous self-
diffusion and an understanding of the dynamics of the
phase transitions: The high-temperature bcc structure of
Ti, Zr, and Hf transforms martensitically to the low-
temperature hcp a phase and to the high-pressure hexag-
onal m phase.

Experimental studies of the reasons for the martensitic
phase transitions (MT) in P-Zr are interesting, because
many theoretical investigations refer explicitly to this ele-
ment as a model system for low-frequency phonons act-
ing as precursor for first-order phase transitions. Ye

et al. studied the stability of the high-temperature bcc
phase by frozen-phonon calculations, taking into account
anharmonicity to fourth order. Lindgkrd and Mour-
itsen' '" considered a Landau free-energy expansion for
Zr in terms of two fluctuating strains and construct a
magnetic-analog model for martensitic phase transitions.
Dmitriev et al. ' generalized and extended this expan-
sion to include the P-to-co transition. Krumhansl and
Gooding' showed that small changes in some low-
frequency phonon modes which do not necessarily need
to completely soften drive the martensitic transition
(MT). Molecular-dynamics simulations performed on Zr
(Ref. 14) and frozen-phonon calculations revealed the
importance of the vibrational and formation entropy in
stabilizing the bcc structure at high temperature. All
these investigations predict precursor effects in terms of
low-frequency phonons distributed over a wide range of
energy, whose frequencies decrease as the phase transi-
tion is approached. Furthermore, they indicate that, at
the expense of decreasing phonon energies, elastic intensi-
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ty or a central peak should develop at the same location
in reciprocal space, due to the formation of local clusters
of the new phase. This elastic intensity should drastically
increase as the transition temperature To is approached.

Although the phonon dispersion of pure bcc Zr has al-
ready been measured at 1150'C by Stassis et aI. ' ' no
further details on anharmonicity effects, such as
temperature-dependent or broadened phonon branches,
are available. Here we report on a study of the tempera-
ture dependence of the phonon dispersion in P-Zr over
the whole range of existence of the bcc phase
(862 C & T & 1852'C). After a presentation of experi-
mental details (Sec. II), it will be shown that phonons in
P-Zr are indeed strongly anharmonic (Sec. III). Section
IV reveals the nonexistence of elastic precursors of the
MT's and in Sec. V the results of Born —von Karman cal-
culations and related quantities are presented. It is
shown that the high-temperature bcc phase is stabilized
mainly by the low-energy phonons.

II. EXPERIMENTAL DETAILS

High-purity iodine-grade Zr bars (three different lots
supplied by Teledyne Wah Chang, Albany, USA) were
used as starting materials for sample preparation. The
chemical analysis on gaseous and metallic impurities
given by the supplier showed no noticeable differences be-
tween the different lots. The results on lot No. 3 are (in
wt. ppm): [Al] & 1, [B]0.25, [C] & 30, [Cd] & 0.25,
[Co] & 10, [Cr] & 50, [Cu] & 10, [Fe]148, [H]8, [Hf]53,
[Mn] &25, [Mo] & 10, [N] & 5, [Nb] & 50, [Ni] & 35,
[P] &4, [Pb] &25, [Si]25, [Sn] &10, [Ta] &50, [Ti] &25,
[U] & 1, [V] & 25, and [W] & 25. The additional analysis of
the oxygen and nitrogen content performed by the Bun-
desanstalt fur Material Prufung, Berlin, using the hot-
extraction method yielded 31(5) and 4(1) wt. ppm, respec-
tively.

To avoid contamination by gaseous impurities, rods
100 mm in length and 10 mm in diameter were machined
out of the raw material without undergoing any melting
process. These rods were used for single-crystal growth.
To overcome the experimental problem related to the
MT at To =862'C, which destroys any bcc single crystal
into different hcp grains upon cooling, a combined
crystal-growth and measuring furnace' ' designed for
neutron-scattering experiments was used. One of the
essential ideas of this furnace is the crucible-free growth
of single crystals. Samples were fixed by a cooled screw
made of Mo at the top and bottom of sample rods. Crys-
tals were grown under high vacuum by zone melting in
situ on the neutron spectrometer and were permanently
kept above To. This approach is different from the
method used by Stassis et al. ,

' ' in which bcc single
crystals were obtained by frequent cycling of an original
hcp single crystal through the P-to-a transition. During
our growth process, the approximately 2-mm-high mol-
ten zone was observed through a stereographic micro-
scope. The melt was moved upwards through the sample
rod using a speed of -30 mm/h, thereby growing a sin-

gle crystal of roughly 50 mm in length. After the end of
the growth process, the temperature of the sample was
maintained well above the transition temperature. This
was achieved by switching on an alternating current pass-
ing through the sample and a slow increase of it, whereby
the high-frequency power was gradually reduced. To
minimize the adsorption of gaseous impurities, crystal
rods were never used twice. Analysis on gaseous impuri-
ties of one typical Zr sample after five days of experi-
ments at high temperatures yielded oxygen and nitrogen
concentrations of 710(60) and 12(3) wt. ppm, respectively.

The single crystals so obtained were then orientated on
the three-axis spectrometer. Rocking curves indicated a
typical width of the (110) refiection of 0.25' which rough-
ly corresponds to the spectrometer resolution.

All experiments were performed on the thermal-
neutron three-axis spectrometer IN8 at the high-Aux
reactor of the Institut Max von Laue —Paul Langevin.
The conditions were very similar to those used for the
study of P-Ti described in I. For the definition of the
scattering plane in reciprocal-lattice units (r.l.u. ), our own
high-precision-measurement values of the lattice parame-
ter, ' a(T)=3.574(3) +[3.37(27)]X10 T(K) A was
used.

III. PHONON DISPERSION OF P-Zr
AT VARIQUS TEMPERATURES

Some results of phonons in I3-Zr, which are related to
the P-to-a and f3 to co transit-ion-, have been reported ear-
lier in a short communication. ' These results have been
included in the following analysis.

All phonons measured either in constant-(A'co ) or
constant-q mode are given in Tables I and II. The er-
rors account for the statistical errors as calculated by
fitting the spectra by Gaussian or damped-oscillator func-
tions. Systematic errors, as they become evident when
the same phonon is measured on different crystals or in
different Brillouin zones but otherwise under similar con-
ditions, are not included. Only at low q do the systematic
errors exceed the statistical errors.

Figures 1 to 3 show the phonon dispersion of P-Zr
measured at temperatures at 915'C, 1210 C, and 1610'C.
The dispersion of /3-Zr resembles very much that of P-Ti.
The general decrease of the frequencies in P-Zr in com-
parison to P-Ti follows the homology rule
coz. /coT =(mT /mz. ) (aT /az. ) Comparing to the
phonon dispersion of group-V and -VI metals, several
anomalies become evident. (1) The L [gg] phonon
branch has an extreme dip at g= —', . (2) For large g, the
transverse [g'0] phonon branch (T&) with [110]polariza-
tion is of unusual low energy. These two results have al-
ready been reported by Stassis et aI. ' '

Additionally the present measurements reveal that (3)
the intensity of the L —,(1, 1, 1) phonon mode is distribut-
ed down to zero energy transfer, (4) the T, [g'0] phonon
branch shows an anomalous temperature dependence and
(5) the L —', (1,1, 1) and the T, —,'(1, 1,0) phonons are con-
nected via a band of low energy and strongly damped
phonons along [g g 2$].
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TABLE I. Phonons in bcc Zr measured at various temperatures and fitted with a Gaussian line
shape.

0.066(2)
0.089(2)
0.198(6)
0.300
0.432(4)
0.485(3)
0.538(2)
0.564{3)
0.607( 13}
0.629(2)
0.638(2)
0.643(1)
0.654(2)
0.727(5)
0.72{3 }
0.732(4)
0.756(3)
0.807(3 }
0.925
1.000

915 C

6.0
8.0

17.0
19.8{2)
17.0
15.0
12.0
10.5
9.0
7.5
6.0
3.0
0.0
7.5
9.0

10.5
15.0
15.0
19.2(2)
19.8(2 }

0.037(6)
0.050(7)
0.065(2}
0.084{3)
0.093(3)
0.125(3)
0.159(4)
0.201(5)
0.300
0.436(3)
0.475(3)
0.511(2}
0.533(4)
0.569(2)
0.608(5)
0.592(6)
0.639(2)
0.644(2)
0.643(2)
0.648(2)
0.689(6)
0.726( 5)
0.730( 8)
0.753(7)
0.774(2)
0.827(3)
1.000

L [44'4']
1210'C

%co (rneV}

4.0
5.0
6.0
8.0
9.0

12.0
15.0
17.0
19.3(3)
17.0
15.0
13.5
12.0
10.5
9.0
7.5
6.0
4.5
3.0
0.0
7.5

10.50
9.0

12.0
13.5
15.0
19.04( 15 )

0.045(7)
0.083(4)
0.117(3)
0.162(7)
0.300
0.454(3)
0.478(5)
0.544(6)
0.602(24)
0.627(9)
0.662(9)
0.639(2)
0.645(3)
0.654(2)
0.723(27)
0.757(7)
0.804(7)
0.900
1.000

1610'C

6.0
8.0

11.0
14.0
18~ 57(15)
17.0
15.0
12.0
9.0
7.5
7.5
6.0
3.0
0.0
9.

12.0
15.0
17.8(3)
18.9(3}

0.059( 1)
0.131(1)
0.194(2)
0.305(6)
0.437( 10)
0.54(20)
0.57(10)
0.80
0.90

915 C
%co (meV)

2.0
4.0
6.0
9.0

12.0
15.0
16.0
18.7(5)
20.3(4)

0.056(1)
0.127(1)
0.195(2)
0.308(9)
0.402(9)
0.513(9)
0.60(3)
0.80
0.90

T [gg]
1210'C

%co {meV)

2.0
4.0
6.0
9.0

12.0
15.0
16.0
18.6(3 }

19.3(7)

0.132(1)
0.194(2)
0.298(5)
0.397(7)
0.53(2)
0.53(1)
0.80
0.90

1610'C

4.0
6.0
9.0

12.0
15.0
16.0
18.8(3 }
17.4( 1.2 }

T, [g'0]
915 C

%co (meV)
1210 C

fico (meV)

L [00$]
1150'C

A'co (meV) %co (meV)

0.10
0.20
0.25
0.30
0.276(6)

0.028{1)
0.058(1)
0.090(1)

6.9(2)
8.3(3)
9.2(3)

10.0

915 C
A'co (meV)

2.0
4.0
6.0

1.67( 10)
6.9(2)
8.3(3)
9.1(3)

0.029( 1)
0.067(1)
0.098(2)

0.106( 1)
0.40(1)
0.80

L [N0]
1210 C

%co (meV)

3.00
4.50
6.00

5.0
14.0
19.84(7)

0.22(3)
0.304(2)
0.53(7)
0.67(9)

1150 C

0.059( 1)
0.105{1)
0.153( 1)

5.0
8.0

14.0
17.50

%co (meV}

4.0
7.0

10.0
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TABLE I. (Continued).

0.113(1)
0.134(1)
0.159(1)
0.185(1}
0.121(1)
0.242(2)
0.30
0.40
0.50

915 C
Rm (meV)

7.5
9.0

10.5
12.0
13.5
15.0
17.0(1)
19.0(2)
19.5(2)

0.114(1)
0.138(9)
0.187( 1)
0.244(2)

L [g'0]
1210 C

Ac@ (meV)

7.50
9.00

12.00
15.0

0.204(1)
0.245(1)
0.299(2)
0.40
0.50

1150'C
A~ (meV)

13.0
15.0
17.0
18.3(3)
18.9(4)

0.036(1)
0.071( 1)
0.121(1)
0.155{2)
0.200
0.250
0.330
0.38(8)
0.450
0.500

A~ (meV)

5.0
9.0

14.0
17.0
18.94( 15 )

19.1(2)
17.0(3)
17.0
15.0(3)
14.0(5)

960'C

0.096( 1)
0.171(1)
0.230{2)
0.291(3)
0.337(4)
0.400

T2
Ace (meV)

5.0
9.0

12.0
15.0
17.0
17.5{2)

TABLE II. Phonons in bcc Zr measured at various temperatures and fitted with a damped oscillator including convolution with
the instrumental resolution.

895 'C 960'C
%co (meV) I (meV) fico (meV) 1 (meV)

T, [110]
1150'C

a~ (meV)
1295'C 1610'C

I (meV) fi~ (meV) I (meV) Ace (meV) I (meV)

0.10 1.58(8)
0.15
0.20 3.07( 12)
0.25
0.30 4.10( 12)
0.35 4.42(13)
0.40 4.76( 10)
0.45 4.45(13)
0.50 4.48{11)

Oa

1.0(1)

2.0(1)
2.6(2)
3.3(2)
3.2(3)
3.8{3)

1.67( 10) 0.2'

4.62( 10)
5.01(12)
4.90{11)

3.4(2)
3.8(3)
3.9(3)

0.05
0.10
0.15
0.20
0.25
0.30
0.33
0.40
0.45
0.50

3.09( 10) 1.0(1)
3.72( 10) 1.53(6)
4.16( 10) 2.22(9)

1.77(10)
2.64(10)
3.37{8)
3.96(10)
4.51(12)
4.95( 11)
5.10(10)
5.42(10)
5.42{10)

T, [gg2$] 960'C
r~ (meV)

1.99{8)
3.40( 15)
5.10( 15}
6.13(15)
6.68(12)
6.59(14)
7.50(50)
6.58(12)
5.81(11)
4.95(12)

0.1'
0'
1.12(3)
1.61(6)
2.32(8)
2.9(1)
3.3(2)
4.2(2)
4.3(2)

I (me V)

Oa

0.1'
0'
3.6(3)
5.9(3)
6.7(4)
9.9(5)
6.4(3)
5.5(3)
4.6{3)

3.42(10}
4.07(10)
4.61(12)
5.10{11)
5.37( 11)
5.80( 12)
5.77{12)

1.10(3)
1.54(4)
2.20(5)
3.02(1)
3.4{2)
4.0(2)
4.1{2)

180(10) 0 2.75{12) a

6.63(20)
6.88{20)
6.91(20)

3.1(5)
3.7(6)
4.2{4)

4.94( 12) 3.7(4)

5.72(21) 3.3(7)

'At small q focussing e6'ects become dominant and the intensity is no longer distributed symmetrically in energy loss and gain.
Gaussian Ats were used and I indicates the broadening with respect to the measured resolution.
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(a)

bcc ~ 15Q meV

3.5 meV

eV

1000-

0
O

500-

I-
Z
O Q~-

Q3 0.5 0.7 0.9
q

(b)

1500-

OI-
z—1000-
O

oscillator, because for such a system the damping is pro-
portional to the inverse mass.

In I, we have already argued that the L —', (1,1, 1) pho-
non has the only wave vector which moves [111]chains
against each other without altering the nearest-neighbor
distance within a given [111]chain (see Fig. 5 in I ). The
corresponding phonon frequency is due to weak restoring
forces between the chains. All other modes with [g'g]
propagation will change the nearest-neighbor distance of
the atoms along the chains (for which stronger restoring
forces are expected) and this gives rise to higher phonon
energies. This purely geometrical argument is valid for
all bcc metals and in order to differentiat between vari-
ous elements the specific electronic configurations have to
be considered.

The attractive point for the experimentalist is that
band-structure calculations exist for the specific case of
bcc Zr. A b initio calculations by Ho et al. ' show that

in bcc Zr the valence-charge density is concentrated in d
bonds which run in chains along [111]direction with very
little interaction between neighboring chains, i.e., the
valence charge is highly localized along these [111]
chains. As mentioned above, the L —', ( 1, 1, 1 ) phonon is
the only one which leaves the [111]chains undisturbed,
i.e., does not compress or stretch the highly localized d
bonds. The validity of these considerations is underlined
by results from similar calculations for bcc Mo.
Here, the d bonds entangle the [111]chains and oppose
the shearing motion between neighboring [111] chains.
Therefore the L —', (1, 1, 1) phonon is not expected to have
a particularly low frequency, perfectly agreeing with the
experimentally determined phonon dispersion of Mo. Ho
et al. used the so-called frozen-phonon technique and
calculated the change in total energy of the crystals as the
atoms are moved according to the displacement pattern
of the L —,'(1, 1, 1) phonon in bcc Zr. For small displace-
ments, they obtain the phonon frequency for bcc Zr
within a harmonic approximation at 0 K. For large dis-
placements, these calculations reveal the instability of the
bcc structure towards the hexagonal ~ structure at 0 K.

The pronounced dip of the L [gg] phonon branch at
g= —,

' is also obtained by molecular-dynamics simulations
of Willaime and Massobrio. ' These calculations are
based on a simple tight-binding potential which repro-
duces the phonon dispersion of hcp Q.-Zr.

Table III compares the theoretical estimates of both
groups with the measured phonon frequencies in bcc Zr.
In view of the required precision for such total energy
calculations, the agreement is surprisingly good.

Figure 4(b) shows that the ~o phonon does not change
significantly (beyond intensity changes due to the Debye-
Waller factor) over the whole temperature range of the
bcc phase at ambient pressure. This demonstrates that
the co phonon manifest an intrinsic weakness of the bcc
structure of Zr for displacements towards the ~ phase.
The anharmonicity of these Auctuations is underlined by
its strong damping in time. Independently from our ex-
perimental observations, theoretical calculations show
the importance of anharmonicity to stabilize the bcc
structure at high temperatures.

0-3 0 5 10
ENERGY TRANSFER (meV)

15

FICx. 4. (a) Constant %co scans in bcc Zr with q~~[gg] for
difFerent energy transfers. For Ace=0, the measured incoherent
scattering has been subtracted. Fits with one or two lines of
Gaussian shape of nearly constant width are shown. In this and
all following figures the counts have been normalized to the in-
coming Aux (monitor rate =1000). (b) Uncorrected constant-q
scans in bcc Zr at Q=1.35(1,1, 1). The shaded area indicates
the elastic incoherent scattering. Fits with a damped oscillator
including the convolution with the instrumental resolution are
shown. The PG(002) monochromator, 50'-20'-20'-20' collima-
tion, a PG(002) analyzer and constant kF =2.662 A ' have been
used.

B. Transverse phonons with [g'0]
propagation and [110]polarization

As discussed in I, the 11-to-a transformation can be
achieved by the superposition of two phonons. The
zone-boundary transverse phonon T, —,'(1, 1,0) at the N
point with a displacement by a V'2/12 of neighboring
(110) planes in opposite [110] directions produces the
hcp stacking sequence. Two equivalent long-wavelength
shears —for instance, (112)[111] and (112)[111]—
squeeze the bcc octahedron into a regular hcp one, there-
by changing the angle from 109.5 to 120'.

Figure 5 shows phonon groups of the T& [g'0] branch
in /3-Zr measured in constant-q mode. Evidently the pho-
non groups are very broad, the broadening increases with
increasing g. Similar to the co phonon, the appropriate
line shape is given by a damped oscillator. The T&[g'0]
phonon branch was measured at various temperatures. A
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TABLE III. Comparison of measured and calculated phonon energies in meV for bcc Zr at selected
points in reciprocal space.

L 2(1, 1, 1) N T2 N L

This work
Measurement temperature T ('C)
Harmonic calculations

Anharmonic calculations

7.5(5)
960

79'
9.0

19.8(3)
915

4.48( 11)
895
unstable'
unstable

4.1

4.6'

14.0(5)
960

14 9'
i5.0b

i6.i'

19.5(2)
960

233
211

'Frozen phonon at 0 K, Ref. 22.
"Molecular dynamics at 0 K, Ref. 14.
'Frozen phonon at 0 K, Ref. 25.
Frozen phonon including anharmonicity at 1400 K, Ref. 9.

'Molecular dynamics at 1188 K, Ref. 14.
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FIG' 5. Phonon spectra of the T, [g'0] branch in bcc Zr at
1150 C. The PG(002) monochromator 50'-20'-20'-20' collima-

O

tion, a PCx(002) analyzer and constant kF=2. 662 A were used.
The solid line shows fits with a damped oscillator, convoluted
with the measured resolution. The peak at fico=0 stems from
the incoherent elastic scattering. Note that also in this branch
inelastic intensity can be found down to zero energy transfer.

summary of the results is shown in Fig. 6 and is given in
Table II. The damping I is on the order of %coo for all q.
As a result, the channel with highest count rate no longer
coincides with the center frequency. In contrast to the
L —', (1, 1, 1) phonon, this low-energy branch shows a
strongly temperature-dependent center frequency. The
phonon energy decreases with decreasing temperature
but stays finite at To. Its temperature dependence has
been fitted by a straight line, yielding a slope of 0.34(4)
meV/(100 K). The phonon width or damping I is the
largest at the BZ boundary and is almost independent of
temperature.

Frozen-phonon calculations have also been performed
for the longitudinal and transverse N-point phonon fre-
quencies in bcc Zr. Values are listed in Table III and
are in agreement with our measurements. For the MT,
the behavior of the T& N-point phonon is important be-
cause it shufHes neighboring (110) planes in a hcp stack-
ing sequence. In the harmonic approximation and at 0
K, the bcc lattice is completely unstable against such dis-
placements and only imaginary frequencies are found.
However, by including anharmonic e8'ects such as non-
quadratic terms in the total-energy —versus —displace-
ments plots and phonon-phonon coupling at elevated
temperatures, a finite T& N-point phonon frequency of 4.1

meV at 1400 K is found. This frequency is lowest but
nonzero at the phase transition and increases with in-
creasing temperature. The calculations predict a slope of
0.8 meV/(100 K). Both the inverse temperature depen-
dence and this slope for the T& N-point phonon were
verified by us experimentally [Fig. 6(c)].

The anharrnonic character of the stabilization of the
bcc phase with respect to the close-packed hcp structure
is confirmed by molecular-dynamic simulations for bcc
Zr (Ref. 14) and a T, X-point phonon frequency of 4.6
meV is found above To.

Recent thermodynamic approaches' ""which use an
expansion of the free energy in terms of the dynamical
displacements have suggested that a small softening of
the relevant low-energy phonon is sufficient to produce a
lower minimum of the free energy to obtain the low-
temperature phase. The order parameter in the expan-
sion of the free energy is related to the average atomic
displacements of the low-energy phonons which are asso-
ciated with the transition mechanism. As argued by
Dmitriev et al. , ' the order parameter for the P-to-co
transition is a periodic function of the large amplitude of
the co phonon. In the case of the P-to-a transition, a cou-
pling between the displacements of the T~ N point pho-
non and a long-wavelength shear mode has to be con-
sidered. This will be discussed in more detail in the next
section.

Whereas a good theoretical understanding of the
reason for the low energy of the T& N-point phonon is ob-
tained, there exists no microscopic understanding for its



43 PHONON DISPERSION OF THE bcc PHASE OF GROUP-IV METALS. II. . . . 10 955

(a) bcc 2r (b)
g-(1 g,i-(,O)

(c)
8-

E
6

v

4-
(3
CC
LLI

~f
~ 895 C

+ 960'C
@1150 C

& 1295 'C

~ 1610 C

u 4I) 3l

g t 3IP &,
"

)
E

3
40-

(3
LU

~ 2-
~ ~

F =0.1

Q
0.4 0.2 0 Q4

I

0.2
I

0
I

900
I I I I l I

1100 1300 1500
TEMPERATURE ('C)

FIG. 6. Temperature dependence of the T, [g'0] phonon branch in bcc Zr. The results of fits with a damped oscillator with (a) the
center energy Sicko and (b) the damping I are shown. (c) shows the temperature dependence of the T, [g'0] phonon branch at )=0.1

(initial slope) and at /=0. 5. The temperature dependence of the T, —(1,1,0) phonon has been fitted by a straight line with a slope of
0.34(4) meV/(100 K).

strong damping. The thermodynamic considera-
tions' "" propose a model for a continuous freezing of
the large-amplitude phonons as the phase-transition tem-
perature is approached. It is supposed that this freezing
gets increasingly more important, as To is approached.
The experimental results do not confirm this picture: (1)
The damping of the Tj N-point phonon, which is ob-
served over the whole temperature range of the bcc
phase, is nearly independent of temperature. (2) The
freezing should manifest itself in an elastic central peak,
which is not observed (see also Sec. IV). Both items (1)
and (2) point out rather that the large damping is intrin-
sic to the open structure of bcc Zr and the phase transi-
tion is not directly related to the damping.

C. Relation between the I. 3 ( 1, 1, 1 )

and the T$ z(1, 1,0) phonon

In I, it was argued that the displacements of the L
—,'(1, 1, 1) phonon and of the T, N-point phonon are, re-
spectively, identical to the transverse Ti —,'(1, 1,2) and the
T, —,'(1, 1,2) phonon. Furthermore, it could be shown
that the displacements of the long-wavelength phonon of
the Ti [gg2g] phonon branch is very close to those of
the [111](112)shear. This means that al/phonons which
achieve the displacements necessary for the two MT's lie in
the same phonon branch with [gg2g] propagation and
transverse polarization Because th. e L —,'(1, 1, 1) and the
T, —,'(1, 1,0) phonons are of low energy and are over-
damped, it is concluded that they are connected via a
band of low energy and strongly damped phonons along
the [g g 2g] direction.

Whereas we were not able to measure the T, [gg2g]
phonon branch in p-Ti (see I ), we could study this
branch in p-Zr. Figure 7 shows phonon groups with
[g'g2g] propagation at 960'C. They are compared to

those of the Ti [g'0] phonon branch. Obviously, for the
whole [g g 2g] branch, phonon intensities reach down to
zero energy transfer. The elastic scattering at Ace=0,
which originates from incoherent and background
scattering, represents only a fraction of the intensity of
the phonon scattering. Again, all spectra can well be de-
scribed by a damped oscillator convoluted with the in-
strumental resolution. The deconvoluted phonon width
or damping I is compiled in Table II.

The two phonons which are directly related to the
phase transitions are connected by a valley of low energy
and strongly damped phonons along [g g 2g]. These pho-
nons are located on the surface of the BZ zone (see Fig.
10 of I ). Contrary to long-wavelength shear modes,
these large-q modes produce a maximum displacement of
neighboring planes, i.e., they are best suited to shufBe bcc
planes towards the stacking sequence of the low-

symmetry phases. In the single-oscillator approximation,
the amplitude uo of a vibration is given by

j/2
2k~ T

The phonon energies %co are of the order of 4.5 meV, cor-
responding to displacements of about 0.7 A. This is com-
parable to or even larger than the displacements needed
for the actual phase transition. This suggests that this
approximation is an oversimplification.

Because these phonons are overdamped, i.e., they have
lifetimes on the order of one vibrational period, it is ap-
propriate to speak of dynamical fluctuations. In real
space, these large-amplitude fluctuations correspond to a
continuous set of displacements which range from (110)
planes shuffled into the hcp stacking sequence to (111)
planes shufBed into the co stacking sequence. Out of this
bath of fluctuations only the displacements corresponding
to the L —', (1,1, 1) or to the T, —,'(1, 1,0) phonon —the
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latter one coupled to the I 112](111) long-wavelength
shear —lock in at the transition.

IV. DEFECT-DRIVEN CONDENSATION
OF LOW-ENERGY AND OVERDAMPED MODES

In view of the picture presented above of a locking in
of large-amplitude fluctuations at the phase transitions, it
is interesting to look for elastic precursors or central-
peak phenomena which would precede the phase transi-
tion. Thermodynamic calculations' "" discuss precur-
sor eftects in terms of local fIluctuations into the low-
symmetry phase. These metastable domains or embryos
should have relatively long lifetime and therefore should
appear in a neutron-scattering experiment with limited
energy resolution as "elastic intensity. "

Neutron-scattering experiments on metal alloys have
revealed such elastic precursors with drastically increas-
ing intensities as the MT is approached. Their location
in q space is determined by the wave vector, related to
the displacements necessary to effect the phase transition.

Careful corrections for contributions due to elastic in-
coherent scattering and to overdamped phonons enable
us to investigate whether "truly" elastic scattering ap-
pears. The Anal result is that, in pure bcc Zr, there is no
additional diffuse elastic scattering around the co or X
point, nor at temperatures close to To.

This marked difference in the behavior of our pure
samples with respect to alloys provokes the following
question: Is the central peak a phenomenon generic for a
martensitic phase transition? Or, turning the question
around, to which extent is the condensation of a soft pho-
non into a central peak driven by point defects? In order
to answer these questions, we alloyed bcc Zr with gaseous
as well as metallic impurities, such as 0, Nb, or Co, and
performed extensive phonon measurements similar to
those on the pure bcc Zr crystals.

First, pure bcc Zr crystals have been exposed to a con-
stant air leak. This contamination of the samples with
oxygen and nitrogen manifested itself in some puzzling
observations. (1) As the temperature was lowered to-
wards the bcc- to hcp-phase transition To, the intensity
of the bcc Bragg refIexions decreased, in contradiction to
a Debye-Wailer-factor dependence. (2) High-resolution
scans around the (110) Bragg peak showed that this
reAection was split, i.e., an additional peak at
@=0.98(1,1,0) was observed [see Fig. 8(a)]. The intensi-
ty of this satellite increased exponentially with decreasing
temperature. (3) Another, extremely temperature-
dependent reAection appeared close to the m point at
Q=1.28(1, 1, 1) [Fig. 8(b)]. This reflection had already
been found during an earlier neutron-scattering investiga-
tion on bcc Zr (Ref. 15) and a possible relation to the
high contamination of 0 in the samples (1.3 and 0.29
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FIG. 7. Spectra of the T~ [gg2g] phonon branch and of the T, [g'0] phonon branch in bcc Zr measured in the (110) and (001)
plane, respectively. For the T& [g(2$] phonon branch, a Cu(111) monochromator, 50'-40'-40'-40' collimation and k„=4.1 A ' was

used. The conditions for the T& [g'0] phonon branch are identical to those shown in Fig. 5. The elastic peak at /=0. 5 is due to A, /2
scattering at Q=(3, 3, 2).
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wt. % 0) had been proposed. Its real origin, however,
had never been unambiguously resolved. Since then, this
pea has been interpreted as a possible precursor fluctua-
tion of the co phase.

Anal ysss on gaseous impurities after our experiment re-
vealed the absorption of several wt. % of oxygen in Zr.
According to the Zr-0 (Ref. 27) phase diagram, large
amounts of oxygen can be disso 1ved in Zr. This leads to a
temperature-dependent coexistence range of hcp and bcc
at temperatures above To . For instance, for Zr contain-
ing 0.5 wt. % O the hcp phase coexists with the bcc hase
up o ' above the nominal transition temperatureu to 250 'C ab

e cc p ase

T =862 C for a pure sample The Zr-N system has a
similar phase diagram . Therefore, we explain the obser-
vations ( 1 ) to (3) by the coexistence of a and P phases due
to alloying with O or N. A calculation of the reciproca1-
attice points of the hcp 1attice in the bcc coordinate sys-

tem according to the crystallographic relation of the P-
to-a transition (Burgers's relation) demonstrates that this
explanation is correct. ' ' A final verification of our ex-

planation was the prediction of new h Aw cp re ect tons,
which were always found exactly at the calculated posi-
tions. The width of these hcp Bragg peaks is comparable
to the bcc Bragg peaks and given by the instrumental
resolution, i.e., the hcp grain size is relatively large.

In a second step, pure bcc Zr was exposed to a sma 11

oxygen leak at a constant temperature of 12 10 'C. At th
'

temperature, roughly 0.5wt. %o can be dissolved
without entering into the two-phase region. Figure 9
shows results of measurements of the elastic difFuse

scattering at the co point after 14, 26, and 134 h of expo-
sure to this leak. For comparison, inelastic scans at
A'co =3 and 6 meV have a1so been performed . Due to the

high temperature, the hcp peak shown in Fig. 8(b) is not
visible. In the first measurement, after 14 h the elastic in-

tensity is identical to the inelastic one. However, with in-

creasing exposure time to oxygen, a clear increase of the
diffuse scattering at %co=0 is observed whereas the inten-
sity at Ace&0 remains unchanged. This broad diffu
tensity (fwhm =O. 1 r.l.u. ) changes only smoothly with

bcc Z r 121O C

26 h 134 h

3OOO

lZ'
D
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FIG. 9. Resuits of measurements around Q = 4
( 1, 1, 1 ) in bcc Zr for various en

oxygen
3, in cc r or various energy transfers at different times during loading with
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temperature (on the order of a factor-of-2 change within
the bcc temperature range). Thus a tvue elastic diffuse
scattering intensity is found around the co point.

In a further step, we alloyed metallic impurities such as
Co or Nb to bcc Zr (Ref. 18). Nb is almost completely
miscible with bcc Zr whereas Co does not fit into the bcc
Zr lattice and therefore only a few at. % of Co can be dis-
solved. Measurements similar to those shown in Fig. 9
were performed. In both alloys, additional true elastic
scattering near the co point was found. Similar to results
from the experiment in which we alloyed 0 to bcc Zr,
this diffuse intensity does not alter significantly with tem-
perature.

Consequently, two effects occur upon alloying.
(i) Interstitial impurities, such as oxygen and nitrogen,

cause the coherent coexistence of the a and P phase
above the nominal To for a pure sample.

(ii) Substitutional and interstitial impurities cause static
displacements, giving rise to elastic scattering. This
diffuse elastic scattering is found in reciprocal space,
where low-frequency phonons are also observed. With
regard to the phase transitions, we emphasize that this
elastic diffuse intensity is almost independent of tempera-
ture over the whole temperature range of the bcc phase.
It should be considered as an intrinsic bcc property due
to the interaction with defects rather than due to a con-
tinuous freezing of the phonon since the latter would gain
in importance when approaching the transition. This
view of the diffuse intensity being due to static displace-
ments is strongly supported by the fact that we were not
able to measure any quasielastic broadening, in energy,
within the experimental resolution of 0.7 meV. This is in
agreement with previous experiments on Zr8ONbzo al-

loys in which measurements were performed with a
resolution of 1 peV. In the measurements, a broadening
of the elastic diffuse scattering at the co point could not be
detected either.

V. BORN —VON KARMAN FITS AND RELATED
PROPERTIES

TABLE IV. Interatomic force constants 4;, in bcc Zr. Force
constants 4;~ in dyn/cm obtained from Born —von Karman fits
to the dispersion curves in P-Zr at various temperatures.

Zr 915'C Zr 1210'C Zr 1610'C

1

XP

»
»
XX

3-
Xg

4
4»
4
4
5 „
5y

7351.7
8565.5
4967.6

—1952.8
615.3

—2083.0
1524.0
425.6
446.6

—1114.5
—91 ~ 1

—124.0
460.6

7798.4
8341.7
4960.5

—2170.2
838.6

—1410.0
866.9
45.5

204.4
—995.4
—134.9

172.1

703.0

8140.2
7993.8
4564.7

—1898.2
634.1

—1582.6
473.8
154.2
86.7

—1064.7
79.7

288. 1

271.9

B The phonon density of states

By following a procedure similar to that described in
I, the force constants P," were used to calculate the nor-
malized phonon density of states Z(co). Results for the
three temperatures are shown in Fig. 10. The first singu-
larity corresponds to the low-lying and Oat dispersion of
the T, [g0] phonon branch. Its temperature depen-
dence is clearly visible in Z(co). The second singularity
originates from the low-energy T, [g g2(] phonon
branch. At 1610'C, this branch and the Ti [g'0] phonon
branch have nearly the same energy; therefore only one
peak around Ace=7 meV is observed. The local maxima
around Ace=13 meV are due to the BZ boundary pho-
nons of the T2 [g'0] phonon branch. The split of the
high-energy peak at T=915'C must not be taken too
seriously, because the experimental uncertainty in deter-
mining the high energy of H- and X-point phonons is too
large.

A. Born —von Karman fits

The measured phonon energies were fitted with a
Born —von Karman (BvK) model for the purpose of pa-
rametrization of the phonon dispersion. Within this phe-
nomenological approach each atom vibrates harmonical-
ly around its equilibrium position and the interaction be-
tween neighboring atoms is described by force constants

Anharmonic eff'ects causing temperature shifts of the
phonon energies are taken into account within the so-
called quasiharmonic approach. The phonon dispersion,
measured at three temperatures within the bcc phase, has
been fitted with three different sets of P; . Consistent
with our fitting procedure used for Ti (paper I) and Hf
(paper III), forces up to the fifth-neighbor shell (13 pa-
rameters) were used. These fits are shown as the solid
line in Figs. 1 —3 and the P," are listed in Table IV. This
quasiharmonic BvK approach does not account for
anharmonicity effects which cause a strong damping of
the low-energy phonons.
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FIG. 10. Phonon density of states in bcc Zr at different tem-
peratures.
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C. The Debye temperature

D. Lattice specific heat and entropy

The lattice specific heat at constant pressure c can be
calculated in the quasiharmonic approximation:

c =3R I dcoZ(co)
0 sinh x

I) (ines )1—
8 lnT

(2)

with x =tIIro/(2k~ T). In this expression, anharmonicity
has been taken into account by including the temperature
derivative of the phonon modes. Since only the frequen-
cies of a small number of modes were measured at a few
temperatures, an appropriate interpolation scheme is re-
quired for the analysis of the experimental data. An in-
terpolation scheme similar to the one used by Stassis

I I I I I I I I I I

0 bcc Zr

harmonic

From the phonon density of states the mean-square
displacement (u; ) of an atom can be calculated. This
can be used to determine the Debye-Wailer factor or the
Debye temperature eD. By means of Eq. (4) of I, the
temperature dependence of ( u; ) has been calculated and
the result is shown in Fig. 11, where for the calculations
Z(co) has been taken from the measurement at 915'C
(broken line). This harmonic temperature dependence of
( u; ) is compared to the results of calculations using
Z (co) directly from the measurements at the three
diff'erent temperatures (quasiharmonic temperature
dependence, solid line). Due to the unusual frequency in-
crease for increasing temperature of the low-energy
modes, a net stiffening of the lattice is observed. There-
fore, the increase of (u; ) for increasing temperature is
less than would be expected for bcc Zr obeying an har-
monic temperature behavior. According to Eq. (5) given
in I, 82D ~ 1/(u, ), and the stiff'ening is also noticeable in
an increase of eD with increasing temperature.

et al. has been adopted, with the following
modification: Phonons below and above 10 meV have
been interpolated separately because their change with
temperature differs considerably. In the high-
temperature limit x « 1, a lattice specific heat
c„=22.1 X 10 erg/(mol K) for bcc Zr has been calculat-
ed. With respect to a harmonic calculation [i.e., without
the temperature derivative in Eq. (3)], this quasiharmonic
value is reduced by roughly 10%.

The lattice or vibrational entropy has been calculated
according to Eq. (6) of I for the hcp (Refs. 29 and 30)
and bcc phase of Zr. Results are given in Table V(a) and
Fig. 12. The harmonic extrapolation based on the low-
temperature measurements in the a or P phase is com-
pared with quasiharmonic calculations based on phonon
measurements at various temperatures. In the o; phase,
quasiharmonic entropies are larger than the harmonic en-
tropies, whereas in the p phase, the opposite is the case.
This anomalous "decrease" of entropies in the P phase is
caused by the increase in frequency of the low-energy
phonons with increasing temperature. We note that the
behavior is anomalous because, with increasing tempera-
ture, metals usually become softer and their phonon fre-
quencies decrease.

The gain in vibrational entropy at the transition AS„b
can be calculated by means of the quasiharmonic extra-
polation of the entropies in the a and P phase at To.
b,S„;b=0.26k~/atom is found. For comparison, the total
change in entropy is AS =0.40k& /atom, ' i.e., the
electronic contribution can be estimated to
bS,I=0.14k~/atom. This means that for Zr the lattice

T (K)
(a)

S„;b (k~/atom) S„;b (k&/atom)

TABLE V. (a) Lattice entropy of Zr calculated from the BvK
parameters evaluated at the given temperature (column 3) and
calculated (harmonically) from the BvK parameter at T =295
K and T =1188 K, respectively (column 4). (b) comparison of
vibrational, electronic and total excess entropies at the P- to a-
phase transition of Zr.
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FIG. 11. Mean square displacement (u; ) {o) and Debye
temperature eD () calculated from Z (co) at the corresponding
temperature, ( ———) harmonic extrapolation of (u; ) based
on Z(co) at 915 C; ( ) guide to the eye.

bcc

295
773

1007
1135
1135
1188
1483
1883

AS„& (kz/atom)

0.26'
0 14'

'References 29 and 30.
Extrapolated to To.

'This work.
References 9 and 32.

'Reference 14.
'Reference 31.

4.60'
7 74'
8.62'
9.05
931
9.46

10.02
10.68
(b)

AS,) (k~/atom)

0.185

4.60
7.44
8.23
8.59
9.33
9.46

10.13
10.85

ESt t l (k&/atom)

0.40'
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vibrational entropy accounts for -65% of the excess en-
tropy at the p-to-a transition. This is similar to our re-
sults for Ti, where 70% of the excess entropy are of vi-
brational origin (see I ).

These experimental findings may be compared with re-
cent direct calculations of the electronic and vibrational
part of the excess entropies of Zr. First-principles com-
putations of the electronic density of states performed by
Harmon and co-workers ' yield b,S,&

=0. 185k&/atom,
which compares well with our estimate. Furthermore,
these calculations emphasize the important role of the
low-energy T] X-point phonon and the co phonon.
Molecular-dynamics calculations of Willaime and Masso-
brio allow a direct computation of AS„b
=0.143k'/atom. This value is only half of our experi-
mental value and therefore overestimates the electronic
part. A summary of the different results is presented in
Table V(b).

As shown above, the stability of the high-temperature
phase is mainly due to the excess entropy of the low-
energy phonons. It is interesting to note that in 1947
Zener already proposed that the excess entropy needed
to stabilize the bcc phase in group-IV metals originates
from soft acoustic shear modes, i.e., long-wavelength
modes. Later on, Friedel suggested that the low-energy
phonons which stabilize the bcc lattice are not shear
modes but short wavelength phon-ons. Qualitatively he ar-
gued that these short-wavelength phonons should be of
lower frequency in the bcc structure than in the close-
packed low-temperature structure. Contrary to Zener,
we have shown that the modes stabilizing the bcc lattice
are mainly found on the Brillouin-zone surface, i.e., they
are of short wavelength and we thereby confirm the quali-
tative picture of Friedel.

This immediately provokes the question, "Why do
group-V and VI metals which show no low-energy modes
have bcc as their only structures. " As shown by the ab
initio calculations of Ho et al. , ' these metals are stabi-

TABLE VI. Elastic constants for bcc Zr at different tempera-
tures in 10"dyn/cm', calculated from the force constants P;;.

T (C) Cii C&2 C44 C' = —'(Ci i
—Ci2 )

915
1210
1610

1.04
0.97
1.00

0.93
0.82
0.70

0.38
0.40
0.35

0.06
0.08
0.15

0.14
0.16
0.21

lized to bcc by d-electron bonding. Within the group-III
to -VI transition metals, this electronic stabilization of
bcc increases with increasing d-electron density. This is
in agreement with the observation that in group-III met-
als the bcc phase has its narrowest range of existence.
Group-I and -II metals show in their bcc phase low-
energy phonon branches similar to those presented here
and —with the exception of K and Rb —exhibit a transi-
tion to a close-packed structure either under pressure or
temperature changes. The excess entropy at the transi-
tion is much smaller compared with those of group-IV
metals ' and is presumably dominated by its vibrational
part.

E. Elastic constants

Conventional sound-velocity measurements of the elas-
tic constants in bcc Zr are not available. Therefore we
calculated the elastic constants from the force constants
P;", according to a formula derived by Squires. The re-
sults are summarized in Table VI which includes the elas-
tic constant C which is obtained from the initial slope
of the T, [gg2g] phonon branch. Using the values of
C», C,2, and C4~ a polarization vector (1, 1 —1.29) of the
T& [g g 2g] phonon branch as $~0 has been determined
(see I ). Similar to results for p-Ti, the long-wavelength
shear of the T& [g(2$] phonon branch in P-Zr corre-
sponds roughly to the [111](112) shear needed for the P-
to-cx transition. C and C exhibit an inverse temperature
dependence, whereas C» and C44 stay almost constant
over the whole temperature range of the bcc phase. With
respect to elastic constants, bcc Zr is a very anisotropic
medium. According to the first-order character of MT's,
C' stays finite at To.

VI. CONCLUSIONS

The phonon dispersion of P-Zr resembles closely that
of p-Ti (paper I ). In particular, we show the following.

(1) The L [g'g] phonon branch has a pronounced dip
at g= —,

' (co point). This mode is overdamped with shoul-
ders reaching down to fzco=O. Neither the softening nor
the damping changes with temperature.

(2) The whole T& [g0] phonon branch with [110]po-
larization is of low energy and is overdamped. Further-
more, these phonons decrease in energy with decreasing
temperature towards the p-to-o, transition. This behavior
is anomalous, because, with decreasing temperature, met-
als usually become harder and their phonon energies in-
crease. These effects are most pronounced at g'= —,

' (X
point), i.e., at the Brillouin-zone boundary.



43 PHONON DISPERSION OF THE bcc PHASE OF GROUP-IV METALS. II. . . . 10 961

(3) The whole Ti [gg2g] phonon branch, containing
both the m point and the N-point phonon, is of low ener-

gy and overdamped. Both, the Ti [g'$0] and Ti [g'2$]
phonons form a valley of low-energy phonons in the
four-dimensional q and Am dispersion surface. These
low-energy Auctuations are related to the tendency of
group-IV metals to undergo phase transitions. Out of
this bath of large-amplitude Auctuations, only displace-
ments corresponding to a shuNing of bcc planes into the
hcp or the co structure lock in at the respective phase
transition.

For studying relations between the phonon dispersion
and phase transitions, /3-Zr is a "more developed model
case" than /3-Ti because many theoretical first-principles
studies have dealt with low-frequency phonons as precur-
sors of martensitic phase transitions in Zr. The phonon-
related quantities calculated in the quasiharmonic ap-
proximation confirm the picture of a stabilization of the
bcc structure with respect to the low-temperature close-
packed structure by the lattice Vibrational excess entropy.
The temperature dependence of this excess entropy is
caused by the low-energy phonons located on the BZ
boundary. As a dynamical precursor, the T& X-point
phonon decreases in energy as the P-to-a transition is ap-

proached. Different from soft modes or second-order
transitions, the real phase transition occurs at a finite fre-
quency. This picture of a weakly first-order martensitic
phase transition has explicitly been proposed by theoreti-
cal considerations. ' ""

Beyond results already expected on the basis of the
close relationship between /3-Zr and P-Ti, the following
additional observations were made.

(I) In pure /3 Zr, w-e found no dift'use elastic intensity
("central peak, " "elastic precursor") neither around the
~ point nor around the N point. This result is in contra-
diction to theoretical expectations. ' ""

(2) Alloying with substitutional or interstitial impuri-
ties causes static displacements, giving rise to diffuse elas-
tic scattering located in q space where low-energy pho-
nons are observed.
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