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Variational estimation of the ground-state energy of the frustrated Heisenberg model
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By using the variational spin-wave theory introduced by R. Kubo, we rigorously evaluate an
upper bound on the ground-state energy of the antiferroma0netic Heisenberg model with the next-
nearest-neighbor interactions on the simple-cubic and the square lattices. We employ two types of
trial wave functions: One assumes the usual Neel-type ordering and the other assumes so-called
strip-type antiferromagnetic ordering with collinear sublattice magnetizations. The obtained upper
bound is employed to prove the existence of Neel-type long-range order in the weakly frustrated re-
gion.

I. INTRODUCTION

Quantum effects in antiferromagnetic spin systems are
recently attracting intense interest. Once frustrations are
introduced to a spin system, the properties of the system
may change drastically. The interplay of quantum effects
and frustrations is also a challenging problem to theo-
rists. We consider in this paper the antiferromagnetic
Heisenberg (AFH) model on the square or the simple-
cubic lattice with both nearest-neighbor (NN) and next-
nearest-neighbor (NNN) interactions, which is a typical
example of frustrated quantum spin systems. The ground
state of this system changes its character according to the
strength A, ( ~ 0 throughout this paper) of the NNN in-
teractions. For small A, , the ground state will be the usual
Neel state, where the NNN interactions incorporate frus-
trations. On the other hand, for large A, , another type of
antiferromagnetic ordering will be realized as a result of
the prevailing NNN interactions, and in this case the NN
interactions will be the cause of the frustrations [in three
dimensions (3D) the situation is rather complicated be-
cause the NNN interactions are frustrated by them-
selves]. For intermediate A, , there should be a transition
(or transitions) between them, whose nature we still do
not understand well and which is now under active inves-
tigation. '

In the mean-field approximation, a transition occurs at
A, =AO—= I/[2(v —I)], where v (=2 or 3) denotes the
dimensionality of the lattice. For A, ) A,p, the mean-field
ground state has a continuous degeneracy besides the ro-
tational symmetry of the total spin. On the square lat-
tice, two sublattices order antiferromagnetically in them-
selves and the mean-field energy is independent of the an-
gle between the staggered magnetizations of the two sub-
lattices. On the simple-cubic lattice, the spin structure is
a mixture of the three strip-type orderings with staggered
magnetizations perpendicular to each other. The energy
does not depend on the ratio of three components of the
staggered magnetization each with wave vectors (O,vr, vr),
(rr, O, m), and (vr, rr, O) At X=A,o, all th.e states with van-
ishing total spins on unit plaquettes are degenerate. In
the linear spin-wave theory, the continuous degeneracy at
k )A p is lifted and the state with collinear spin structure

is stabilized. Let us call this state a "strip state" since
spins are aligned parallel along one of the lattice axes.
In the plane (the line for v=2) perpendicular to this axis,
spins are ordered antiferromagnetically. At A, -A,p, the
mean-field ground state, assuming finite staggered magne-
tization, is not justified since the reduction of the stag-
gered magnetization due to spin-wave Auctuations
exceeds the assumed value. So Chandra and Doucot' ar-
gued that the spin liquid state appears even for large S in
such a region at A, -A,p on the square lattice. The ground
state with the long-range dimer order was suggested in
this region by using a perturbational calculation as well
as a finite-size study. On the other hand, Wen, Wilczek,
and Zee discussed the possible appearance of a chiral
spin state which violates I' and T symmetry at A, ~0.5.
The system was studied also by exactly diagonalizing
finite-size clusters. ' '

In a previous work, ' we established in this system an
inequality on the Duhamel spin two-point function, ex-
tending the method by Dyson, Lieb, and Simon (DLS)."
That inequality, called "Gaussian domination, " holds at

Using the method of infrared bounds, "' which
was established for quantum systems by DLS, we proved
rigorously that Neel-type long-range order (LRO) exists
in the ground state at O~A, (A,,(S). Estimates for the
critical value A,,(S) were given, except for the S =

—,
' mod-

el on the square lattice, where the existence of LRO is
still to be proved even for the case without frustration. '

As will be shown in Sec. V,
' an upper bound on the

ground-state energy is necessary in the proof. It is desir-
able to have a good upper bound so that a large value of
A.,(S) is obtained. This motivation has led us to the
present work, in which we calculate the ground-state en-
ergy by using a variational spin-wave theory. ' A prelim-
inary account of this work has been presented in Ref. 15.

Although there are many theories which are called
variational, those which give rigorous bounds on the en-
ergy in the thermodynamic limit are few. Many theories
where the energy is evaluated analytically include some
uncontrolled approximations in their calculations. ' '
Recently, many attempts where the energy is evaluated in
numerical ways appeared. ' Though the energy obtained
in these methods seems to be quite accurate, they include
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Il. VARIATIONAI. SPIN-WAVE THEORY

The key idea of the variational spin-wave theory is to
transform a spin Hamiltonian into an equivalent boson
Hamiltonian. This is done by employing a modified
Holstein-Primakoff transformation, ' which is given as

S' =S—[n ],
S+ =&2Sf a

S =&2Sa Q, on the A sublattice; (2.1a)

Sii = —S + [np],

Sp =&2Sbpfp,

S& =&2Sf&b&, on the 8 sublattice; (2.1b)

where a (b&) is a Bose operator on the A (B) sublattice,

I

finite-size effects and/or statistical errors and cannot be
regarded as upper bounds.

The variational spin-wave theory which we employ was
introduced by Kubo' to evaluate the energy of the AFH
model on the square and bcc lattices. In this theory we
take the ground-state wave function of a spin-wave Ham-
iltonian as a trial function. The expectation value of the
energy for this trial function is evaluated without approx-
imation to lead to an analytic expression. The expression
includes infinite-series expansions and parameters, which
are defined as integrations. If we evaluate the infinite
series as partial sums, the bounds on the errors can be
rigorously evaluated and numerical integrations for the
parameters can be done quite precisely. Though the ob-
tained energy may not be called excellent as an approxi-
mation in view of the present standard, it shows a consid-
erable improvement from the mean-field value. On the
other hand, the spin-wave spectrum which minimizes the
energy is revealed to have a finite-energy gap, even
though the state has LRQ. This contradicts Cxoldstone's
theorem, ' and we cannot put much physical meaning in
either the state itself or the spin-wave spectrum. The
method, however, is useful as it gives a rigorous bound
and also can be easily applied to any type of ordering
and/or to various spin systems such as the XXZ model,
and so on.

The plan of the paper is as follows. In Sec. II we
brieAy review the formulation of the variational spin-
wave theory based on the usual Neel-type ordering. The
results are shown in Sec. III. In Sec. IV we present the
theory based on the strip state with its results. In Sec. V
we examine the existence of Neel-type LRO using the re-
sults obtained in Sec. III. The last section is devoted to a
summary and discussion.

n =a~ (n =b b ) and

f =f(n ). (2.2)

The function f (i) of an integer i is defined as
1/2 1/2

1+[i]
)+if(0= [i]

2S
(2.3)

where

[i]—= i mod(2S+1) . (2.4)

V

H= g g S .S +s
aEA m =1

+A g g S~ (S~+s +s +S~+s s ) ~ (2.5)
aEA (min)

where A denotes the square ( v =2) or the simple-cubic
(v=3) lattice with periodic boundary conditions contain-
ing

~
A

~
lattice sites and S is a spin operator with the

magnitude S at the site a on A. The lattice constant is
assumed to be unity, and 5 denotes a unit vector in the
mth direction. gi „i means a sum over pairs of two
different directions. Throughout this paper the parame-
ter A, is assumed positive, and so the NN and NNN in-
teractions compete with each other.

For A. ~A,O, the ground state of this system has Neel-
type LRO according to the mean-field theory. So we con-
struct first a variational wave function based on the Neel
state as the starting classical ground state. We examine
another wave function in Sec. IV.

Starting from the usual Neel state, the Hamiltonian is
transformed to a boson Hamiltonian as

The symbol [n ] means that the definition (2.4) of [ ] ap-
plies to the eigenvalues of the operator n . This transfor-
mation changes a spin operator of the magnitude S to an
operator in a boson space, which may be represented by a
direct sum of the infinite number of the original
(2S+1)-dimensional spin matrices. Then the Hamiltoni-
an expressed with these "spin" operators is represented
by an infinite matrix, which is a direct sum of the infinite
number of the original Hamiltonian matrices. Therefore,
the spectrum of the transformed boson Hamiltonian is
the same as the original one, though every state is
infinitely degenerate. We are able to bound the ground-
state energy of the boson Hamiltonian, i.e., that of the
original spin Hamiltonian, from above by using a varia-
tional wave function. On the other hand, the relation be-
tween the ground-state energy of the boson Hamiltonian
and the original spin one is not known if a conventional
Holstein-Primakoff or Dyson-Maleev transformation is
employed.

The Hamiltonian we consider is

V

H = —v[1 —(v —1)A, ]~A~S +2v[1 —(v —1)A,]S g [n ]—g g [n ][n +s ]
a&A a&A m =1

+X g g [n ]([n +s +s ]+[n +s s ])
aEA (m, n)
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S X X f f +s b +s g f +s +s f
aEA m =1 (m, n)

+ g gf&b&f&+& a&+s +k g f&b&b~+s & f +5 s +H. c.
13EB m (m, n)

(2.6)

where g ~ ~ and g&~2i denote sums over a on the A sublattice and p on the 8 sublattice, respectively.
As was shown in Ref. 14, the expectation value of H for the ground-state wave function of a Hamiltonian described

by bilinear forms of Bose operators can be calculated exactly, and the result is expressed as follows:

(H)o= —viAiS [1—(v —1)A, ] 1 ——[AG(A)+BG(B)] + g 2Fo — F, —1 1 2

m=1

~X,(Goc +Go~ )+ (G 1~ +G l~ )
B 2 A B

S S (2.7)

where

(2S + 1)x
( 1+ )2S+1 2S+1 (2.8)

Fo =AG(A)BG(B)+C C* 1 —[1—G(A)] (1+3 ') —[1—G(B)] (1+8 ')

co CO 1

, 1+ A —coA 1+8 co'8 (1+—A —cod)(1+8 —co'8) —(co —1)(co' —1)C C*

oo

F, =C g f (i+ ')f(i+@), ,

' [2 (1+8) CC*]"[B—(1+2)—C C" ]J
i j,k =0 )t)f t

X ( C C* —AB }'[(1+A )(1+8) CC*]—

(2.9)

(2.10)

G()~ =Fo (8:—' A C ' A~)

Goy =Fo ( c4 -'8 C B~ )

G,"c, =F, (8 -'3, C —.Aq),

(2.11a)

(2.11b)

(2.12a)

Gi~ =Fi (3 =8, C =-B~) . . (2.12b)

a
q

2 pe 'q a
aEA

(2.13a)

1/2

The vectors pointing to NNN sites are denoted by b,
(—:6 +5„), and ga means a sum over them. The sym-
bol co or co' denotes one of the (2S+ 1)th roots of unity,
and g denotes the sum over the roots. The expression
above is dependent on the variational parameters through
2, B, C, 2&, and Bz, which are defined using the
Fourier transforms of the Bose operators

(2.14)

= 2
Ac,

~ ~

ge'~' (ata )o,
q

and 8 (Bc, ) is given by replacing aq by bq in 3 ( A&).
We assumed the translational and the inversion symme-
try. The symbol g means a sum over wave vectors in
the reduced Brillouin zone. For derivation of these for-
mulas, readers should refer to Ref. 14. We note, howev-
er, that our expression does not completely agree with
that obtained in Ref. 14, which leads to a different value
of the energy from Ref. 14 at A, =O.

b
2

e iq ab.
aCB

(2.13b) III. RESULTS OF THE THEORY BASED
ON THE NEEL STATE

As a trial wave function, we employ the ground-state
wave function Vo(a, 5) of the variational Hamiltonian
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Vy= g(e +e )
2~ m=i

(3.2a)

H„„,which is written as

H„„=2vSg [1—(v —1)5(1—g )](a a +b b )

+2vaS g yq(a b +aqbq ), (3.1)
q

where

iqh1

2v( v —1)
(3.2b)

H„, is chosen to have the same wave-vector depen-
dence with the conventional spin-wave Hamiltonian
which is obtained from Eq. (2.6) except for the variational
parameters cx and 5. We restrict ourselves to 0~+~1
and 0(5(1/2(v —1). When a=1 and 5=A, , H„, coin-
cides with the usual spin-wave Hamiltonian. From the
assumed symmetries, ( a a ) = ( b b ), and C ( 2 z ) does
not depend on m (b, ); we obtain

TABLE I. Variational parameters 0; and 5, which minimize the energy for the (a) two- and (b) three-
dimensional frustrated AFH model with S = —' together with the minimized energy which is normalized

by the mean-field energy at A, =O. The energy of S=1 model is also tabulated. These values are ob-
tained by the variational spin-wave theory based on the Neel state.

0.0 0.02 0.04
(a)

0.06 0.08 0.10 0.12

CX 0.890
5 0.6 X 10-'

E (S =
~ ) —1.279

E(S=1) —1.153

0.890 0.889 0.888 0.887 0.887 0.886
0.014 0.028 0.041 0.056 0.069 0.083

—1.261 —1.243 —1.226 —1.208 —1 ~ 191 —1.117

—1.135 —1.116 —1.098 —1.080 —1.062 —1.044

0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28

CX 0.885
5 0.096

E(S=
2 ) —1.156

0.885
0.109

—1.138

0.883
0.123

—1.121

0.883 0.882 0.881 0.880 0.879
0.136 0.149 0.162 0.175 0.188

—1.104 —1.087 —1.070 —1.053 —1.035

E(S=1) —1.026 —1.008 —0.990 —0.972 —0.954 —0.936 —0.919 —0.901

0.30 0.32 0.34 0.36 0.38 0.40 0.42 0.44

a 0.878
6 0.201

E (S = —') —1.019
E(S= 1) —0.884

0.877 0.875 0.874 0.873 0.871 0.870 0.869
0.213 0.238 0.251 0.263 0.275 0.287 0.299

—1.002 —0.985 —0.968 —0.952 —0.933 —0.919 —0.902
—0.866 —0.849 —0.832 —0.915 —0.798 —0.781 —0.764

0.46 0.48 0.50 0.52 0.54 0.56 0.58 0.60

a 0 868
5 0311

E(S=
2 ) —0.886

E(S= 1) —0.748

0.866 0.876 0.865 0.863 0.862 0.860 0.859
0.323 0.226 0.334 0.345 0.357 0.368 0.379

—0.870 —0.854 —0.838 —0.822 —0.806 —0.791 —0.775

—0.731 —0.715 —0.699 —0.683 —0.667 —0.652 —0.637

0.0 0.02 0.04
(b)

0.06 0.08 0.10 0.12

a 0.922
O1X 1O-'

E(S=
2 ) —1.181

E(S=1) —1.096

0.920 0.918 0.916 0.914 0.912 0.910
0.015 0.031 0.046 0.061 0.076 0.090

—1.114 —1.110 —1.075 —1.040 —1.005 —0.971

—1.059 —1.022 —0.985 —0.949 —0.913 —0.877

0.14 0.16 0.18 0.20 0.22 0.24 0.25 0.26 0.28

A 0.907
O 1O5

E(S=—') —0.937

0.905
0.119

—0.903

0.902 0.899 0.896 0.892 0.891 0.889 0.885
0.133 0.146 0.159 0.172 0.179 0.185 0.197

—0.870 —0.837 —0.805 —0.773 —0.785 —0.742 —0.711

E(S=1) —0.841 —0.806 —0.772 —0.737 —0.704 —0.671 —0.655 —0.639 —0.608
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(H) = —v~A~S [1—(v —1)A] 1 ——AG(A)2
0 S

1 2+ F ——Fs' '

—A(v —1) G +—G
1 2

0 S 1 (3.3)

A k dvk
2(2m ) —~ (A —a y )'

A1 ~ Tk

2(2~)v ~ (A2 &2~2)l/2

(3.4a)

(3.4b)

where

1 71 7k kA

)v f (A2 2 2 )1/2
(3.4c)

A„—= 1 —(v —1)5(1—gk) . (3.5)

Now we examine the infinite series F, and G, . From Eq.
(3.4), the following inequalities for A, C, and 3 ' hold:

(3.6)

where Fo, F&, Go, and G& are given by putting 3 =B,
C:—C =C*, and A ':—/1 z = A z in Eqs. (2.9)—(2.12).
The parameters A, C, and 3 ' are expressed in terms of
integrations as

Numerical estimation reveals that A') 0 for parameters
considered. Taking into account of these inequalities, we
easily see that F& is a convergent negative term series (see
the Appendix). The situation for G, is more complicated
since it is revealed to be an alternating-term series. How-
ever, it is also absolutely convergent. If we sum only a
finite number of first terms of GI, an upper bound on the
contribution from the rest of the series is easily estimated,
as shown in the Appendix. So an upper bound on (H )o
is obtained by substituting upper bounds on F, and G, in
Eq. (3.3).

The minimum of (H)o in the (a, 5) plane has been
found by using a computer search. The results are tabu-
lated in Table I for S =

—,
' and 1. Figure 1 displays the en-

ergy as a function of A. for S =
—,
' and v=2. The energy

obtained by the mean-field and linear spin-wave theories
is also shown for reference. The result for S =

—,
' and

v=3 is displayed in Fig. 2. The present results are close
to the energy Esw by the spin-wave theory when A, is
small for both v=2 and 3, but as A, increases our results
continue to increase almost linearly with k and the
difference from Esw increases. We note here that the
value 1.279 at A, =O for v=2 is slightly different from
1.294 obtained in Ref. 14. The "staggered magnetiza-
tion, " i.e., S —([n ])o, for S =

—,
' (S=1) and v=2 is

0.428 (0.889) at A, =O and decreases gradually to 0.390
(0.781) at X=0.6. The magnetization is less reduced than
that estimated by the spin-wave theory and persists at
even A, ~A,O, where Neel-type LRO is unstable in the
mean-field theory. This is due to the fact that the energy
is minimized at a ( 1 and 5 (k, as shown in Table I. The
spin-wave spectrum has, therefore, a finite gap for the pa-
rameters minimizing the energy.

—0.6—

—0.8
—0.8

—1.2
—1.0

—1.4—
0.5 1.0 0.1 0.2 0.3 0.4

FIG. 1. Ground-state energy in two dimensions for S= 2.
The solid and dotted lines show the upper bound obtained by
the variational spin-wave theory based on the Neel and strip
states, respectively. The dashed line is the ground-state energy
by conventional spin-wave theory. The mean-field energy is
drawn as a dot-dashed line.

FIG. 2. Ground-state energy in three dimensions for S = ~.
The solid and dotted lines show the upper bound obtained by
the variational spin-wave theory based on the Neel and strip
states, respectively. The dashed line is the ground-state energy
by conventional spin-wave theory. The mean-field energy is
drawn as a dot-dashed line.
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IV. VARIATIONAL SPIN-WAVE THEORY
BASED ON THE STRIP STATE

For k )Ap the ground state is the strip state ' accord-
ing to the conventional spin-wave theory. We construct
therefore the variational spin-wave theory starting from
the classical ground state with strip-type ordering. This
state contains two sublattices composed of strips extend-
ing in one direction (let us assume the direction as m =1)

I

where spins are ordered parallel to each other. A spin
has two parallel NN spins and 2(v —1) antiparallel NN
spins. Among 2v(v —1) NNN spins, 4(v —1) NNN spins
are parallel to a spin and 2(v —1)(v—2) NNN spins anti-
parallel.

Following the procedure described in Sec. II, we trans-
form the Hamiltonian (2.4). Then the expectation value
is written by assuming the symmetry between the 3 and
the B sublattices as

(H )o= —iAiS [(v—1)(4—v)A, +v —2] 1 ——AG(A) + [(v—1)F()2—F()) ]——[(v—1)F)~+G„]2 2 1 2

(v —1)A, 2(v —1)A,+ [2Goa (v 2)Goa„] [2G)a +(v 2)G)a ] (4.1)

where Fp, F, , Gpz, G, , and G&& are defined by
nm ™ nm

using Eqs. (2.9) and (2.10) as

e'q' M
d q.

2(2~)v ~ (M2 a2N2 )1/2
q q

(4.7c)

and

F() =F() (B - A),

F, =F() (B - A),

Goo„=Fo (B . A, C -- Aa ),
G, =F, (B -A C =As ),

G)a F) (B . A C -'Ag ) .

(4.2a)

(4.2b)

(4.2c)

(4.2d)

(4.2e)

We have evaluated the infinite series appearing in Fp
F, , G, , Gp~, and G,z as in Sec. III. The expecta-

nm nm

tion values of the energy are tabulated in Table II and are
shown in Fig. 1 and 2. The energy obtained is slightly
higher than Es~, as seen in figures. The spin-wave spec-
trum has a finite gap in this case also, as in the theory
based on the Neel state. We observe that for X A,p the
energy of the strip state is higher than that of the Neel
state. So, in such a region, we adopt the latter as an
upper bound of the ground-state energy.

The variational Hamiltonian is written as

H„„=2S g Mq(a qaq+ b qbq )

q

+2aS g Nq(aqbq+aqbq),
q

where

Mq = [(v—1 )(4—v)5+v —2]+cosq) +25'',
Nq

——yq(1+25 cosq, ),
y' = g cosq

m)1

gq = g' cosq cosq„,
(m, n)

(4.3)

(4.4)

(4.5)

(4.6)

V. EXISTENCE OF NEEL-TYPE LRO

We have shown in the previous paper' that the Neel-
type LRO exists at A, kp if the following inequality is
satisfied:

lim — e (A, )
1

3v

1 (+) d q ())— g q' —g cosq
(2n. )'

—2A, g cosq cosq„, (5.1)
(m, n)

where gI „) denotes a sum over pairs of m and n, nei-
ther of which equals 1. Of course, g' =0 in two dimen-
sions. The variational parameters a and 5 are restricted
to the region 0~a~ 1 and [2(v—1)] '~5. By putting
a=1 and 5=A, , H„, reduces to the conventional spin-
wave Hamiltonian. We have

MA= ——+ d
2(2~)~ —~ (M' —a'N' )'"

q q

cosq

2(2m )
~— (M aN )'—d

q + q

where e (A, ) denotes the ground-state energy per spin and
the right-hand side is integrated only in the region where
the integrand is positive. The function g" is an upper
bound on g" = (S'S' ), the correlation function of the
Fourier transform of a spin operator

(5.2)

Cm

and

(4.7a)

(4.7b) —(i) ( (B(i)C(i) )
) /2

&q =2 q q

where

(5.3)

In the present case, g q' is independent of i and, by using
"Gaussian domination, " is expressed as"
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TABLE II. Minimized energy obtained by the variational spin-wave theory based on the strip state
with S =

2
and 1. It is normalized by the mean-field energy at A. =O. (a) is for the two-dimensional

model, and (b) is for three-dimensional model.

0.50 0.52 0.54
(a)
0.56 0.58 0.60 0.62

E(S = —,')
E(S=1)

—0.789
—0.663

—0.801
—0.675

—0.813
—0.689

—0.825
—0.706 —0.725 —0.744

—0.837 —0.851 —0.870
—0.764

0.64 0.66 0.68 0.70 0.72 0.74 0.76 0.78

E(S = —')
E(S=1)

—0.891
—0.785

—0.912
—0.805

—0.934 —0.957 —0.980 —1.003
—0.826 —0.848 —0.869 —0.891

—1.026 —1.050
—0.912 —0.934

0.80 0.82 0.84 0.86 0.88 0.90 0.92 0.94

E(S= —')
E(S=1)

—1.073
—0.956

—1.097
—0.978

—1.121
—1.000

0.96

—1.145
—1.022

0.98

—1.044

1.00

—1.066 —1.089 —1.111

—1.169 —1.194 —1.218 —1.242

E(S= —')
E(S=1} —1.156—1.133

—1.267 —1.291 —1.316
—1.178

0.25 0.26 0.28
(b)
0.30 0.32 0.34 0.36

E(S= —')
E(S=1)

—0.708
—0.622

—0.711
—0.626 —0.633 —0.641 —0.650

—0.718 —0.726 —0.733 —0.741 —0.749
—0.660 —0.669

0.38 0.40 0.42 0.44 0.46 0.48 0.50

E(S= —')
E(S=1)

—0.758
—0.679

—0.766
—0.689

—0.775
—0.699

—0.794—0.783
—0.710 —0.720 —0.742—0.731

—0.803 —0.812

Bq'i =
—,'[E (q —Q) —2A,H (q)] (5.4) VI. SUMMARY AND DISCUSSION

and

O'= —S S+ E(q)() 4 1

3 2v

+—XS S+ H.(q),8

3 2vv 1

E (q) = g (1—cosp ),
m=1

H, (q) = g (1—cosq cosq„) .
(m, n)

(5.5)

(5.6)

(5.7)

We have estimated the ground-state energy of the
AFH model with the NN and NNN interactions on the
square and simple-cubic lattices by using a variational
spin-wave theory. The obtained energy is slightly higher
than Esw for both A. )0 (2.8% higher at A, =O for S =

—,',
v=2) and A, ) 1 (4.9% at A, = 1 for S =

—,', v=2). The
diff'erence is slightly larger in two dimensions than in
three dimensions for S =

—,
' at A, =O. When k is close to

A,o, the discrepancy between our estimation and Esw is
rather large. The ratio amounts to 1.19 at A, =—,

' for S =
—,
'

and v=2. This, we consider, is because the present re-
sults are too high, and in addition, Esw is too low. As
shown in Fig. 1, the energy obtained by the variational

A sufhcient condition for the existence of LRO is ob-
tained by replacing e (A, ) in inequality (5.1) with an upper
bound on the ground-state energy. In our previous paper,
we employed the mean-field energy as an upper bound.
In Table III we show A,, (S) obtained by using the energy
shown in Table I. The region where LRO exists is con-
siderably extended by the improvement of the upper
bound on the energy. This suggests that the Neel state is
fairly stable against frustrations generated by NNN in-
teractions.

3D

0.05 (0.002)
0.18 (0.158)

2D

0.16 (0.072)

TABLE III. Critical values k, (S) estimated by using the
upper bounds on the ground-state energy in Table I. The values
in parentheses show the critical values obtained by using the
mean-field energy (Ref. 10).

A, ,(S)



VARIATIONAL ESTIMATION OF THE GROUND-STATE. . . 10 851

spin-wave theory shows almost linear dependence on A,

both for Neel and strip states. This means our variation-
al state is rather rigid against the variation of A, and so
may not simulate well the real ground state, which might
change its character drastically around A, =A,O. On the
other hand, in two dimensions the conventional spin-
wave theory will break down near A, =ko where the
reduction of the sublattice magnetization exceeds the as-
sumed value of the classical ground state. When A, ap-
proaches ko from both sides, Esw decreases with diver-
gent derivatives at A, =A,o. This strongly suggests that
Esw is underestimated in this region. Really, a higher-
order correction was shown to give a positive contribu-
tion.

As seen in Figs. 1 and 2, the energy obtained by the
theory based on the Neel state is lower than that based on
the strip state at A, ~A,o. Therefore, the upper bound on
the ground-state energy has a maximum at A. which is
larger than A,o. The value A, for S=—,

' is 0.55 and 0.27
for v=2 and 3, respectively. The exact diagonalization
study of finite-size clusters for v=2 also gave A, =0.58
for S =

—,'.
It might be possible that in the quantum system the

Neel-type ground state exists stably even at A, larger than
Quite recently, using the modified spin-wave

theory, Nishimori and Saika concluded that at A, -0.6

there exists a first-order phase transition between the
Neel and strip states. But it would be too bold to extract
any conclusion on the character of the ground state
around A, ~A.

O from our result. First, as has been men-
tioned above, the obtained energy seems to be not very
good in this region, and second, if it were good, one could
not say much about the character of the true ground state
of a many-body system from a variational calculation. It
would be an interesting problem to find a better varia-
tional wave function in this region for which the energy
can be estimated rigorously. One of the candidates is the
variational wave function by Suzuki and Miyashita, ' for
which the energy was recently estimated exactly at
X=0.

We have used the upper bound obtained by the varia-
tional spin-wave theory to prove the existence of Neel-
type LRO. As a result, we have extended the region
where LRO is afBrmed to exist. It is, however, impossi-
ble to extend the region to X=A,

O in two dimensions for
any S by the method of the infrared bounds since the in-
tegration in inequality (5.1) diverges at A, =A,o. On the
contrary, it is in principle possible to extend the region to
k=ko in three dimensions and was actually done for
S ~4. ' It should be noted also that no LRO of spins
with a wave vector q other than (vr, . . . , ~) exists at
A, ~ ko, since g" is bounded above for such a wave vector.

APPENDIX

Here we examine the series
00

F =C g f (i +j)f(i +k) [A (1+A) —C ]'+"(C —A )'[(1+A) —C ]
i jk=o I .) .k.''f 'tk t
»J~

00 oo J
=C g g g f (i +j )f(i+J —j) '

[A (1+A) —C ] (C —A )'[(1+A) —C ]
=o J =o '=o '!(J—k)!k

(A1)

and

(A3)

00

G =A' g f(i+j)f(i+k) [A(1+A)—A' ]i+"(A' —A )'[(1+A) —A' ]
' i ". (A2)

From inequalities (3.6), it is seen that C(0, X=(1+A) —C )0, Y=—A (1+A) —C )0, and Z—:C —A )0, and
therefore F, is a negative-term series. We show that F, has a lower bound. For the simplicity, we assume that the spin
magnitude is a half. In this case we have

0, j =odd
(j+1) ', j=even,(j)= '

and f (i +j)f (i +J —j) is not zero only for (i,J,j)= (even, even, even) or (odd, even, odd). We have
J i

Y ZF, = g' g (i+1)S;J
X J=O i=a X X

where

(i +J+1)!
o (i +1)!j!(J j)!&(i+j+1)—(i+J—j+1)

and gJ' o denotes a sum over even J and gJ"
o denotes a sum over even (odd) j if i is even (odd). Since

(A4)

(A5)
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(i +J+1)!2
(i +1)!J!V(i+j+1)(i+J —j+1)

holds, we obtain the inequality

) C ~,
" (i +J+1)! 2F

(i +1)!J! X
Z —2 Z+X 1 ——
X X

1 2 2Y
2 X

2Y Z
X X (A7)

As (2Y+Z)/X( 1 is confirmed numerically for parameters studied, F, is bounded below and so convergent.
In the same way, we can show that the series obtained by replacing all the terms in 61 with their absolute values is

bounded by
T

Z'1—X'
2Y'

1
2Y'

1
X

Z'
X' (A8)

where X'—= (1+A) —A' ()0), F'—=(1+A)A —A' ()0), and Z'—=
~

A' —2 ~. As (2F'+Z') jX'(1 also holds for pa-
rameters studied, G, is absolutely convergent. To obtain an upper bound of (H )o, we replace G, by a sum of finite
terms plus an error bound. If we take terms up to i =i0 and J =2j0 into account, then the error R is bounded as

I

2X'Z
2Y'

1
Z'
X'

2Y'1—X'
Z I—1+ 1—X'

lp+2Z'
X'

1(i ~ ip+1
0~ j~2jp+1

(i +j)! Z'
&tjI

2Y'
X' (A9)

We have employed i0 = 15 and j0= 15 in the actual calculation and have found that the error according to the trunca-
tion of the series has practically no significance for parameters minimizing the energy.
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