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On the basis of exact diagonalizations, a comparative study of two-particle optical and magnetic,
as well as single-particle, excitations is presented for a two-dimensional (2D) multiorbital Hubbard
model. For reasonable parameter sets appropriate for the cuprate superconductors, the single-

particle excitations display strongly correlated states related to the Zhang-Rice Cu-0 singlet con-
struction. These states define the gap (to the upper Hubbard band) at half-filling and become par-
tially occupied by doping holes in our 2X2 unit-cell system. The optical results, which are the first

quantitative calculations performed for realistic parameters of the three-band Hubbard model,
clearly show three allowed optical transitions: (i) itinerant motion of the Cu-0 singlets, having (for
doping concentrations x&0) a spectral Drude distribution around co=0 with spectral weight pro-
portional to x; (ii) unbinding of the 0 hole from the Cu spin in the singlet. This gives, in particular,
a strong absorption peak due to singlet~nonbonding oxygen transitions, again with relative weight
-x. It is roughly centered at co-J&,„d, (6, where JK,„„,is the Kondo coupling and 6 the bare
Cu-0 charge-transfer energy. It is this singlet unbinding that results in the by far dominant absorp-
tion structure between Drude and higher-energy Cu-0 transitions and not the often discussed
"mid-infrared" absorption due to transitions between different singlet states. (iii) Cu-0 charge-
transfer processes at energy —5+ U~d. They show a pronounced excitonic effect due to the p-d in-

teraction U~d and have a reduced spectral weight shifted to higher energies for increased dopings.
Findings (i) —(iii) are in general accordance with recent experimental data. Our study of the low-

energy absorption is complemented with a numerical scaling analysis of the Drude weight in 1D,
where, in particular, we find an interesting violation of Lenz s law for 4n-site Hubbard rings. Final-

ly, the magnetic structure factor is calculated for the 2D case. For finite doping it contains a peak
at 2JK,„d„which should be detectable in experiment.

I. INTRODUCTION

Strongly correlated electronic systems that are close to
a metal-insulator transition have been the subject of
renewed interest lately. Examples are the heavy-electron
systems' and most recently the high-temperature cuprate
superconductors. ' Close to the transition to the antifer-
romagnetic insulating state the latter systems display a
strongly enhanced effective mass and spin susceptibility.
Being simultaneously close to the metal-superconductor
transition it is clearly of importance to get a reliable han-
dle on the normal state properties in the vicinity of a
Mott-Hubbard type of transition. Our aim in this paper
is to derive, for a generalized two-dimensional (2D) Hub-
bard model, a coherent picture of electronic single-
particle (as extracted from direct and inverse photoemis-
sion) and two-particle (optical and magnetic) excitations
near such a transition.

In Hubbard-type models ' for the high-T, cuprates,
the competition between the kinetic and short-range
Coulomb energies gives rise to the possible Mott-
Hubbard or charge-transfer —induced metal-insulator
transition. In spite of a variety of perturbative, varia-
tional, and numerical calculations, the physical conse-

quences that arise from this competition are not yet fully
understood. Here we explore the metal-insulator transi-
tion, as well as general properties of a multiorbital 2D
and, as a preliminary, of a 1D Hubbard model by, in par-
ticular, concentrating on the optical excitation spectrum.
The corresponding two-particle and also the single-
particle Green's functions are calculated using the Lanc-
zos method to exactly diagonalize finite clusters.

The 1D study of the optical conductivity in Sec. II
aims mainly at getting the infIuence of finite-size effects
and of varying boundary conditions (open versus period-
ic) under control. Quite generally, the optical excitations
in low-dimensional lattice models have recently enjoyed a
renewed interest, ' partly in view of the sensitivity of
the low-frequency conductivity, i.e., the Drude spectral
weight D to the metal-insulator transition. ' '" ' For
the 1D Hubbard model, we find D at half-filling to vanish
exponentially with system size N (up to N =12) on a
length scale set by the inverse gap. However, for finite-
sized rings with N =4n sites D is negative (N =4n +2,
D )0), rejecting paramagnetic response and an interest-
ing violation of Lenz's law. Away from half-filling, D
tends to a constant diamagnetic value indicating metallic
behavior. Recent Bethe-ansatz solutions by Fye, Mar-
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tins, Scalapino, Wagner, and Hanke' up to IV=64 sites
further corroborate these results.

In Sec. III the single-particle and two-particle (optical
and magnetic) excitations are calculated for the Emery
model, which, as a three-orbital Hubbard model, explic-
itly takes into account that holes introduced by doping go
preferentially on 0 sites. One central result of our study
in Sec. III is that the Zhang-Rice type of singlet construc-
tion' plays not only a crucial role for the "low-energy"
physics as in the t-J model, but is of significance also for
the "higher-energy" physics (up to several eV) as probed
in an optical absorption experiment. Zhang and Rice
proposed that the three-band Hubbard model can be
simplified in the relevant parameter regime via a singlet
formation between the Cu hole and the doped 0 hole to
the t-J model. ' The energy scales left in this model are
merely of lower energy, i.e., J-0. 1 eV and t —1 eV.

Specifically, we find the single-particle excitations for
the three-band Hubbard model at half-filling to display
strongly correlated states. These states are of singlet
character, are located at the top of the valence "bands, "
and form the charge-transfer gap to the upper Hubbard
band. This renormalized charge-transfer gap can be ob-
tained in agreement with experimental values both by
choosing a relatively large value of the on-site transfer
energy 6, or, alternatively, a smaller value of 6, however,
with a finite p-d Coulomb repulsion U d. Similar diago-
nalization results for the single-particle spectrum of the
Emery model have recently been obtained by Horsch
et al. "

When we try to reconcile single-particle and, addition-
ally, two-particle optical spectra at half-filling with exper-
iment, we are led to the interesting conclusion that a
finite U d of the order of t~d (p-d hopping), together with
a value of 6=2t d, is required. This is related to the fact
that the dominant Cu-0 charge-transfer transition is
found to be shifted to lower energies by an excitonic ener-
gy of order U~d. To study the finite-size eA'ect, system
sizes up to X = 18 have been diagonalized at half-filling.

Doping one or two holes in our 2X2 unit cell (12-site)
system introduces the insulator-metal transition and
moves the Fermi level into the band complex of highly
correlated states. Therefore, these singlet states become a
reservoir for possible optical transitions. Three related
absorption structures can clearly be identified.

(a) First, the Drude peak with its spectral distribution
around ~=0, and, in agreement with experiment, ' its
weight proportional to the doping concentration x.

(b) Second, a small structure due to transitions within
the singlet band complex, which may be related to the ex-
perimentally observed midinfrared absorption. ' Both
transitions (a) and (b) stem from itinerant motion of the
Zhang-Rice —type singlets.

(c)Third, a previously undetected strong absorption
structure which corresponds to the unbinding of the 0
hole from the Cu spin in the singlet. It is centered rough-
ly at the Kondo-coupling energy co-JK,„d, &6, and has
again a relative weight -x. We believe that this struc-
ture (at least for x ~ 0.2) is very likely the dominant con-
tribution to the optical spectral weight found in experi-
mental data ' between Drude and higher-energy

II. OPTICAL ABSORPTION FOR HUBBARD
MODELS: SUMMARY OF LINEAR-RESPONSE

THEORY AND 1D RESULTS

In Sec. II A the results of linear-response theory, which
are needed in the following discourse, are summarized.
In particular, the Drude spectral weight D is introduced,
which, as a direct measure of a possible metal-insulator
transition, has recently been a focus on renewed atten-
tion. "' Section IIB gives a short summary of the
Lanczos method, and Sec. II C presents our exact diago-
nalization results for the 1D Hubbard model.

A. Optical conductivity and Drude spectral weight

Since we are primarily interested in applying the for-
malism to the high-T, compounds, we start from a gen-
eralized Hubbard model with the Hamiltonian

1HQE~jc;cj+ 2 +Ujn'nj (2.1)

If the model (2.1) is specialized to the CuOz 2D layers, c;
creates a hole with spin o. in the Cu d & 2 or the 0 px —y )

orbital with occupation number operator n;, depending
on the lattice site i. c.;. contains the on-site energies
E„(Cu) and E~ (0) with the charge-transfer energy
b, = sz

—Ed, and nearest-neighbor hoppings t~d (including
the usual d- and p-orbital phase factor) and t . The in-
teraction part is due to the on-site repulsions Ud and U,
and a nearest-neighbor Cu-0 repulsion U d. The units
used in the following are A=c =l=e, and also a =1 for
the lattice constant.

The optical conductivity represents the real part of the
linear response of the lattice fermionic system in Eq. (2.1)
to a uniform time-dependent electric field in, say, y direc-
tion. This electric field may be generated by threading
the system with a fiux @(t),' which is represented by a
vector potential A(t) =[@(t)jjV ]y:—(0, A), where N is
the number of sites in y direction (total number of sites is
equal to N). As a consequence the nearest-neighbor (NN)
hopping term t d in Eq. (2.1) acquires a constant phase
e p[+xtA (y, —y )], where y, and y denote NN (Cu and
0) positions along the y direction.

Expanding M in Eq. (2.1) to second order in A, one ob-
tains the perturbed Hamiltonian

charge-transfer peaks. In general accord with experiment
is also the reduction and shift to even somewhat higher
energies of the latter charge-transfer —related spectral
weight, when the system is doped.

Finally, our calculation of the dynamic magnetic-
structure factor reveals a strong absorption at the
Kondo-like spin(Cu)-spin(O) correlation energy 2JK,„d„
when the system is doped away from half-filling. This
signal, which is related to the singlet-triplet excitation en-

ergy of the doping-induced Zhang-Rice Cu-0 spin-hole
singlet state, should be observable at an energy of the or-
der 2JK,„d tpd 1.5 eV in magnetic absorption experi-
.ments.
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H(A)=H —A (r)j, — A'(r)T, +O(A'), (2.2) d Eo(A)
dA'

—D —~=—= limcocr" (co) .
g —0 '7l cc)~0

(2.10)

where T is the kinetic energy in the direction of the ap-
plied field, i.e.,

(2.3)

with y~ denoting the NN sites of site i along y. ~ is the
distance between two NN sites in units of the lattice con-
stant a (e.g. , r= —,

' for the 2D CuOi layers; r= 1 for the
1D Hubbard model). j denotes the "paramagnetic"
current operator in the y direction:

(2.4)

The total physical current &
—[dH(2)/d3]& contains

the paramagnetic plus diamagnetic contributions. '

In linear response, the usual formula for the complex
conductivity results:

Another usefu1 relation, which is needed in the follow-

ing discourse, is the well-known f-sum rule

j o'(~)d~= '
&ol —T Io&,

0 2%
(2.11)

which immediately derives from putting Eq. (2.7) with
(2.9) into (2.11) for o'(co) or, equivalently, by making use

of the high-frequency result

lim mo. "(co)=—&ol —T lo&,
Q)~ oo X

from Eq. (2.8).
Up to now we have not specified the boundary condi-

tions. Consider first open boundary conditions (OBC) in
the direction of the electric current and periodic bound-

ary conditions (PBC) perpendicular to it. The length of
the system in the y (current) direction is I.. Then

(2.5) I & 0
Ij, ln & I'

o co dc@= 0
o n&0

(2.12)

with the current-current correlation function [ln &

=Ic„(w =o)&]

x(~) =
~ & I &oli, ln & I'

n n 0 9

1

co+(E„Eo)+ii)— (2.6)

Decomposing Eq. (2.5) into real (cr') and imaginary (cr")
parts, one arrives at

cr'(co) =D5(co)+o'„s(co) (2 7)

(2 8)

The second term in Eq. (2.7), i.e., o,',g(co) = —(1/
co)lmy(co), is generally present both in metallic and insu-

lating systems and arises from n&0 transitions only

[o,', (co=0)=0]. The remaining nonregular part is
defined by the Drude spectral weight:

since, in this case, the Drude or free acceleration part in

Eq. (2.7) vanishes. Equation (2.12) just shows that, in a
metallic system with finite length I., we cannot observe
free acceleration and optical absorption at co =0, contrary
to infinite systems. This finite-size effect limits the
lowest-energy scale due to the limit on the largest-length
scale. Thus, for finite metallic systems we expect a
"Drude precursor" (see Sec. II C) around this minimum

excitation energy ~D. In other words, for OBC the
Drude weight D can be extracted from finite-size scaling
of the right-hand-side expression of Eq. (2.12) (see again
the explicit verification in Sec. II C).

As has already been shown by Maldague the sum rule,
Eq. (2.11), is fulfilled in this OBC case, and

o,', (co)= —( I/co)lmy(co) in Eq. (2.12) exploits all optical
transitions in systems with confined length L.

In contrast, for periodic boundary conditions (PBC) in

current direction, the particles can freely accelerate; the
coeKcient D [calculated from Eq. (2.9) or (2.10)] of 5(co)

in cr (co) is nonzero, implying an infinite dc conductivity.

B. I,anczos diagonalization

D = &ol —T Io&+sr Rey(co 0) . (2.9)

As discussed originally by Kohn' and more recently by
Shastry and Sutherland, Millis and Coppersmith, "
Schulz, ' and Fye et al. ,

' D serves as a direct and sensi-
tive measure of a metal-insulator transition. On the basis
of Lanczos diagonalization of the 1D Hubbard model this
will be further corroborated in Sec. II C.

The Drude weight D, which is inversely proportional
to the effective optical mass, can also be extracted from
the energy shift in the ground state in the presence of the
field, i.e., '

cr,',s(co) = — Imp(co+i i) ), — (2.13)

where

Since throughout this article numerical results are ob-
tained from exact diagonalization of finite clusters, let us

briefly indicate the diagonalization procedure. The
method used to calculate the optical, magnetic, and
single-particle spectral functions is a generalization of the
recursion method of Haydock, Heine, and Kelly ' based
on the I anczos algorithm.

Typically, we have an expression as in Eq. (2.7) for the
real part of the conductivity; i.e.,
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y(z) =—&0/q„(z+Z, —a)-'J, fo& . (2.14)

I@„+,&=(H —~„)I@„&—b2~C„ (2.15)

where a„=& &b„~H~ 4„&/& @„~@„&, b„=& cp„~ @„&/
i~4&„ i &, and ho=0. Usually less than 100 Lanc-

zos steps are required in order to achieve good conver-
gence for the ground-state wave function ~0& and energy
Eo. ~0& is obtained by the diagonalization of a tridiago-
nal matrix with elements a„and b„. In order to evaluate
the current-current response function y in Eq. (2.13) or,
similarly, the spin-spin response in Sec. IIIC, we run
through the same Lanczos procedure as in Eq. (2.15), but
with an initial wave function ~4o &

—=j~ ~0 &.

In the general case ~4o &—:3 ~0 &, where
A =Q, S,'exp(iq R;) for the spin response (Sec. III C), or
A =—c;, if we consider the one-particle Green's function
(Sec. IIIA). Then y(z) can be expressed with Lanczos
corresponding coefficients a„,f3„ in the form of continued
fractions

1
X(z)=

z ao

&0~ a'a ~0&

p2

p2
2 CKi

Z 0 ~ ~

(2.16)

In a finite system y(z) has poles on the real axis. The con-
vergence for the essential optical features emerging from
Eq. (2.16) can typically be achieved after about 100 Lanc-
zos steps.

C. Scaling of the Drude spectral weight and optical
absorption for the 1D Hubbard model

In order to illustrate some of the discussions in Sec.
II A and to prepare the ground for a careful study of the
low-frequency conductivity of the 2D Hubbard model,
we study here the size dependence of the Drude weight
D. D is extracted from exact diagonalizations as a func-
tion of N for different values of U/t and band filling
&n &

= &n;1+n;1 & of the N-site one-dimensional, single-
band Hubbard model t t d

= t, U d
=0= U~ in Eq. (2.1)]

with

Starting with a trial wave function ~4o&, a sequence of
orthogonal functions ~C&„& is generated by the recursion
relation

2&An pivij/ ikn+it/iv& =4r
~

and the kinetic energy expectation value by

—,
'

& 4ni —Av ~ T~ An —4iv &
= —4t ~

so that for small values of U/t

16t
D =7Tt 1—

U
(2.18)

I I

diamagnet. ic

functions for the 2D Hubbard model. A similar exact di-
agonalization study was carried out for 1D t-J clusters by
Zotos, Prelovsek, and Sega' and for 2D t-J clusters by
Poilblanc and Dagotto. ' Schulz' has evaluated the ra-
tio of the Drude weight to the total (f-sum rule) spectral
weight for the infinite 1D Hubbard chain.

However, none of these calculations has focused on the
scaling dependence of these quantities with N for various
values of U jt and filling &n &=&n, t+n;1&. Following
the general arguments of Kohn, ' it is precisely this scal-
ing of the zero-frequency optical spectral weight with the
linear dimension of the system which can be used as a
probe of the metal-insulator transition.

We start with the size dependence of D versus N with
U/t =12 for PBC rings up to 12 sites in Fig. 1. These re-
sults are obtained from Eq. (2.9). For N =4n rings, D is
negative, indicating that the diamagnetic ( —&O~T~O&)
contribution in (2.9) is smaller than the paramagnetic
Van Vleck term. At half-filling D vanishes like
D-exp( Njg), —where the localization length g of the
carriers depends on U!t. This is depicted in Fig. 2.

One may also extract from Figs. 1 and 2 and the Lanc-
zos results that the localization length g varies as t/b„
where b, is the gap for the half-filled ring (see, in particu-
lar, the recent numerical scaling results obtained from
Bethe-ansatz solutions up to N =64 by Fye et al. ' ).

The physical reason for the sign change has been
clarified in Ref. 15. Summarizing the argument, consider
the four-site ring with four electrons in the small (Ujt)
limit and its energy diagram in Fig. 3. The leading-order
dipole transition is given by the bonding-antibonding
transition

H = tg (c; c;+, +—H. c. )+ Ugn;tn;1 . (2.17) 0.0

Before going into details of our calculation, let us com-
ment on recent literature, which aims at using the Drude
weight as a probe of a possible metal-insulator transition.
Shastry and Sutherland have studied the 1D
Heisenberg-Ising model and calculated the optical
effective mass by using the Bethe ansatz. They also point
out some general relations for the 1D Hubbard model.
Millis and Coppersmith" have interpreted the Drude
weight D and the f-sum rule weight in (2.11) as
"coherent" and "incoherent" plasma frequencies and de-
rived some general results employing variational wave

—0.4
paramagnetic

I

0.0 4.0 8.0
N

Flax. 1. D vs X for Ujr=12 and &n ) =1. Half-filled rings
with X=4n +2 sites are diamagnetic (D )0); rings with N =4n
are paramagnetic (D (0).
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the applied vector potential A. This behavior is also
confirmed by direct calculation of Eo( A). ' As already
noted in Ref. 15 this interesting result for the n-site rings
does not have as a consequence an instability with respect
to spontaneous current Aow and Aux generation. ' The
above result implies, however, a violation of the familiar
Lenz law: If D is negative, the induced currents pro-
duced by an external B-field flow in the opposite direction
of the diamagnetic loop currents, as constructed by
Lenz's law. The microscopic reason for this astonishing
result is indicated in Fig. 3: For N=4n-site rings um-
klapp processes provide a coherent mixing of states (III)
and (IV), with pairs of electrons in these states circulating
in opposite directions.

In contrast to this, for half-filled rings with 1V =4n +2
sites, we have a "closed-shell" situation. Following the
same steps as those leading to Fig. 3, one immediately
sees that here Eo( 3) acquires a minimum at A =0, and
thus D )0.

When we depart from half-filling, D remains positive as
the number of lattice sites N increases. In this case, the
Hubbard ring is metallic, with the ratio (n /m)* )0. Fig-
ure 4 displays D versus the number of charge carriers
x =

~

1 —( n )
~

for rings with PBC. How are these results
affected, if one changes from the periodic to the open
boundary conditions (OBC)?

Figure 4 contains additional results for U/t =12 for
open chains with 10 sites. These results were obtained by
integrating over the Drude precursor, i.e.,

f 0' (co)dc&) = f 0' (co)dco f tT (co)dc'
precursor 0 %precursor

5.0
D

0.0

—5.0

—10.0

—15.0

B.O 12.04.00.0
U

FIG. 2. D (PBC) plotted vs U for ( n ) = 1 and various lengths
N.

Thus, the Drude weight is negative and diverges to —~
as U~O.

Alternatively viewed, since the expansion of the
ground-state energy Eo( A) in the presence of the vector
potential A, as in Eq. (2.2), is

Eo( A ) =Eo(0)—A ( j~ ) +—A —+0( A ), (2.19)

a negative Drude weight lowers the ground-state energy
for a finite value of A ((j ) vanishes in the half-filled
ring). This can also be immediately seen from the Ek dia-
grams for states (III) and (IV) in Fig. 3: It is clear that
the ground state acquires a lower minimum than the
2 =0 case by shifting the momentum k in (III) and (IV)
by k+rr/N, where @+=+a./N directly corresponds to

(0 —T, ~0) —f tr'(co)de
2X W precursor

D
2

(2.20)

D 4.0
12.0

~ PBC
OBC

8.0

5—4t+ —U
41—(0trt + gatv)

A, vri
BE

E
SE0.—4t+ U

3—4t+ -U
41

(QI tt Wl v) 0.0 0.2 0.4 0.6 0.8 1.0—4t
X

FIG. 3. Schematic energy-level structure for the half-filled
N=4 ring. For U=O, the four states (I—IV) are degenerate
with energy —4t. In the presence of U this degeneracy is lifted
and the new nondegenerate ground state (g», —tt,v)/&2 splits
off.

FIG. 4. Drude weight D vs x in the strong-coupling case
U/t = 12 for rings [PBC, Eq. (2.9)] and chains [OBC, Eq.
(2.20)]. The system consists of N = 10 sites. In the inset the sys-
tem size is varied from N=4 up to N=12 to extrapolate the
relative Drude weight D/x near half filling to the thermo-
dynamic limit.
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0.0

OBC

(~)

—(OITIO)/N is plotted versus x for different values of
U/t. As x ~0 or ( n ) approaches half-filling ( ( n ) = 1),
D vanishes, but the total spectral weight remains finite.
In this way the optical conductivity and, in particular,
the "stifFness" D serves as an order parameter for the
metal-insulator transition, i.e., the Mott-Hubbard transi-
tion. Of course, this also remains true for the 20 multi-
band Hubbard model studied in the following section,
where the gap can also be induced by a charge-transfer
mechanism.

0.0

PBC
(b)

III. SINGLE-PARTICLE AND TWO-PARTICLE
(OPTICAL, MAGNETIC) EXCITATIONS

FOR THE 2D MULTIBAND
HUBBARD MODEL

0.0 10.0 15.0 A. Single-particle excitations

FIG. 5. Optical absorption for U jt =12, one-hole doped,
X =12: (a) open boundary conditions with the Drude precur-
sor; (b) periodic boundaries. A broadening g=0. 15 has been
used to smooth out o.'(cu).

g; (ru) =g (ui)+g (
—ru),

where

g. (~)=&I & q. (N+1)lc;".Iqo(N) & I'

(3.1)

The spectral weight for single-particle excitations may
be defined as

It is obvious that the PBC IEq. (2.9)] and the OBC IEq.
(2.20)] methods yield, within numerical accuracy, identi-
cal results for D versus x. For low doping we find the
Drude weight proportional to the number of charge car-
riers x. This has recently also been pointed out near
half-filling by Schulz' and confirmed by Bethe-ansatz
solutions. ' In the inset of Fig. 4 finite-size extrapolations
to the thermodynamic limit are done by plotting D/x
versus 1/N for the one-hole doped situation (x =1/N).
Thus, we obtain D =(11.5+0.3)x near half-filling for
U/t =12 in the thermodynamic limit. Figure 5 gives the
optical absorption for a given parameter set (U/r =12,
x = 1/12, N = 12) for both boundary conditions and indi-
cates the evaluation of the Drude weight as it enters Fig.

X 5(ru —Eo(N) +E„(N + 1)), (3.2)

with c, replacing c, and X —1 replacing %+1 in the
expression for g; (co). It/ro(N)) is the N-hole ground
state, and Itti„(N+ I) ) an eigenstate of the (N+1)-hole
system, having energies Eo(N) and E„(N +1), respective-
ly. The single-hole excitations in Eq. (3.2) correspond
(ideally) to the photoemission spectra of experiment. On
the other hand, g; describes the inverse photoemission,
where an electron is added to the system.

To implement the Lanczos diagonalization as discussed
in the previous section, we note that, for example, the
spectral function for adding a hole (photoemission) may
be written as

Finally, in Fig. 6 the total spectral weight
g; =—Im(@o(N + 1)I(E+H—i i)) 'Irl& (N +1)),) 1

&oI —Tio&/N

0.0

0.4

0.0

0.0 0.2 0,4 0.6 O. B 1.0

FICx. 6. Total strength weight —(Oi TI0)/N as a function of
filling x =

I
1 —(n ) i. The curves connecting calculational re-

sults are guides to the eye.

(3.3)

where IiIio(N+1)) =—c; italo(N)). Here E:ro Eo(N) is- —
the excitation energy measured from the ground-state en-
ergy of the X-hole system, and g~o+. The expression in
Eq. (3.3) is evaluated as described in Sec. II 8 by employ-
ing the Lanczos method in two steps: In the first step
Itti„(N)) is extracted iteratively, as in Eq. (2.15). In the
second step, a hole is created in this state. In the case of
more than one site per unit cell, as in the CuO2 model of
Eq. (2.1), the creation depends in general on the experi-
mental situation: For example, the creation on Cu or O
sites, respectively, can be experimentally monitored by
varying the incoming energy. At the incident energies
used in the CuO2 experiments the emission of an electron
from a Cu 3d state has usually a much larger cross sec-
tion than the emission from an Q 2p state. The new
state No is then again calculated via Lanczos, arriving at
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B. Optical excitations

Cu — 0 Cu — 0 Cu — 0 — Cu — 0

CU — 0 Cu — 0 Cu — 0 — Cu — 0

pBc OBC

FIG. 11. Different geometries used for the two-particle
correlation functions with open (OBC) and periodic (PBC)
boundary conditions.

Armed with the knowledge of the single-particle spec-
tra, we can now also extract from the Lanczos method
the optical absorption or o. '(co).

The different geometries used for OBC and PBC are
schematically depicted in Fig. 11. For the undoped case,
we were also able to study a system with 18 sites (6 sites
in the direction of the current j~).

We start with OBC. Clearly, for the rather small sys-
tem sizes considered here, the small number of k points
[k=(0,0), (~,0), (0,~), (~,~) for 2X2 unit cells] severely
limits the optical transitions. Nevertheless, we expect
that above the minimum-energy scale coD, set by the
maximum-length scale N„, the optical absorption should
at least be qualitatively correct.

In the parameter regime, appropriate for the high-T,
superconductors, the one hole per unit cele is mainly lo-
calized on the Cu site in the undoped case. Application
of the current operator onto this state implies a charge
transfer of this hole from the Cu to the 0 site. Thus, one
would expect a dominant absorption feature at 6+ U d,
modified by a typical hybridization energy. Clearly, this
transition is observed for the undoped conductivity cr'(co)
(solid lines) in Figs. 12(a) and 12(b), where it is labeled A.
For b, =4, U d =0 [Fig. 12(a)], this charge-transfer opti-
cal weight extends above co=4, whereas for 6=2 Upd 1

[Fig. 12(b)] it extends already above co=3. As stressed
before, in both cases, the minimum single-particle gap
EcT is found to be essentially the same. The physics
behind this difference is clearly the excitonic effect.

Because of an attractive interaction ( —U d ) between
the hole (now on 0) and the "electron" left behind on Cu,
it shifts in the two-particle excitations the optical energy
downward by about U d compared to the single-particle
excitations. Measurements of the optical conductivity '
in La2 Sr Cu04 (see, for example, Fig. 13) reveal strong
absorption above 2 eV with a peak around 2.5 —3 eV in
the undoped system (x =0).

Thus, we have the interesting fact that, when we aim at
simultaneously reproducing the single-particle (ECT) and
the two-particle charge-transfer gaps, we are led to a U d

0.4

0.2

D B A

!

6=4
OBC
Ulldoped
1 hole
2 holes

0.0

D B A

0.2
OBC

0.0

00 PO 40 60 00 100

FIG. 12. o' vs co for the two parameter sets (a) and (b) (in
both sets Ud=6, U~=3) using OBC.

of the order 1. Of course, this is susceptible still to the
finite-size effect, which also tends to shift the higher-
energy transitions to somewhat lower energies. However,
we should emphasize that we have found essentially no
inAuence when increasing the system size from X = 12 to
N =18 sites.

Comparison with the photoemission spectrum in Fig. 8
reveals that the charge-transfer peak A corresponds to
transitions from nonbonding oxygen (NBO) to the upper
Hubbard (UHB) band.

The onset of optical structure in the undoped situation
is governed by a peak C in Fig. 12(a) [or the small shoul-
der on the low-energy side of peak A in Fig. 12(b)]. This
peak is due to a transition of a Cu hole (UHB) to the
correlated Zhang-Rice type of states denoted by (CS) in
the single-particle spectra. Again this clearly is interest-
ing in view of the common interpretation of the experi-
mentally observed onset around 2 eV as being related to
d ~p charge transfer (A) only.

Doping with holes results in a reduction of the spectral
weight of A and a small shift to higher energies. This re-
sult, and also the shift of spectral weight to lower ener-
gies, as observed in Figs. 12(a) and 12(b) for one- and
two-hole doping, are again found to be in general accord
with experiments (see Fig. 13).

The lower-energy structure in the doped case (one hole:
dashed lines; two holes: dash-dotted lines) in Fig. 12 con-
sists of two peaks D and B. Comparison of the OBC spec-
trum with the PBC absorption in Fig. 14 (see the ana-
log discussion for the 1D case in Sec. II C) clearly estab-
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lishes 0 as the Drude precursor to be expected for OBC
at the finite energy ~D: Thus, doping induces an
insulator-metal transition. Again in accordance with our
discussion in Sec. II C, the intensity of the Drude peak is
strongly enhanced when going from the one-hole to the
two-hole doped situation. The Drude weight has also
been extracted using the expression (2.20) and found to be
proportional to the number of doped carriers.

Two additional features B and E are observed in Fig.
12, both of which belong to transitions of holes out of the
Zhang-Rice —type correlated states (CS). B is an excita-
tion from CS to NBO and E from CS to LHB. The exci-
tation energy in the photoemission spectrum, which be-
longs to E, is significantly different from the two-particle,
i.e., optical excitation energy. It should be noted that in

our 2X2 unit-cell system, the UHB —LHB excitation can-
not be observed because of the selection rules embedded
in the current operator.

Another interesting observation contained in Fig. 12 is
that, while the charge-transfer peak A is substantially
shifted by going from (a) to (b) parameter sets, the lower-
energy structures D and B are not. This implies that the
low-energy physics contained both in the single-particle
and two-particle excitations is unaffected by the two
different parameter choices, with Uzd just acting as an ad-
dition to the single-particle transition energy. As is to be
expected, this no longer holds for the actual charge-
transfer energy with its bare value 6+2Ud being re-
duced by the excitonic effect, which sets in only at this
higher-energy scale.

In the one-hole doped spectrum we observe in Fig.
12(a) a small absorption structure between D and B. This
structure is due to transitions within the correlated states
(CS) in the single-particle spectra. It may be identified as
the midinfrared peak discussed recently in connection
with exact-diagonalization studies of the t-J model. ' '

Finally, if we apply periodic boundary conditions, the
optical conductivity, as displayed in Fig. 14, no longer
contains the Drude precursor at finite ~=coa. Its weight
has been calculated from Eq. (2.9). Again, in the PBC
case, one finds the structures B and A, which have al-
ready been identified as CS to NBO transitions and
charge-transfer transitions in the OBC case with essen-
tially unchanged excitation energies cu.

To analyze the Drude peak with help of the formulas
given in Sec. II, we calculate the sum rule for both
boundary conditions. Because of the small system size,
and in accordance with Sec. II, we obtain with PBC a
finite Drude weight D even for the undoped case n =1
(x =0). The very rough scaling possible with X = 18 sites
(X =6 in current direction) is in accordance with the ex-
ponential disappearance of D found for larger 1D systems
in Sec. II C for the half-filled undoped case. For example,
calculating the Drude weight from Eq. (2.9) with the pa-
rameter set (a) ( b, =4, Ud =6, U =3) we obtain in the un-
doped system for N =12 sites D =0.27 and for X =18
sites D =0.01. However, doping the system results in a
finite positive Drude weight indicating metallic behavior,
which can be measured directly using OBC [Eq. (2.20)].
In this case the Drude weight increases roughly linearly
with doping, in overall agreement with the experimental
situation in Fig. 13: For 6=4 D is enhanced from 0.16
(one hole) to 0.39 for two holes [b, =2, U d

= 1: 0.25 (one
hole) ~0.55 (two holes)].

C. Magnetic excitations of the three-band model

With exact diagonalization one can measure the spec-
tral weight of the spin-spin correlation function,

Imp( q, co ) =~ g ( 0 S' "
l n ) ( n

~
S " 0 )

FICz. 14. o.' vs u for b =4, Ud=6, U~=3, and periodic
boundary conditions. As in the 1D situation, o' contains no
Drude part for the PBC case because o.' refers only to interband
transitions. where

n&0

X "o( co (E„—Ee ) ), —(3.5)
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SzCu ~SzCu 'q i
q ~ i (3.6) 4t4„

(g+U„)' 6+U /2 U„
(3.9)

H =JS ".S " (3.7)

We note that the spin operator Sq' [ ~

=S', —S2 maps
the singlet ground state ~0) onto the triplet excited state
~1), where

—(c, tc2t +c&tczt )~vac) .
2

(3.8)

Thus, we have E, —Eo=0. 13 for b, =4 (0.15 for 5=2,
U d

= 1) in the diagonalization results. Due to the
pd

specific geometry of our 2 X 2 system this value must be
compared with 2JC„=0.17 [0.20 for parameter set (b)],
where Jc„is given in strong coupling:

and S,' "=
—,'(n, . t" —n, i" ). At q=(m. ,~) this correlation

function can serve as a probe of the antiferromagnetic or-
der at and near half-filling.

Our results for the half-filled mod the one-hole doped
cases are plotted in Fig. 15. In this calculation we con-
centrate on the same parameter sets [(a) b, =4, U~d =0,
and (b) b, =2, U~d =1; in both sets we have chosen Ud=6
and U =3] used for the photoemission and the optical
spectra. As shown in Sec. IIIA, both parameter sets
guarantee insulating behavior because of a charge-
transfer gap in the undoped half-filled case. In the un-
doped situation, we observe just one dominant feature at
about 0.1 (in units of t~d, as everywhere) for both parame-
ter sets.

Consider for the sake of simplicity of argument just
two neighboring Cu sites 1 and 2 antiferromagnetically
coupled by the exchange constant J in strong coupling;
i.e.,

In the one-hole doped situation, the signal corresponding
to Cu-Cu singlet-triplet excitations is not found. We in-
terpret this fact as being caused by the delocalized nature
of the Cu-0 singlet, where the additional O hole polarizes
the Cu spins not just at the two nearest-neighbor posi-
tions but all over our 2X2 unit cell system. Correspond-
ingly, we expect the appearance of Cu-Cu singlet-triplet
excitations for a larger-sized system for small dopings.

The additional structure in the doped situation at 1.04
for b, =4 (1.47 for 6=2, U d

= 1) can again be identified,
following the same arguments as above, as stemming
from a nearest-neighbor Cu-0 Kondo-like spin coupling,
replacing the site 2, say, by an 0 site in Eqs. (3.7) and
(3.8). The strong-coupling value for the Cu-O singlet-
triplet splitting,

=2k 1 + 1
Kondo pd g+ U Up d pd

(3.10)

is again found in good accord with the numerical value in
Fig. 15 (1.04 versus 2JK,„d, =1.29 for b, =4; 1.47 versus

2JK „d,=1.4 for b. =2, U d =1). Going to the thermo-
dynamic limit will further shift down the numerical peak
position.

Thus, the dynamical magnetic structure factor con-
tains at higher energies and well separated from the
lower-energy Cu-Cu transition Cu-O Kondo-like excita-
tions. They are even further separated including a finite
p-d Coulomb repulsion U d. This picture is also in gen-
eral accordance with the basic physical assumption un-

derlying the Zhang-Rice mapping, i.e., the formation of a
tightly bound spin-singlet between a localized Cu spin
and the dopant-induced hole carrier. This fact has re-
cently been noted also for the Kondo-Heisenberg limit of
the three-band Hubbard Hamiltonian.

80.0

60.0

80.0

6o.o

40.0

q= (7T, 7T)

40.0
20.0

0.0

1
~ I
tl
I I

I I
~ ~

I

I i I

20.0
0.0 0.5

II
[I
~ I

I
a ~

y l
g I

I

1.0 1.5

0.0 0.5 1.0 2.0

FIG. 15. Imaginary part of the magnetic susceptibility as a
function of m for 6=4, Ud=6, U~=3, and (in the inset) 6=2,
U~d =1, Ud =6, and U~ =3. Solid lines denote the undoped case
and dashed lines the one-hole doped situation.

IV. SUMMARY

Two-particle optical and magnetic as we11 as single-
particle excitations have been calculated via exact diago-
nalization for a one-dimensional (1D) Hubbard model
and for a 2D multiorbital model appropriate for the cu-
prate superconductors. In 1D, particular emphasis has
been placed on a numerical scaling analysis of the Drude
weight D. Varying the system size X up to X =12 for
diQ'erent values of U/t and band fillings, it was found that
D vanishes exponentially at half-filling with % on a length
scale set by the inverse gap. However, for finite-sized
rings with X =4n D is negative (4n +2, positive) signal-
ing paramagnetic response and an interesting violation of
Lenz's 1aw. Away from half-filling D tends to a diamag-
netic positive value, thus being a direct probe of the
Mott-Hubbard transition.

The 1D results on the low-frequency optical spectral
weight and its finite-size dependence near the metal-
insulator transition prepared the ground for a corre-
sponding study in two dimensions. The single-particle
excitations in the multiband 2D case display strongly
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correlated states, related to the Zhang-Rice singlet con-
struction. These states define the gap to the upper Hub-
bard band at half-filling and become partially occupied by
doping one or two holes in our 2X2 unit-cell system.
Various reasonable parameter sets with and without the
p-d interaction U d yield this single-particle gap in agree-
ment with experimental data. If, however, the optical ex-
citations are also calculated with Lanczos diagonaliza-
tion, the excitonic eftect caused by U d was found to be
essential for reconciling theoretical trends and experi-
ment. To study the finite-size eftect, system sizes up to
X = 18 have been diagonalized at half-filling.

Doping with one and two holes for 12-site lattices in-
troduces a shift of absorption weight from the high-
energy side to the low-energy side, in general agreement
with experiment. Also in accord with experimental data
is the observed reduction and shift to somewhat higher
energies of the charge-transfer —related excitations.
Three additional structures can clearly be identified on
the low-energy side: First, the Drude peak and its weight
(-x) have been extracted employing the techniques out-
lined already for the 1D case, both for PBC and OBC.
Second, we found a small structure caused by internal
transitions in the Zhang-Rice singlet structure which
may be related to the experimentally observed midin-
frared absorption. Additionally a strong absorption struc-
ture, which has not yet been reported in Hubbard-model
studies, and which is caused by a transition from Zhang-
Rice singlet states into the upper Hubbard band, was
detected. We believe that this structure is very likely re-
lated to experimental optical weight found in the conduc-
tivity between the Drude and the charge-transfer peaks.

A general result that has emerged from our optical
studies is that not only the low-energy physics as con-

tained in t-J —type models, but also the higher-energy
physics as measured in typical optical data between a
fraction of an eV up to several eV's is significantly
inAuenced by the Zhang-Rice —type Cu-0 singlets: The
Drude peak, as well as the small midinfrared absorption
feature are caused by itinerant singlet motion. Further-
more, the new pronounced peak originating from the
Zhang-Rice to nonbonding 0-band transitions corre-
sponds to the unbinding of the 0 hole from the Cu-0
singlet.

We have finally also calculated the dynamic magnetic
structure factor. The interesting feature here is that, for
the doped situation, this structure factor displays a peak
at the Kondo spin(O)-spin(Cu) correlation energy
2JK,„d,—1 —2 eV. This signal, which has previously been
detected in a simplified model, stems from the Zhang-
Rice type of singlet-triplet excitations and is expected to
be observable in magnetic experiments.
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