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Electromagnetic penetration depth and frequency-dependent optical conductivity
for a proximity junction
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We have calculated the electromagnetic penetration depth for the normal-metal side of a proximi-

ty junction including paramagnetic impurities in the strong-scattering model of Shiba and Rusinov.
Pair breaking strongly aA'ects the results and the low-temperature behavior is sensitive to the loca-
tion of the states in the gap. We have also computed the frequency dependence of the optical con-
ductivity and find structure in the gap on the normal-metal side which is similar to that found in the
intrinsic case.

I. INTRODUCTION

One notable feature of the superconducting state is the
almost complete screening of electromagnetic fields from
the interior of bulk samples by surface supercurrents.
For example, to a good approximation, an applied weak
magnetic field decays exponentially in magnitude with
distance into the superconductor, with a characteristic
length A, which is called the electromagnetic penetration
depth. For conventional bulk superconductors A, is only
very weakly temperature dependent at low temperatures,
with a rapid increase near the critical temperature where
A, diverges. The general form of this temperature depen-
dence is reasonably well described by the simple depen-
dence predicted by the two-fluid model,
X ~ [1—(T/T, )") ', so that the deviation of the tempera-
ture dependence from this form is often plotted. Recent-
ly, however, Kresin' has found that the penetration depth
on the normal-metal side of a proximity-effect junction
displays a rapid increase at low temperatures, in good
agreement with experiment.

The approach taken by Kresin' is to restrict the tem-
perature range considered to only very low temperatures,
where the penetration depth may be small compared to
the coherence length and the film thickness d&. Further-
more, the McMillan model is used in the description of
the proximity effect, requiring that the coherence length
g be greater than the film thickness d~. In this situation,
Kresin finds that the standard result for the nonlocal
(Pippard) limit penetration depth still holds, with the
only concession to the proximity effect being the replace-
ment of the BCS gap function by the gap function calcu-
lated within the McMillan model. Consistent with this
approach, paramagnetic impurities within the scheme of
Shiba and Rusinov ' (SR) may be included on the
normal-metal side of the junction by including the ap-
propriate self-energy contribution. We study this situa-
tion here.

The frequency dependence of the absorption of elec-
tromagnetic radiation by a superconductor is determined
by the structure of the quasiparticle density of states, '

and, as is the case for intrinsic superconductors with
paramagnetic impurities, ' ' optical experiments may be

very useful in cases where the construction of good tun-
neling junctions is difficult for a particular material.

In this paper, the optical absorption of proximity-
effect-induced superconductors will be considered. The
conductivity is calculated in exactly the same manner as
for the case of intrinsic superconductors, with, of course,
the usual replacement of the gap function by the ap-
propriate one. In Sec. II, we present the necessary for-
malism for the calculation of the penetration depth and
results are given in Sec. III. In Sec. IV, we describe the
optical conductivity with numerical results in Sec. V.
Conclusions are to be found in Sec. VI.

II. FORMALISM FOR PENETRATION DEPTH

where
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In (lb), m * and n are the effective mass and electron con-
centration in the film N, vF& is the Fermi velocity in X, e
is the electronic charge, and the Matsubara gap function
b.~(m).

One further step required in the evaluation of the
penetration depth is the familiar recasting of (lc) into the
form of a real-frequency-axis integral, as our computer
code solves for the function b, &(co) rather than the ther-
modynamic function A&(m). Using the standard
methods, "one finds

b N(co)
P =
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It is readily verified that Kresin's' final result [his Eqs.
(16)—(19)] is unchanged, when magnetic impurities are in-
troduced on the normal-metal side. Thus,

(la)
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Now (1) and (2), together with the gap equations, may be
used to calculate the penetration depth of the normal-
metal side of the junction including the e6'ects of SR
(Refs. 6 and 7) model impurities.

The gap equations involve four coupled equations for
the four functions hz(&] and Zz~~]. On the real frequency
axis, they are"

5s ( co):5ph +I s 5~ ( co ) /D~ ( ct) )

Zs(co) =1+I sZ~(co)/D~(co), (3b)

D, (co)= [61(co) co ZI (—co) ]'~, I =X or S, (3e)

with X normal and S superconductor. The square root in
(3e) must always be chosen to have a positive real part.

The scattering rates I z and I & are parameters charac-
teristic of the junction and will be given specific values
here.

The frequency-dependent impurity scattering contribu-
tions I

&
and I zaregivenby ' '

nI,(co)= (2l +1)(l—g, s, )
2~+~. . .

b, ~(co)= I ~As(co)/Ds(co)+ I 2(co)h~(cu)/D~(co), (3c)

Z~(co) = 1+I ~Zs (co)/Ds(co)+ I i(co)Z~(co) /D~(co),

(3d)

where

III. RESULTS FOR PENETRATION DEPTH

Kresin' has found that the zero-temperature penetra-
tion depth A, (0) is an increasing function of the normal
film thickness for a given superconducting film thickness,
which is a result of the decrease of the strength of the su-
perconducting correlations.

Considering the dependence of X(0) on paramagnetic
impurity concentration, one finds that the results may be
divided into two qualitatively diff''erent groups: In the
one case I s (b,o/2, T, and A, (0) are finite for all values
of I & and a, and in the second case I s )ho/2, critical
values of I & and o. exist, for which T, goes to zero and
A, (0) diverges. Some results for the first case are shown in
Fig. 1(a), where the inverse penetration depth is plotted
as a function of the pair-breaking parameter a (with the
scattering parameter EO=O) for a few different values of
I &. The inverse of the penetration depth is plotted to
avoid the divergence of A, (0) which occurs at the critical
concentration, and which shows up in the second case,
Fig. 1(b), as the inverse penetration depth going to zero.
Of course, long before this point is reached, the penetra-
tion depth will have increased to the point where it is of
the order of the film thickness, which violates one of the

lO xIO
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where the scattering parameters are

Ei =cos(5i+ —5i )

and
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with 6&— phase shifts. The impurity concentration nl in

Eq. (4) is sometimes given in terms of a parameter
n=vrnl(1 Eo)/mpF with m the electron mass and pF the
Fermi momentum and we have in mind a single level in
the gap given by c,o. The value co=1 corresponds to
Abrikosov-Gorkov' theory (weak scattering).

The quantity b, zh introduced in (3a) is the supercon-
ducting order parameter, which satisfies the usual BCS
self-consistency equation

cc)D
~~h =&sov f d~Re

0

E,(~)
[~2Z&(~) g& ]&/2

X tanh(Pc@/2), (6)

where V is the pairing potential and N&o is the density of
electronic states on the superconducting side.
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FICx. 1. The inverse electromagnetic penetration depth at
zero temperature of the normal-metal side of a proximity-effect
junction as a function of paramagnetic impurity concentration
in the SR model with co=0. (a) "Thick" superconducting film

I &/T, =0.36 with T, the critical temperature in the absence of
impurities, and I &/T, =0.10 ( ), r&/T, =0.72 (. ~ . ),
r~ /T, = 1.50 ( ———). (b) "Thin" superconducting film

I z/T, =1.5 and I &/T, =0.36 ( ), I z/T, =0.72 (- ~ ~ ~ ),
r /T =1.50( ———).
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FIG. 2. The dependence of the zero-temperature penetration
depth of the normal-metal side of a proximity-effect junction on
the SR scattering parameter cp for the parameters
I &/T, =0 72; and I z/T, =1 5 and a/T, =0 01 ( ),
I z/T, =1 5 and n/T, =0 20 ( . . -), I z/T, =0 36 and
a/T, =0.10 (

———), I z/T, =0.36 and e/T, =0.72
( —~ —~ —~ ).

basic assumptions made at the outset. The large impurity
concentration region is therefore not of interest within
this model, although just what is large can only be decid-
ed after estimating the various parameters for a particu-
lar junction composition.

The dependence of A, (0) on the Shiba-Rusinov scatter-
ing parameter co is explored in Fig. 2, where it is shown
that as Eo increases A,(0) decreases, with the amount of
variation being larger for thin superconducting films (I s
large) and for larger impurity concentrations.

Next, consider the temperature dependence of the
penetration depth, some examples of which are shown in
Fig. 3(a), where the penetration depth, normalized to the
zero-temperature value A, (0), is plotted as a function of
reduced temperature T/T, . Note that with increasing
impurity concentration, the rapid rise in k at low temper-
ature found in the pure case is suppressed. The mecha-
nism for this may be better understood by examining Fig.
3(b), where the same results are replotted with a different
normalization, that is with all values normalized to A,o(0),
the penetration depth of the pure junction at zero tem-
perature, rather than to k(0), the penetration depth at
zero temperature for the given set of material parameters.
When all curves are normalized by the same value, the
actual shape of the curves at higher temperatures
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FIG. 3. The temperature dependence of the electromagnetic
penetration depth of the normal-metal side of a proximity-effect
junction containing SR model paramagnetic impurities. (a) The
penetration depth A,(T), normalized to the zero-temperature
value A,(0) for the same material, with parameters
I g/T =0.36 I ~/T =0.72 cp=0' and cx/T =0 ( )

e/T, =0.01 (- - ~ ), cz/T, =0.10 ( ———), e/T, =0.72
( —~ —~ —~ ). (b) The penetration depth k(T) normalized to the
zero-temperature value of the junction without paramagnetic
impurities kp(0) for the same parameters as in (a).

FIG. 4. The temperature dependence of the electromagnetic
penetration depth of the normal-metal side of a proximity-effect
junction containing SR model paramagnetic impurities. (a) The
penetration depth k( T), normalized to the zero-temperature
value A,(0) for the same material, with parameters
I /T, =0.36, I /T, =0.10; and a/T, =0 ( ),
a/T, =0.01 and cp=0 (. ~ - -), a/T, =0.10 and op=0
( ———), a/T, =0 10 and op= 10 ( —- —.—). (b) The
penetration depth A, ( T) normalized to the zero-temperature
value of the junction without paramagnetic impurities Xp(0) for
the same parameters as in (a).
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(T/T, =0.3 —0.4) is not greatly affected by increasing a;
to a good approximation in this region the curves simply
shift up by a constant amount. At lower temperatures,
the shape of the curves is altered slightly, with the in-
crease in A. ( T)/Ao(0) with a being largest at zero temper-
ature. The marked decrease in slope of the curves in Fig.
3(a) at higher temperatures with increasing a simply
reAects the fact that the low-temperature penetration
depth increases more rapidly than that at higher temper-
atures.

The usefulness of the above pictorial display becomes
most evident upon consideration of the dependence of
these results on the scattering parameter Eo, an example
of which is shown in Fig. 4. Although the curves for
80=0 and for 80=1.0 differ markedly in Fig. 4(a) at all
temperatures, the results plotted in Fig. 4(b) show that in
absolute terms only at the very lowest temperatures does
the value of co have any effect. This is reassuring, as for
the parameters considered here the parameter co affects
only the very low frequency region of the gap function, so
that one would expect only the very low-temperature re-
gion to be influenced by this parameter.

In summary, the low-temperature penetration depth of
the normal-metal side of a proximity-effect junction has
been found to be sensitive to the introduction of
paramagnetic impurities. The rapid rise of penetration
depth with temperature reported by Kresin' for the case
of a pure proximity junction is found to be suppressed by
paramagnetic impurities, an effect which results from k
in the very low-temperature region being more strongly
enhanced than at higher temperatures. Furthermore, this
low-temperature enhancement is quite sensitive to the na-
ture of the impurity scattering as described by the param-
eter co.

IV. FORMALISM FOR CONDUCTIVITY

The optical absorption of the normal side (N) of a
proximity junction is given by

d v[n ( v)n (co+v)
1

I (co)

[g2 ( ) 2]1/2 (9a)

I s~x(~)
~s(~) = ~!h+

[h~(co) —co ]

Is
X I+

[g2 ( ) 2]1/2 (9b)

The frequency-dependent pair-breaking parameter in (9a)
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is the pair density of states. Here o.z is the normal state
conductivity and is assumed to be frequency independent
in the frequency range of interest. The frequency co is
the lowest frequency where the density of states becomes
nonzero. Equation (7) can be integrated numerically,
once the solution for the gap equations for b,~(co) on the
normal side is known.

The normal side gap appearing in Eqs. (7) and (8) fol-
lows from Eq. (3), which can be rewritten in the form
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FIG. 5. (a) The frequency dependence of the optical absorp-
tion (in units of the unperturbed gap 60) of the normal-metal
side of a pure proximity-e6'ect junction with a thick supercon-
ducting 61m I z/T, =0. 1 and for I &/T, =0.10 ( ),
I /T, =0.36 (. ~ . ), I /T, =0.72 (

———), I /T, =1.50
( —~ —~ —~ ), I &/T, =4.00 ( —~ ~ —.- —). (b) The density of states
of the normal-metal side of a junction Nz(co)/No for the same
parameters as in (a).
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FIG. 6. The density of states of the superconducting side of a
proximity-effect junction for the same parameters as in Fig. 1.

is given for Shiba-Rusinov impurities, by

g 00 co —A~(co)
1(co)= g (2l+1)(1—e()

2~%&0 I co k~ ( co )E (

(10)

In the Arikosov-Gorkov' ' limit co~1, in which case I
is frequency independent.

V. NUMERICAL RESULTS FOR CONDUCTIVITY

First, considering the variation of the absorption with
normal film thickness without paramagnetic impurities,
one might expect this to be very much like that of a BCS
superconductor, with a gap edge that decreases with in-
creasing normal film thickness d&. I

Note that
I s/I z=(d~/ds)(N~o/Nso) j. This is indeed the case to
a reasonably good approximation, as shown in Fig. 5(a),
although there is a small kink in the curves at a frequen-
cy which depends on the film thickness. This feature is
associated with the two-peaked structure of the density of
states, shown in Fig. 5(b) (the densities of states on the sn-
perconducting side are shown in Fig. 6 for the sake of
completeness). In the two extreme limits of 1 & going to
zero or infinity, the two-peaked structure disappears, in
the one case, because the density of states becomes identi-
cal to that of the normal state, and in the other case, be-
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FIG. 7. The frequency dependence of the optical absorption
of the normal-metal side of a proximity-effect junction contain-
ing a small amount of SR paramagnetic impurities a/T, =0.01,
for I &=I &=0.36T, and co=1.0 ( ~ ), co=0.5 ( ———).,
co=0.0 ( —~ —~ —.). Also included is the pure case o.' =0
( ). (b) The density of states on the normal-metal side of
the junction for the same parameters as in (a).

FIG. 8. (a) The frequency dependence of the optical absorp-
tion of the normal-metal side of a proximity-effect junction con-
taining a small amount of SR paramagnetic impurities,
a/T, =0.1, for I +=I & =0.36T, and c,o=1.0 (. ~ ~ -), 80=0.5

( ———), co=0.0 ( —~ —~ —~ ). Also included is the pure case
+=0 ( ). (b) The density of states on the normal-metal side
of the junction for the same parameters as in (a).
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cause the two peaks merge together into a single one.
The structure is most evident in the intermediate thick-
ness cases of Fig. 5(a). Although this structure is easily
seen in some of the calculated curves, it is questionable as
to whether or not it might be seen experimentally. The
densities of states calculated within the present model
represent an idealized version of what is observed experi-
mentally where structures are generally not as sharp as
the calculated ones. This might well result in this feature
becoming unobservably small for real systems.

Turning now to the question of including paramagnetic
impurities in the normal-metal side of the junction, it has
previously been pointed out by Kaiser' for the model of
Miiller-Hartmann and Zittartz, which is very similar
to that of Shiba and Rusinov, that the location of states
within the energy gap is quite well described by the
nonproximity results, with the replacement of the order
parameter by an effective gap given by the location of the
peak in the density of states in the absence of impurities.
In light of this, it should not be surprising to see that the
low frequency region of the optical absorption is very
similar to that of the intrinsic case considered in our pre-
vious paper. Figures 7 and 8 show a comparison of re-
sults for the scattering parameters c,o=0.0, 0.5, and 1.0
for two different exchange scattering rates a. Note that
the existence of a band of states in the gap leads to two
peaks in the optical absorption, just as in the intrinsic
case. The absorption at higher frequencies is not very

sensitive to small amounts of paramagnetic impurities.
In conclusion, just as in the case of intrinsic supercon-

ductors, optical absorption is a very sensitive probe of the
density of states of induced superconductors, and as such
may be a useful tool in the probing of the interactions be-
tween magnetic impurities and conduction electrons in
metals in general.

VI. CONCLUSION

The electromagnetic penetration depth at low tempera-
ture is found to be quite sensitive to the addition of
paramagnetic impurities, with the rapid rise with increas-
ing temperature found by Kresin' in the pure case being
suppressed with increasing pair breaking. The low-
temperature penetration depth is also shown to be sensi-
tive to the location of the states in the gap determined by
the SR scattering parameter co.

The optical absorption of the normal-metal side of a
proximity-effect junction is found to have a small struc-
ture associated with the two-peaked structure of the den-
sity of states predicted by the McMillan model, although
this may not be observable experimentally. The addition
of SR model paramagnetic impurities to the normal-
metal side of a proximity-effect junction results in optical
absorption which is qualitatively the same as that of the
intrinsic case.
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