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Temperature dependence of the critical current of the superconducting
microladder in zero magnetic field: Theory and experiment
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The largest supercurrent which can be injected into a superconducting microladder was calculat-
ed as a function of nodal spacing L and temperature for zero magnetic Aux using (i) exact solutions
of the Ginzburg-Landau equation in terms of Jacobian elliptic functions and (ii) approximate solu-
tions in terms of hyperbolic functions. The agreement is good for X/S(T) (3, where g(T) is the
temperature-dependent coherence length. Since solution (ii) is much simpler than solution (i), it is
of considerable value when calculating critical currents of micronets with nodal spacings compara-
ble to g( T). We find that the temperature-dependent critical current deviates significantly from the
classical —power law of the Ginzburg-Landau theory. Preliminary experiments on a submicrome-

ter ladder confirm such deviations.

I. INTRODUCTION

When one deals with currents, internal as well as exter-
nal, in superconducting microcircuits, the full nonlinear
Ginzburg-Landau (GL) equations have to be employed.
The impact of the nonlinear term in the GL theory on
the critical current of a long thin wire is discussed in Ref.
1. Critical-current calculations have been published for
an infinite superconducting square network in zero mag-
netic field, for a superconducting wire with very long
side branches, for a superconducting quantum interfer-
ence device (SQUID), and for the microladder in small
magnetic fields. An alternative approach, using eigen-
values of the linearized GL equations, which are related
to X/g(T), was explored by the authors of Refs. 6 —8.
The temperature-dependent GL coherence length is g( T).

Our work, concerning the square ladder in zero field,
can be reduced to an investigation of the critical current
of a thin wire with side branches of length X/2, where X
is the distance between the nodes. As shown in Figs. 1(a)
and 1(b), half of the ladder corresponds to a wire with
side branches. In the center of a transverse branch, the
modulus of the order parameter f(x) has a maximum,
while at the center of the longitudinal branches f (x) has
a minimum in the presence of a current. These extrema
are denoted by foz and fo& and the corresponding f (x)'s
are depicted schematically in Fig. 1(c), with f„being the
value of f (x) at node n The nod.al conditions require
that all order parameters (OP's) of all branches are the
same at a node, and that the derivatives of f;(x) with
respect to x, taken radially outward from a node and
summed over all branches i, is zero.

It is our goal to find f (x) using the nonlinear GL equa-
tions such that f (x) has extrema, distance X/2 from a

node, with current Aowing in two of the branches while
none is Bowing in the third. The maximum current
which permits such a solution is the critical current. The
same approach applies to the approximate solution.
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FIG. 1. Shown is the ladder: (a) f&» is the minimum of f (x)

in the current-carrying branch, f02 is the maximum in the
branch without a current, and f„ is the value at a node; (c)
schematic f (x) for (a). (b), (d), and (e) are circuits with
equivalent f (x) distributions to those in (a).
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It is of interest to note that circuits like those in Figs.
1(d) and 1(e), linked by a magnetic flux, have the same
spatial configuration of f (x) as shown in Fig. 1(c). How-
ever, the persistent current in the loops, linking the Aux,
is an internal current in the latter two circuits, while for
Figs. 1(a) and 1(b) the current is from an external source.
Since the currents in each branch of the ladder are the
same, the Aux linking a unit cell is zero when an external
current is present. There are no persistent currents for
zero-Aux linkage.

Section II treats the exact solution of the critical
current. In Sec. III we propose an approximate solution,
and Sec. IV deals with the experimental results and their
comparison with theory.

II. EXACT SOLUTION

and

u, =x'(IR, I/2)'~2/g,

IR I I'=2[J'/f0I —f0I (1—f0I )],
m'= [)+Re(R I )/IR I I ]/2,
Re(R I

)=1—3f02i /2,

sc (u, m')dn (u, Im')

= [ 1 —cn(2u I I
m ') ]/[1+ en(2u I I

m ') ] .

The coordinate x ' =0 is located at the minimum of
fi(x'), where f, (x')=f0i, and the node is located at

The transverse branch which does not carry a current
has a modulus of the OP

We assume that the thickness of the wires of the uni-
form microladder is comparable to, or smaller than, g(T)
and the penetration depth A, ( T). We may, therefore, use
the one-dimensional GL equations

f2(x")=f02cd(u2Im")

with

u2 =x "(1—f02/2)' /g,
m'I' ——1 —m"=(1 —f02)/(1 f02/2) .

d'
, +(1 f' q')f =—o, —

J=f q,

(la)

(lb)

The coordinate x"=0 is located at the maximum of
f2(x"), where f2(x")=f02, and the node is located at
x"=X/2. The nodal conditions are

f', (&/2) =f', (&/2)

and
where q(x) is the normahzed gauge invariant s-uperfluid
velocity defined by

q(x) =g + A„
dO
dx

and J is the normalized current density. The phase of the
complex OP is 0 and 3 is the component of the normal-
ized vector potential parallel to the coordinate x. The
vector potential associated with the external source is im-
plicitly included in q (x). For a thin wire the current den-
sity is assumed to be uniform across the wire so that q (x)
in (la) can be replaced by J/f with J being a constant in
a branch. As was shown in Ref. 3, Eq. (la) can be in-
tegrated once, yielding a first-order differential equation
whose solutions are known functions. J is related to the
current density in conventional cgs Gaussian units by

J„„„=JCP0/(8Ir gA2) .

Provided that the temperature dependence of J can be ig-
nored, J„„,is proportional to (T, —T) ~ owing to g(T)
and A, (T). The fluxoid quantum $0 is a positive constant.
The present method of computation, using the exact non-
linear GL equations, is outlined in Ref. 3. It follows from
Ref. 3 that f (x) in the current-carrying branch near the
maximum of J is given in terms of Jacobian elliptic func-
tions by

f I (x') =f0i + IR I Isc (u, Im')dn (u, Im ')

with

=f02cn (u2)/dn (u2),
sn(2u I )dn(2u I )(32)'"IR, '"
[1+en(2u, )]

SI1( u 2 )CI1( u 2 )
=2m "f (1 —' f )'~—

1 02 & 02
d 3( )

(3)

The current density J is embedded in IR I I. Equations (2)
and (3) were solved numerically, finding f0, and f02 for
fixed values of/ and J.

Figures 2 and 3 show the general elliptic-function solu-
tions for two different lattice spacings, where we have
plotted J as a function of the moduli of the OP's at the
node and at the extremal values. As the current is in-

creased from zero, f (x) decreases from unity. The de-
crease is more rapid in the longitudinal (f0, ) than in the
transverse branch (f02). When the maximum value of J,
J„is exceeded by the external source, the ladder is driven
into the normal or phase-slip state. Therefore, J, is the
normalized critical-current density (per wire) of the
ladder. The curves to the left of the maxima are unphysi-
cal when only applied currents are present, but have
physical significance if J is a persistent current due to

2 df', /dx' =Idf /dx "I

at x ' =x"=X /2. With the notation ( u ) for ( u
I
m ), these

are, explicitly,

f 02i + IR I I [1—cn(2u I ) ] /[ 1+en(2u I ) ]
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FIG. 2. Normalized current density J, injected into the circuit of Fig. 1(b), as a function of the f (x)'s at the extrema and the node
for X//=0. 6~. Here J,=0.4435.

magnetic flux linking the circuit. Figure 2 is characteris-
tic for lattice spacing X//&0. 6w and Fig. 3 is charac-
teristic for X/g) 0.8~.

Figure 4 summarizes the values of J, obtained from
plots similar to the two previous figures. The encircled
points are values calculated from Eqs. (2) and (3). It
should be noted that J, is normalized, that the current in
conventional units includes a (T, —T) term, and that
the horizontal axis is a function of temperature. Thus, if
X/g(T) changes, for example, from 0 to 4 as the temper-
ature is changed, the temperature dependence of J, must
necessarily differ from the classical (T, —T) depen-
dence. As X/g —+0, the value of J,~&2/3; and as
X /g~ ~, the value of J, —+2/V27, the normalized criti-

cal current density of a long wire without side branches.
For X/g & 1 and X/g)) 1, the following limiting solu-

tions are obtained from Eqs. (2) and (3).

A. LimitÃ/g'& 1

For X /( « 1, we expect that fo~ ~f& ~fpp. In that
case, both u& and u2 will be small. Expanding Eq. (2) to
order u

&
and u 2, one obtains

f'„+~Z, ~u1 —f'„(1—m", u', )

or

fo~ + ~A~ ~
(X /8( )=fo2[1—(1 —fez)(X /4g ) j . (2a)
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Fits. 3. Similar to Fig. 2 except X//=0. 8m and I =0.4305.
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The latter functions of z are well behaved for any value
of z, but we expect z to be small compared to unity for
X/g)) 1. Similarly, we expect

2ui =u(IR I/2)'/z/g

to be small compared to unity in Eqs. (2) and (3), meaning
that R, I' decreases as rapidly as X/g increases. Then,
Eqs. (2) and (3) to order u i are

0.40 jot + IR i I
(X /8g ) =foz(1 —z) /(1+z) (2b)

=2foz(1 —,' foz)' (—4+m", )z(1 —z)/(1+z)z . (3b)
0.38

FIG. 4. Temperature-dependent size correction of the
critical-current density of a microladder in zero magnetic field.
Equations (2) and (3) refer to the exact results, Eqs. (4) and (5)
refer to the limiting results for X//& 1 and X/g» 1, respec-
tively, and Eqs. (8a) and (9a) refer to the hyperbolic approxima-
tion.

For z «1, the right-hand side of Eq. (2b) is foz(1 —4z)
and Eq. (3b) (with fez ~ 1 ) becomes

IR, Iz~/g=4&2z .

Replacing the right-hand side of Eq. (2b), namely,

foz(1 —4z) by 1 —IRi I
(X/i/2g),

one obtains an expression which depends on J, foi, and
X/g only. Maximizing J with respect to fo, for fixed
X/g, one obtains

Similarly, for Eq. (3), J, = —1+2 3

&27 (X/g)(X//+4' 2)
(5)

J, =—,'&2 1—
48 (4)

IR, I'(X/g)= f', (1 f', )(L/g) —.
For X//&0, we replace foz(1 —foz) in Eq. (2a) by IR, z

from Eq. (3a) and solve for

foz =f,', +3IR, I'(X'/8g') .

The value of foz in Eq. (3a) is now replaced by the latter
equation which becomes a function of IR, I

and fo, only.
Replacing IRi I by its definition, the remaining equation
contains only J, foi, and X/g. Maximizing 7 with
respect to foi for fixed X/g, the critical current for
X/(& 1 is

2

Equation (5) is also shown in Fig. 4. Equations (4) and (5)
are reasonable fits to the exact results in the small- and
large-(X /g) limits.

III. APPROXIMATE SOLUTION

Here we introduce a scheme for obtaining approximate
critical-current densities and compare the results with the
exact results of Fig. 4. In Ref. 3 it was shown that, after
replacing the superAuid velocity in the first GL equation
by the current density, the latter equation could be in-
tegrated once. With the definitions f i(x)=foi+t (x)
for the current-carrying branch and fz(x') =foz

—
U (x')

for the branch without a current, Eq. (3) of Ref. 3 be-
comes

This equation is shown also in Fig. 4.

B. Limit X /g » 1

dt
dx

2

=I,2+a2, 2+ ~, 4
1 (6a)

One expects that foz ~ 1 as X/g~ oo . Assume that
X/g))1, then Im'i'I «1. Then, the functions on the
right-hand side of Eqs. (2) and (3) can be expanded in
terms of hyperbolic functions, with only the exponential
functions with positive exponents remaining for large
values of X/g. The result is

and

dU

dx

2

=C +a U +—'U4
2 (6b)
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t = sinh(a, x /g)
b

1

(7a)

sinh(a2x'/g) .
Q2

(7b)

The coordinate x =0 is located at the minimum and
x'=0 is at the maximum of f (x). The node is a distance
X/2 from the extrema. The nodal conditions

fp, +t (X/2)=fp2 —v (X/2)

and

where

a2 3f2

a2 —3f2

b2 =J'/f oi
—foi (I —foi »

c2 —f2 (I f2 )

If we assume that t «2 a& ~
and U &&2~aP, we may

neglect the t and U terms in Eqs. (6a) and (6b), respec-
tively. The solutions of Eqs. (6a) and (6b) then become

IV. CRITICAL CURRENT
AS A FUNCTION OF TEMPERATURE

Critical-current measurements on various micronet-
works were performed by Buisson et Ql. Results on ex-
tended networks have been reported elsewhere, with em-
phasis on magnetic field effects. Here we consider the
zero-field critical current of the microladder.

Samples were prepared by electron-beam lithography
and pure aluminum liftoff. Nominal characteristic sam-
ple parameters are the following: lattice spacing % =3.2
pm, thickness =87 nm, and wire width =0.35 pm. There
were 37 unit cells between voltage and 77 between
current probes. Analysis of the resistivity and critical
field data led to the following physical parameters:
T, =1.253 K (mid-height), g(0)=0.21 pm, and R(4.2
K) = 17.8 A. More details of the experimental techniques
are given in Refs. 8 and 9. The critical current is deter-
mined for each temperature from the I-V characteristics
with a threshold voltage criterion of 200 nV.

For the purpose of comparing our experimental results
with our theoretical calculations, we note that the exact
results of Fig. 4 can be approximated by

J, =C(T)J( oo ),
with

dt dU
(9)

C( T)= 1+ 0.224 74
cosh [5.5(1 t)' ]— (10)

lead to the following set of equations:

f2 f2 b

ai
sinh (a&X/2g)

C

Q2

2

sinh (a2L/2g),

b 2 2

2 sinh(a&X/g)= sinh(a2X/g) .
a& Q2

(8a)

where J(~ ) is the current density of a single long wire
without any side branches. Equation (10) represents a
very good fit to the exact results of Fig. 4 for X/g & 3.5.
The latter equation implies that the critical current of the
ladder can be viewed as the critical current of a single,
long wire of eff'ective cross-sectional area 2AC(T), where
A is the true cross section of a single wire.

Near zero temperature, X/g))1 in our case, and
C(T) +1 (see Fig. 4). T—he two longitudinal wires of the
ladder become decoupled from each other and, therefore,
the critical current is just twice the critical current of a
long single wire of value

Ip=[(cgp)/(4~ v'27)]I 2/[g(OQ, (0)]I .
For fixed J and X/g, Eqs. (8a) and (9a) constitute a set of
equations with imPlicit unknowns fp, and fp2. Solutions
of this set of equations for J with fixed X/g lead to curves
similar to those shown in Figs. 2 and 3.

The following algorithm was used in solving the latter
set of equations. Equation (9a) was solved for b and sub-
stituted into Eq. (8a). The latter is then a function of fp,
and fo2 only. For fixed fp2 tile corresponding value of
fp& was found. Then, with fpi and fp2, the value of b

was obtained from Eq. (9a) and from it the current densi-
ty J. This was done for a large number of fp2 values until
J reached its rnaxirnum value J„the critical current. A
plot of the results of Eqs. (8a) and (9a) is also shown in
Fig. 4. It compares favorably with the exact results for
X/g & 3. Expanding Eqs. (8a) and (9a) for small values of
X/g', one obtains the same result as Eq. (4). The hyper-
bolic approximation is inaccurate for large values of
X /g.

In the other limit, when T~ T, and X/g && 1, the trans-
verse branches enhance coupling between the longitudi-
nal wires, thereby increasing the effective cross section
2 A C( T ) to A i/6.

The experimental critical current of the ladder shows a
deviation from the —, power law. This is illustrated in

Fig. 5 where we have plotted the ratio
I, /[2Io(1 —T/T, )

~
] versus reduced temperature. The

current Io is the zero-temperature critical current of a
single long wire. This ratio allows a direct comparison
with the theoretical function C(T), Eq. (10). Since this
ratio is very sensitive to the choice of T„we use both T,
and Io as adjustable parameters. This adjustment of T, is
necessary since the R (T) curve provides the critical tem-
perature only to an accuracy limited by the width of the
resistive transition, which was about 2 mK. This accura-
cy is insufficient for a comparison of theory and experi-
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FIG. 5. Dependence of the function C( T), Eq. (10), on the re-
duced temperature T/T, (continuous line). Experimental data
are plotted as I, /[ I2(01 —T/T, ) '], the measured critical
current I, of the ladder, divided by twice the GL critical current
of a single long wire. Best-fit parameters are Io =4.75 mA and
T, =1.2492 K. Note the sensitivity of the data to the choice of
T, : 1.2486 (open circles), 1.2492 (stars), and 1.2496 K (trian-
gles).

FIG. 6. Plot of I, ' vs T. Crosses show experimental data
(same data as in Fig. 5). The continuous line through the points
is the theoretical curve I,'~'=[2IOC(T)] '(1 —T/T, ) for best-
fit values I0=4.75 mA and T, =1.2492 K. Also shown is the
asymptotic limit, plotted with C(T)=1.224, denoted by GL,
which is valid for X /g' « 1.

ment. The crosses correspond to best-fit parameters
Io =4.75 mA and T, = 1.2492 K. We obtain a good fit of
our experimental data to the theoretical function, Eq.
(10), except very near T, . The value of the zero-
temperature critical current obtained this way corre-
sponds to a current density of 1.59 X 10" A/m, which is
close to the theoretical value of 1.3 X 10"A/m, calculat-
ed with the microscopic parameters g(0) =0.21 pm and
X(0)=70 nm. The discrepancy between theory and ex-
periment in the region very close to T, is most likely due
to fluctuation effects which are not taken into account in
the mean-field GL theory. The agreement between
theory and experiment is quite good for T(1.234 K,
which corresponds to X /g( T)) l.7.

The reader should notice the sensitivity of the fitting
process to the choice of the parameter T, . In Fig. 5,
open circles and triangles correspond to T, of 1.2486 and
1.2496 K, respectively. A conclusive test of the above
theory would require an independent determination of
T„ for example, by fitting the shape of the experimental
transition curve to a theoretical R (T) curve, broadened
by thermal Auctuations. To date, such a theory has not
been published for superconducting networks.

Figure 6 shows a plot of I, versus T obtained with
the same experimental data as shown in Fig. 5, together
with the asymptotic GL theoretical curve

I, =(Iov 6) (1—T/T, ),
valid for X/g « 1. The continuous line through the
crosses is the theoretical curve

I, = [2C(T)Io] (1—T/T, )

with Io =4.75 mA and T, =1.2492 K. The experimental

curve accounts well for the deviation of I, from the —,
'

power law due to the size effect.
Before concluding, we note that our theory is based on

an infinite ladder while the experimental ladder is finite.
We expect that modifications due to the finite length of
our ladder become significant only when g(T) becomes
comparable to the total length of the ladder, i.e., within a
few pK near T, .

V. CONCLUSIONS

The maximum loss-free transport current which can be
injected into a superconducting microladder in zero ap-
plied magnetic field was obtained as a function of nodal
spacing and temperature. Jacobian elliptic functions
were used in the exact calculation of the critical current.
The size and temperature corrections of the critical
current are significant.

An approximate solution of the nonlinear GL equation
in terms of hyperbolic functions was discovered which
fits the exact solution reasonably well for X/g& 3. Since
the latter solution simplifies the calculations consider-
ably, it is of considerable value for critical-current calcu-
lations of micronetworks in a magnetic field, at least in
the limit when the nodal distances are comparable to
g(T).

We presented preliminary experimental results on a
microfabricated submicrometer aluminum ladder. The
measured critical current shows a significant deviation
from the classical (T, —T) Ginzburg-Landau depen-
dence. Although the present theory cannot account for
the details of the experimental curve over the full temper-
ature range, we found that the low-temperature part of
the I, (T) curve is well explained by our theoretical re-
sults. A complete understanding of our experiments will
probably require a theoretical treatment beyond the
Ginzburg-Landau framework.
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