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Cyclotron-resonance measurements are reported for wide (100-300 nm) modulation-doped
Al, Ga~ -„As graded parabolic quantum wells for electron areal densities Ns =109/cm'-2. 5

~10"/cm2. A clear dependence of the cyclotron frequency on Ns is observed in the extreme
quantum limit which is understood in terms of alloy effects. Self-consistent calculations that in-

clude the x dependence of the local effective mass and exchange-correlation effects in a local-
density approximation are in quantitative agreement with the measurements for high densities.
At low densities a pinning of the cyclotron frequency is observed that is not predicted by the
model.

Remotely doped wide parabolic quantum wells have
been shown to produce a quasi-three-dimensional electron
system with low disorder. ' ' These electron systems are
of considerable interest since they are an example of a
strongly interacting electron gas embedded in a jellium
background, in which a variety of collective excitations
are predicted to occur. ' The spatial dependence of the
electrostatic potential due to a homogeneous positive jelli-
um background charge distribution is quadratic. An
effective parabolic potential is produced by growing a spa-
tially graded Al Gal —„As heterostructure by rnolecular-
beam epitaxy. In order to tailor the conduction-band-
edge to mimic a jellium potential, the Al concentration
x(z) is quadratically varied (i.e., a graded alloy) along
the growth direction z. When the barrier regions sur-
rounding the wells are n doped, a high-mobility electron
gas of desired density is obtained in the parabolic
confinement potential. ' ' At high magnetic fields and
low temperatures the optical response of this system to
far-infrared radiation is very similar to that of a homo-
geneous three-dimensional (3D) electron plasma.
However, as a consequence of the spatial gradation of
Al„Ga~ —„As, some novel deviations from the 3D-
electron-plasma behavior are expected. The dependence
of x along the growth axis leads not only to a parabolic
confinement potential, but also to a spatial dependence of
the effective mass m (z), the Lande factor g (z), the
static dielectric constant e, (z ), and the local-alloy-
disorder scattering. In the range of interest (0 & x & 0.4),
these parameters are monotonic functions of z and change
substantially over the extent of the electron envelope func-
tion g(z). As a result, the measurable quantities which
can be obtained from far-infrared spectroscopy, such as
the cyclotron mass, spin-splitting energies, and carrier
lifetimes, will depend on the extent of the electron gas in
the z direction and hence on the filling (i.e., electron areal
density Ng) of the well. In this Rapid Communication,
we present evidence of such deviations and their analyses.

Cyclotron resonance was measured in the extreme

quantum limit (i.e., only one spin-split Landau level occu-
pied) with a magnetic field B (0-9 T) applied parallel to
the growth axis. In this (Faraday) geometry the elec-
tromagnetic wave, which is linearly polarized in the plane
of the electron slab, propagates along the field axis. The
cyclotron effective mass m, , the electron areal density
Nq, and the scattering time z, are obtained from the posi-
tions and line-shape analysis of the resonances using a
classical Drude conductivity model. '

We have studied two samples in which the Al concen-
tration x varies quadratically from x =0 to x =0.15 (sam-
ple A), x=0.08 (sample 8), at the edges of a 150-nm
(sample A), 260-nm (sample 8), wide Al, Gat „As layer
sandwiched between two AlsGa~ —rAs barriers of compo-
sition y=0.38. The resulting potential corresponds to
that of a homogeneous 3D positive background of charge
density np 2.3X10' /cm (sample A), np=6. 7X10' /
cm (sample 8). The Al-concentration profiles were mea-
sured by secondary-ion mass spectroscopy (SIMS). ' The
profile corresponding to the central region of the well of
sample A is shown in the inset of Fig. 2 and is seen to be
well approximated by a parabolic curve. For both samples
we obtained no by measuring the collective cyclotron reso-
nance (plasma-shifted cyclotron resonance). 6 The
widths of the wells were obtained from the SIMS mea-
surements with an accuracy of + 10 nm. Since the SIMS
measurements are not sufficiently accurate to determine
the absolute Al concentrations, the absolute quadratic
dependence of x(z) was deduced from the potential profile
of the well, V(z) = —,

'
(npe /epe)z, the conduction-band

offset Q, [=0.60 (Ref. 17) or =0.69+ 0.03 (Ref. 18)]
and the Al„Ga~ —„As band-gap dependence Es(x)
=1512+1455x (meV). ' For the static dielectric con-
stant we take e =13 independent of x (for our devices, the
relative change of e is only a few percent). For the local
effective mass we take the effective-mass dependence on
the Al mole fraction in Al Gal —„As [m*(x) =0.067
+0.0838x] from Ref. 20 and the spatial x(z) dependence
obtained from V(z) =Q, [Es(x) —Es (0)]. Magneto-
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transport studies (Bllz) carried out at low temperatures
on both samples' '" have demonstrated quantization
along z as manifested by the integer and fractional quan-
tum Hall effects. In order to calculate the eigenstates for
the well the Schrodinger equation must be solved self-
consistently with the Poisson equation for the total poten-
tial. Because of the slow variation of m (x) with respect
to z, the effective-mass formalism remains appropriate for
describing the electronic states of the system. Our calcu-
lations assume spinless electrons (g*((1/m*) with the
exchange-correlation potential calculated in the local den-

sity approximation, and includes the local effective-mass
variation rn (z) in a BenDaniel and Duke type of Hamil-
tonian" in the presence of an external magnetic field. De-
tails of our theory will be presented elsewhere.

A direct consequence of the spatial dependence m'(z)
is the appearance of a discreet spectrum of cyclotron fre-
quencies associated with electric- and magnetic-subband
indices. This spectrum can be related to a set of effective
masses (defined by m, ~,z= eB/ra, ~—N) which depend on
the electron areal density and on the applied magnetic
field. M and N are respectively the electric and magnetic
subband indices. The cyclotron frequency ro,~ Jv is
defined by ra,~ N E~ Iv+ ~

—E~ N, where E~ N are
eigenenergy levels of the system.

The cyclotron-resonance measurements were performed

by laser spectroscopy. The far-infrared radiation was gen-
erated by an optically pumped molecular-gas laser. With
laser wavelengths of 118.83 pm and 96.52 pm extreme
quantum conditions were realized over the available Nq
range. Qualitatively similar results were found for both
frequencies. The radiation, which was propagated to the
sample by light-pipe optics, was linearly polarized a few
millimeters before the sample. The transmitted light was
detected by a composite Ge bolometer located outside the
magnetic field. The sample substrate was wedged 3' in

order to avoid line-shape distortions due to interference
fringes. '5 The sample was cooled from room tempera-
tures down to 4.2 K over several hours in the dark. The
electron areal densities were changed in situ by illumina-
tion with a red-light-emitting diode (LED) placed near
the sample. Under illumination Nq reduces. After the
LED is turned off, Nv rises slowly and eventually exceeds
the original dark-cooled density. This effect has also been
reported for GaAs heterojunctions. The time scale for
the saturation is hours at 1.5 K. Changing Nq by this
technique has also been used for transport studies of these
samples. '

The cyclotron-resonance spectra are sho~n for Ng be-
tween 3X10' and 2.4X10''/cm in Fig. 1. The surface
carrier concentration was deduced from an analysis of the
cyclotron-resonance line shapes. Within the Drude ap-
proximation for a two-dimensional electron gas and as-
suming linearly polarized radiation, N~ is given by'

Ns =eoc(1+We)m /e
h, TBB

(1 —2AT) ' + 1

where h T is the maximum relative change in transmission
and h8 is the full linewidth at half maximum. The shape
of the spectra is seen to change substantially as the elec-
tron density increases. We can distinguish between the
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FIG. l, Cyclotron-resonance spectra taken on sample A at
T 4.2 K with the X 96.52 pm laser line. The relative change
of the transmitted-radiation intensity is shown as function of the
magnetic field for different electron densities ranging from
Nz 3X10'0 to 2.4X10 "/cm~. For clarity the low-density re-

gime Nz & gx 10'0/cm' is shown separately on the left-hand
side of the figure. In this regime the cyclotron frequency ap-
pears pinned.

behaviors in two different density regimes. As can be seen
in Figs. 1 and 2, the cyclotron mass is nearly independent
of Ng for Ns ~ 8X 10' /cm2 (sample A), ~ 3X 10'0/cm2

(sample B). As Nv continues to increase, the cyclotron
line shifts monotonically towards the higher effective cy-
clotron mass. The overall shift is a small effect when com-
pared to the cyclotron frequency itself. The effect is sub-
stantial, however, when compared to the cyclotron
linewidth because of the long cyclotron lifetime in these
high-quality samples. The absolute accuracy of the cyclo-
tron frequency ro, has an uncertainty of =1%which is the
accuracy of the magnetic-field calibration. Since the reso-
nances were extremely sharp, however, the relative value
of m, could be reproduced to better than 0.05%. This shift
is represented in Fig. 2 in terms of the cyclotron effective-
mass relative variation Am, /m, =[m, (Nq) —m;„]/m
~here m;„ is the minimum cyclotron mass in the mea-
sured density interval. We choose this relative representa-
tion because otherwise a theory-experiment comparison of
the absolute high-field cyclotron masses would necessitate
inclusion of band nonparabolicity.

The theoretical results represented in Fig. 2 give the rel-
ative change of cyclotron effective mass associated with

the lowest electric-subband level (i.e., M=O). In the
higher-density regime the agreement with the experimen-
tal results is quite satisfactory. The increase of the cyclo-
tron mass with electron density can be understood in sim-

ple terms. The electron envelope function ((z) extends
over regions of increasing z, and therefore x, as N~ in-

creases. At low densities where Nq &n0a0, the width of
the charge density is well approximated by the zero
motion ao=(h/m*coo)'~ of the electrons in the empty
parabolic well. For sample 2 the zero motion is a0=-13
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FIG. 2. The relative change of effective mass [m, (Ng)
—m „)/m;, for sample A (dots) using k 96.52 IIm and sam-
ple B (triangles) using X 118.83 pm, measured as function of
the areal electron density Nz. The solid and dashed lines are
calculated, respectively, for Q, 0.60 and 0.69. The dotted hor-
izontal lines, displaced vertically for clarity, indicate the pinning
of the cyclotron resonance at low densities. Inset: The Al
profile measured by SIMS on sample A in the central regin of
the well (dots). The solid line is the closest parabolic fit. The
horizontal arrow indicates the span of the electron-density dis-
tribution for the largest measured filling, Nq 2.4x10 "/cm2.

nm. As seen from the inset of Fig. 2, x is well below 1%
over the range of ao in the center of the well. In this re-
gime, the cyclotron mass is expected to be nearly equal to
the GaAs conduction-band mass. This is supported by our
low-field low-density cyclotron-mass measurements in
which case we found m, =0.0670 for sample 8 (Ng

5&10 /cm ). At high densities, the width of the
charge-density distribution is well approximated by
L=Ng/n0. For our maximum value of Ns in sample
A, L = 100 nm, the extent of the distribution is represent-
ed by the horizontal arrow in the inset of Fig. 2. In that
case the fraction of Al experienced by the electrons varies
from 0% to 7% at the edges of the electron distribution.
The cyclotron mass is then expected to correspond to that
of an effective alloy of average Al composition x & 7%. In
particular, for a classical electron gas in a parabolic well,
this 1s x =x~gx/3.

In this classical limit is is straightforward to establish
scaling relations for two samples of different curvatures
and hence background densities n~ and nII Ng~/NsII.
-nz/nII is the condition for which the cyclotron masses of
both samples are equal. Equivalently In,~/In, a nII/n~ is
the condition obtained by setting the areal electron densi-
ties N,~ N,g. From these simple considerations we ex-
pect that for a given electron areal density the cyclotron

mass is larger for the sample with the smaller background
density (sample 8). This is clearly illustrated in Fig. 2.
This effect is quantitatively accounted for by our calcula-
tions as shown in Fig. 2 in the higher-density region. It is
worth noting that all of the parameters introduced in the
calculations are obtained from independent measure-
ments, leaving no adjustable parameters.

In the lower-density region we note a clear theory-
experiment discrepancy. As can be seen in Fig. 2, the
measured cyclotron frequency is pinned, while the theory
predicts a monotonic increase. The measured effect al-
though only of the order of 0.1% is clearly observed. A
more complete description should include the nonparabol-
icity (in the k-space sense) of the conduction band, ~3 and
the electron-longitudinal-optical-phonon interaction
(polaron). In parabolic wells both effects lead in principle
to a reduction of the cyclotron mass as Nq increases. At
the lowest densities the electrons have the largest kinetic
energy (zero motion) contributing to a larger effective
mass due to nonparabolicity. As Nq increases the kinetic
energy decreases resulting in a reduction of the cyclotron
mass. We estimated this nonparabolicity effect for both
samples and found that it could not account for the ob-
served pinning. The electron-phonon effect can lead to a
reduction of mass with increasing Ns in two ways. First,
as the width of the electron gas increases, the effective
mass crosses over from a two-dimensional to a three-
dimensional polaron-mass renormalization. Second, the
increase of the electron density leads to an increasing
screening of the electron-LO-phonon interaction resulting
in lowering the effective mass. s Both contributions act in

a nontrivial way to compete with the alloy effect possibly
leading to the observed pinning.

It is also noteworthy that an electron density of
2x10 /cm was obtained in sample 8 (under constant
LED illumination) with a cyclotron lifetime of 15 ps.
This is to our knowledge the lowest-density (high mobili-
ty) two-dimensional electron gas achieved at low tempera-
tures in a semiconductor heterostructure. Under these
conditions, however, the cyclotron frequency shifts to a
lower frequency, as can be seen in Fig. 2. We do not un-
derstand this effect at this time. In addition to these
effective-mass effects the cyclotron scattering times r,
also were deduced from our data. We observed a dramat-
ic dependence of the cyclotron lifetime on Ns. This can
be seen qualitatively in Fig. 1 where the resonances
broaden noticeably at higher Nv. The scattering time, de-
duced from the cyclotron resonance, was observed to peak
for both samples, at r, =5X10 '' sec at Ns =8&10' /
cm (sample A) and at 3 x 10' /cm (sample 8). For
higher densities r, decreases by a factor =3. We related
this reduction with the increasing alloy scattering that
electrons experience as they spread out with increasing
areal densities. A detailed analysis will be published else-
where.

The discussion so far has been on the behavior of the
lowest cyclotron resonance m, 0,0. %e now turn to the cy-
clotron resonance co,-~ 0 of the next higher electrical sub-
band. Previous experimental results on similar quantum
wells have indicated the existence of two partly
resolved cyclotron lines. In our earlier work we failed to
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FIG. 3. The calculated splitting between the cyclotron fre-
quencies of the two lowest electric subbands as function of 8 for
various electron densities. Inset: The cyclotron resonance spec-
trum for Ns 2.4&10"/cm' at T 4.2 K. The two arrows indi-

cate the calculated positions of the cyclotron resonances of two
lowest electrical subbands. The spectrum is compared to a sin-

gle Lorentzian line. The discrepancy found on the high-field
side of the resonance may be accounted for by a weaker cyclo-
tron resonance of the second electric subband.

explain the observed doublet in term of the spatial
effective-mass variation in the well. The measured split-
ting was larger than expected by almost a factor of 2. In
order to determine an experimental situation in which a
second resonance may be observed we have calculated the
energy splitting between the cyclotron resonances of the
two lowest electric subbands. The results are shown in
Fig. 3. They suggest that this splitting is larger at larger
field and Np. In the quantum limit only one subband is

expected to be occupied at T 0 K, however, the second
electric subband can be thermally populated. At
Ng-2. 2X10 "/cm the energy separation of the subband
is only 1.1 meV so that a measurable thermal activation of
the second subband is expected at 4.2 K. Unfortunately
under the most favorable circumstances, 8=8 T and
Nq =2.4x10''/cm (sample A), the calculated splitting is
the same order as the measured cyclotron linewidth. The
two resonances are, therefore, expected to be unresolved.
Furthermore, under the assumption that the cyclotron
lifetime is limited by alloy-disorder scattering, we have
calculated that this second resonance is expected to be
more than a factor of 3 wider than the fundamental cyclo-
tron line. Indeed for temperature up to 20 K we did not
find a second peak. However, as can be seen in the inset
of Fig. 3, a noticeable asymmetry develops on the high-
field side of the resonance at the highest values of the elec-
tron density. This is possibly due to the unresolved second
electric-subband cyclotron resonance.

In conclusion, we have demonstrated the effect of the
spatial dependence of the Al concentration in a wide para-
bolic AI„Ga~ —„As quantum well on the cyclotron
effective mass. While in the higher-density region we
found a good agreement between the self-consistent cal-
culations and the experimental results, the low-density re-
gion shows a puzzling discrepancy possibly related to
electron-LO-phonon interaction. In addition, we have
shown that an extended range of densities is accessible in

these wide parabolic wells. This aspect allows the study of
alloy-related effects over a variable range of x in the same
sample.
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