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group is Cmcm in the high-temperature phase. } Refer-
ring to Fig. 1, the maximum satellite intensity is found at
(2+,0+, 1+ ), which is a short-hand notation for
(2,0,1)+(q„,q~, q, ). The distances q„,q, and q, are
marked in Fig. 1. Keeping q„and q fixed, we may
proceed along (scan A) the c ' axis (thus performing an I
scan) until the next first-order satellite (2+,0+,2 ) or
(2+,0+,0+) is found. Both of these are weak. In previ-
ous experiments, many satellite intensities were mea-
sured and the parameters for a (sinusoidal) modulation
for the CDW displacement deduced. The most impor-
tant displacement of the atoms is along the a axis and is
about 0.03 A at low temperature.

The second modulation in a-U gives rise to peaks
along the a * axis but at positions that are commensurate
with an apparently longer repeat unit cell along the a
axis. ' The peaks arising from this second modulation
are weaker by over an order of magnitude than the peaks
from the q vector in Eq. (1), and they also have a different
shape. In this paper we will not address this second
modulation.

Since the review in 1984, one experimental and two
theoretical papers have appeared. Using electron micros-
copy, Chen and Lander showed that the CDW phase
was a multiple-domain state. They also reported on
domain growth and reorientation effects that occurred
near 22 and 37 K. The theoretical papers by van
Smaalen and collaborators focused on the superspace
group in the CDW state and the exact nature of the
modulation. They proposed the possibility of several
multidomain states. Combined with the results of the
electron-microscopy study, this led to the suggestion of a
superspace group of monoclinic form with a loss of the
C-face centering. ' [In the course of determining the
modulation, they also noted an error of a factor of 2 in
the magnitude of the atomic displacements as given in
Refs. 3 and 5. The correct magnitudes with the model of
Refs. 3 and 5 are given in Table VI of van Smaalen and
George. ] We report here on experiments that confirm
the loss of the C-face centering and that the superspace
group has symmetry lower than orthorhombic. The
theoretical paper by Walker treated the phase transi-
tions in terms of a Landau expansion and made certain
predictions with respect to the temperature dependence
of the wave-vector components at 37 K. Because x-ray
work with a synchrotron source has better q resolution
than is possible with neutrons [this is particularly true at
large Q values, which are necessary because the intensity
of the main CDW peaks is approximately proportional to
(Q.a) ], this aspect will be left to a separate publication.

In the course of our studies we have also reexamined
the q component and found a series of new satellites at
1ow temperature. Their relation to the other satellites is
such that a squaring of the modulation develops at low
temperature.

II. EXPERIMENTAL DETAILS

The experiments were performed on the D10
diffractometer at the Institut Laue Langevin. A thermal
neutron beam passed down a guide tube and was

diffracted from a vertically focusing Cu(200) crystal to
given a monochromatic beam of 1.26 A. Because of the
guide transmission and use of an analyzer the A. /2 con-
tamination is very small (-5X10 of A, ). The instru-
ment has a four-circle arrangement' with a cryostat that
allows the sample to be cooled to low temperature (1.7
K). The scattered beam may be detected directly or ana-
lyzed in a three-axis mode. For most of the symmetry ex-
aminations no analyzer was used, but for detecting weak
peaks a PG(002) analyzer was useful in reducing back-
ground. The crystal of uranium was the largest crystal
currently available, a parallelopiped of dimensions
-3X4X8 mm. It was inounted so that the (h01) plane
was in the scattering plane with X=O on the four-circle.
Experiments were also performed with the crystal in the
(hkO) orientation. For these experiments a beam of 2.36
(or 1.54) A was used with a pyrolytic graphite filter to
reduce A. /2 and a PG(002) analyzer.

III. EXPERIMENTAL RESULTS

A. Examination of average structure

It is useful to begin this discussion with reference to
the intensities observed in a-U, as is illustrated on a loga-
rithmic scale in Fig. 2. We have normalized to the Bragg
intensities by reference to earlier work, in which a small
crystal was used and absolute intensities obtained. For
the (200) intensity the structure factor corresponds to bU
per atom, or F=1 in the notation of Refs. 3 and 5.
Throughout this paper we will use the same scale for
structure factors. Lorentz corrections have been made in
every case.

Our first test was of the possible deviation of the atom
position, nominally at +(O,y, 1/4) in the space group
Cmcm, from the position z =

—,'. Variations from z = 1/4
will give rise to reflections (00l) with i=odd. A Ren-
ninger scan (i.e., a rotation of the crystal about the
scattering vector) of the (005) is shown in Fig. 2. Since
the C-face centering dictates h +k =even, and (001)
rejections satisfy this, enormous multiple scattering
effects are expected. Similar scans were already per-
formed by Barrett et al. " and they states that some
"real" scattering was possibly present at the (001) and
(003) positions. However, from Fig. 2 we cannot make
such a conclusion about the (005). Just because the scans
do not drop to the k/2 level of —5 X 10 does not mean
that "real" scattering is present. We feel that it is more
likely that all the scattering at (005) is multiple is charac-
ter. Further experiments, particularly with longer-
wavelength neutrons, would be needed to resolve this.
Based on the minimum of -2X10 in the intensity, we
can say that e, ~ 4X 10,where any deviation would re-
sult in an atomic z coordinate of —,'+e, . We have also ex-
amined the temperature dependence of the (005) and find
no change in cooling through 43 K into the CDW state.
Thus the change in the z components is hz ~ 2 X 10

The second test was of the possible loss of the C-face
centering in the average structure. Positions such as
(100),(300),(341) do not satisfy conditions for strong mul-
tiple scattering, because such scattering occurs only at



NEUTRON-DIFFRACTION STUDY OF THE CHARGE-DENSITY. . . 9367

1
- (002),(200)

10

0
10

C»4

0
O
0

10

V

L-

10

0teakest Bragg
I(155)

1st order
CD%

3q

/1~
A

g (2 01)
5q

Q A/2 1.26A, 010+- ++ ++-5 2r»d order (4 0 0 )
Zq

5x1 0

Renninger scan
(005)

l I I I I

—12 —8 —4

I

I

I

i

0 4 8 12
angle + (deg)

FIG. 2. Schematic of intensities studied for T 22 K in a-U on a logarithmatic scale. The strong Bragg reflections are 1 on this

scale. Right-hand side: Renninger scan of (005) as a function of the azimuthal angle 4' around the scattering vector.

(2)—
r/1»»gz)»

(3)
q ( 2»g1»» q~) ~

(2)

h +k=even positions. However, they are subject to A, /2
contamination and multiple scattering involving A, /2.
Since this contamination is so small in our case
(-5X10 5), we can neglect such multiple effects. We
have measured a total of 25 reflections, which included
16 independent hk/ values, at 60 K and then at 16 K.
Average intensities were -3X10 at 60 K, which cor-
responds to the A, /2 component (see Fig. 2). On cooling
to 16 K there was a definite increase in some, but not all,
intensities. For example, all reflections of the form I 341 I

increased by -4X10, whereas the I342I reflections in-

creased by less than 7X 10 . If the U atom positions are
written as (Q,y, —,

'
) and (e„,y+e~, 1/4), one would expect

a consistent pattern of intensity changes proportional to
h, k, or (h+k) . This is not the case. Indeed, we be-
lieve e and e are both (10

The increase in intensity of some reflections may be at-
tributed to real second-order satellites in the CDW state.
To understand this it is necessary to write down the four
possible q vectors implicit in Eq. (1). Following van
Srnaalen and George these may be written

We should note here that confusion may arise over the la-

beling of q' (i =1,4). We follow here the nomenclature
of Ref. 7, but Walker has reversed q' ' and q' '. The
Walker notation is followed in Ref. 9. Satellites of the
form 2q", where q" is one of the above sets, were al-

ready reported in Ref. 5. However, satellites of the form
q'"+q' ' and q' '+q' ' will appear exactly at these
h +k=odd reflections, as noted in Ref. 7. Reflections of
the form q'"-q' ' will appear at new positions in recipro-
cal space. One of these, at the (4+ 0 +0 +) position is

shown in Fig. 3. The intensity of -3X 10 is the same
magnitude as the two q satellites, the biggest of which
was found (and calculated) to be —15 X 10 . This is
comparable in magnitude to the q"'+q' ' satellite inten-
sity appearing at the (341) position. As the q"' —q' ' are
not contaminated with either A, /2 or possible multiple
scattering within the main reciprocal lattice, observation
of these reflections (Fig. 3) definitely proves that q'" and
q' ' exist within the same domain. This is in agreement
with the predictions of van Srnaalen and George.

The third test relating to the symmetry was to measure
a series of satellite intensities associated with diferent
reflections. These are given in Table I. By measuring sa-
tellite intensities around reflections with large h (401),
large k (220), and large l (205), we effectively test the
presence of the mirror planes m„,m~, m„respectively, in
the average a-U structure in the CDW phase. We find
oI/I-5% for each set of eight reflections. One must
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600
(4.00, 0.35, 0.564)

T=15K

ined the variation of q with the crystal mounted with
(hk0) in the scattering plane to give the highest precision
in determining q, and the results are shown in Fig. 4.
From this figure it is clear that the 22-K transition,
which was first identified by thermal-expansion measure-
ments by Steinitz et al. ,

' is the temperature at which q
locks in to a commensurate value of 1/6. The discon-
tinuity in q we find near 22 K is in good agreement with
the claim that the transition is first order. ' This temper-
ature of 22 K is also the one at which the electron mi-
croscopy studies first see domain motion.

o 200 D. Observation of higher harmonics

61.5 62.5
(u (deg j

63.5

FIG. 3. Scan at T= 15 K through the position
(4+,0'+,0'+) showing the presence of a second-order satellite
of the type q"'-q' '. Because the k resolution is poor in this
scan, the value of k is not well defined. Scan performed with
(hOl) in scattering plane. The vertical arrow gives the calculat-
ed co value for this reflection.

remember in this process that the intensity will be depen-
dent on the accuracy of q and q, [Eq. (1)], and that
path-length differences in the crystal may introduce real
variations for which we have made no corrections. From
our present data it appears that all mirror planes are
present in the average structure. However, these intensi-
ties also reflect the domain populations, since all domains
are sampled, and some preferential domain population
would need to be present to progress further on this
point.

The 2q satellites were already observed by Smith and
Lander, and have essentially the intensity expected for a
sinusoidal displacement wave. With this model the 3q sa-
tellites and higher orders should be unobservable. The
second-order satellites of the form (4 0 +2 +) are
shown in Fig. 7 of Ref. 5 and are —10 on the intensity
scale of Fig. 2 of this paper. For the third-order satellites
as calculated with a simple sinusoidal displacement mod-
el the intensities are down to & 10 and too small for us
to observe. However, when a commensurate modulation
of the CDW occurs, a gain in energy is achieved if the
modulation is squared, i.e., over long regions of the crys-
tal the displacements on all atoms are similar. As is well
known, a squaring of the modulation involves the devel-
opment of odd harmonics in the q modulation leading to
odd-order satellites in the diffraction pattern, n =1, 3, 5,
7, 9, etc.

The lock-in transition q =1/6 (and as we shall see
below the probable commensurate value of q, ) at 22 K
apparently causes higher-order satellites to appear. We
first discovered these (essentially by accident) by scanning
along the I direction, but with q„and q set correspond-
ing to the first-order CDW values. A representative scan
is shown in Fig. 5. This is scan A in Fig. 1. From this

B. Examination of the q„component

In a recent group-theoretical treatment of the CDW,
Walkers predicted that the q„component, which at low
temperatures has the commensurate value of 1/2, should
be incommensurate between 37 and 43 K. To examine
this with neutrons is relatively difficult because the CDW
peak at 40 K has -30%%uo of its intensity at 10 K, and the
peaks start to broaden. We have made a series of contour
scans to determine the center of gravity of the satellite
peaks at 40 K and find that q„=0.495(3). Thus, the neu-
tron experiments do suggest that Walker's prediction is
correct and q becomes incommensurate.

In a separate paper, this question of the q wave vec-
tor is addressed by using the much higher resolution and
intensity available with an x-ray synchrotron source.

0.17-

0.16-

0.15-

U 0.14-

0.13-

0—t 0

I

20
I

30
Temperature (K)

40

C. Examination of the q component

Early experiments ' gave the value of q as 0.176(2) at
10 K, decreasing to -0.12 near 40 K. We have reexam-

FIG. 4. Variation of the q~ component (in reciprocal-lattice
units), performed with (hk0) in scattering plane, as a function
of increasing temperature and using the first-order satellites.
The vertical arrow marks 22 K, at which thermal expansion
work (Ref. 12) indicated a first-order transition.
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scan and a number of others the following qualitative
statements may be made.

(1) The peaks are symmetric about the position
/ =integer. The satellite close to the integer value of I has
an integrated intensity of -2% of the nearest first-order
satellite and this ratio is approximately constant for the

six reciprocal-lattice points examined. For example, at
(2+,0+, 2+—) the first-order satellites are very weak and we
cannot observe the extra satellites.

(2) The weaker satellites are -0.5% of the closest
6rst-order satellite intensity.

(3) Both satellites are exactly parallel to c' and have

TABLE I. Intensities testing mirror planes m„,m~, and m, in the satellite intensities of a-U. The
average intensities are followed by the standard deviation derived from the measured set. All intensi-
ties are in units of 10 ', see Fig. 2.

satellite

929+10
827
876
901
953
843
855
829
978+12
961

1072
927
947
943

1050
937
182+5
173
178
189
180
180
178
182
134+5
177
193
164
153
168
181
149
131+4
122
135
122
125
121
130
125
291+8
308
330
282
292
303
320
283

Average
I

877%44

977+51

180+5

165' 17

126+5

300+16

Calculated
I

902.5

960.4

173.8

178.1

126.7

285.1
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tellites come from different domains. However, because
at low temperature q =

—,
' and q =

—,', in each case the

two rays coincide at the same place for T (22 K. These
do not involve the same volume of the crystal so the in-
tensities rather than amplitudes are added. At higher
temperatures when q W —, it is in principle possible to
separate these peaks, but our k resolution in the (hOI)
orientation, in which Fig. 6 was taken, is poor (-0.034
rlu) so that this is by no means easy. We have found that
in the few cases considered the intensities of the two rays
are not equal, with one being 3 or 4 times as strong as the
other. A further separation is not possible at this stage.

We have seen previously that the positions of the fifth-
and seventh-order satellites are close to the first-order sa-
tellite (see Fig. 1) and that a constant ratio occurs be-
tween the intensities of any group of 1, 5, or 7 satellites.
We may understand this qualitatively by realizing that
there is an overall structure factor that varies slowly
across the Brillouin zone, and because the 1, 5, and 7 sa-

tellites are close to each other they all have similar struc-
ture factors. The amplitude, of course, decreases rapidly
as the order n increases. However, for the third (and
ninth) orders the satellites are in a part of reciprocal
space far from the first-order satellite (see Fig. 1). For
example, the four first-order satellites that surround
the scan shown in Fig. 6 have structure
factors [F,(2+,0+,0+)=0.011; F,(2+,0+, 1 ) =0.070;
F, (3 1 1 )=0.052; and F,(3,1,0+)=0.050]; so that
it is not clear what the value of the structure factor will
be for the third-order satellites. Accordingly, we have
measured a number of third-order satellites and their
structure factors are given in Table II. Surprisingly,
these show very little intensity variation except for a
dependence on the h value.

In Table III we collect together various characteristics
of the satellites as deduced from fitting the reflections in
Figs. 5 and 6.

The temperature dependencies of the intensities of the

TABLE II. Structure factors of third-order satellites at 15 K. The (hkl) values are where the satel-
lites are observed, with 1 corresponding to 1 —3q, and 1 to 1+3q, positions. The parent first-order
positions are indicated so that the satellite should be indexed as (H, K,L)+3q, where the sign after 1 in-
dicates whether the satellite is +3, and the column labeled q gives the q vector using Eq. (2). Reference
should be made to Sec. III D for further details of indexing. Units are normalized to the strongest
Bragg peak F(200)= 1, as in Ref. 5. We have chosen an indexing scheme with q, & 0.

H K L H K L —q'
10 Fo
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2.5

2.5

2.5

2.5

2.5

2.5

2.5
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3
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2
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1

0
1

1

1

0
2
1

1

0
3
2
2
1

1

0
3
2
2
1

1

0
3
2
2
1

1

3

2
1

1

0

3
3
4
4
4
4
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
4
4
3
3
3
3
3
3

17
17
13
16
15
12
20
19
15
17
18
18
13
16
18
16
14
17
8
7
9

10
8
8

12
12
11
10
10
11
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TABLE III. Characteristics of n-order satellites in a-U at 15 K. The peaks considered are shown in Figs. 5 and 6. ht refers to the

peak height, b,o to the observed FWHM, b,„,to the intrinsic FWHM (corrected for instrumental resolution), b is the value in A

along c*,g is the coherence length=2m/b, . The structure factors are normahzed to the first order. The F,'" values assume a square-

wave modulation in which A (n) = 3(1)/n (see text). The calculated values F, ] and F,z are discussed in the text. The 6 value for
n =1 has been taken from the x-ray experiment (Ref. 9). In the neutron case it is resolution limited at 0.014 rlu. Uncertainties in

parentheses refer to the least-significant digit.

structure factors X10

ht

15 800
600
120
25
-5

(rlu)

0.023(2)
0.047(3)
0.060(10)
0.06(2)

(rlu)

0.018{2)
0.044(3)
0.058{10)
0.06(2)

(A )

0.014(1)
0.023(2)
0.056(3)
0.074(10)
0.08{2)

5/n
(A )

0.014(1)
0.008(1)
0.011{2)
0.011(2)
0.008(2)

(A)

450
-270
—110
—85
—80

Fo

[74]
17{1}
11(1)
5(1)
2(1)

Fs%
C

[74]
25
15
10.6
8.2

F, l

[74]
27
20

Fe2

[74]
24
13

8

third- and fifth-order satellites are shown in Fig. 7. We
note that the third-order satellites develop somewhat be-
fore the fifth-order satellites as is expected since the
third-order satellites represent the first component of the
squaring process, and that both harmonics show consid-
erable hystersis.

E. Measurement of the q, component

The value of the q, component found in the early
work was 0.182 rlu. This was determined by measuring
the distance of the strong first-order satellites from the
average structure reciprocal-lattice points. The discovery

150

of higher-order satellites allows a greater precision in the
measurement of q, because the peaks are a distance nq,
away from a lattice point, ~here n is the satellite order.
The results of using the n =3 and 5 satellites are shown
in Fig. 8. In principle, the n =7 satellites give even
greater precision, but their widths (see Table III) are very
large and their intensity is low (Fig. 5), so it is not practi-
cal to use these satellites.

We find that q, remains constant below 20 K and the
neutron work gives a value of q, =0.1858(6) rlu. As we
shall see, this is significantly different from the value
(0.1818) obtained by x-ray experiments. 9 The previously
reported value ' of 0.1820(20) was determined using the
first-order satellites. By using the higher-order satellites
we can clearly increase the precision in q, and place
confidence on differences of 0.0030 rlu.

100-

order IV. DISCUSSION

A. Average structure

3 rd order

0
15 2Q 25
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0.21
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019-
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For q„=—,
' van Srnaalen and George have listed all the

possible superspace groups in Table II of their paper.

FIG. 7. Temperature dependence of (a) third-order satellite
at the position (2.5,0.5,3q, ) and (b) fifth-order at position
(2.5, 6,2 —5q, ). Solid (open) points correspond to cooling (heat-

ing). The arrow marks 22 K.

FIG. S. Variation of q, (in reciprocal-lattice units) with tem-

perature as measured from both the third- and fifth-order satel-

lites. Solid (open) points correspond to cooling (heating). The
arrow marks 22 K. The solid line at low temperature is the

value 5/27.
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There are 16 in total, five with orthorhombic symmetry,
nine with monoclinic, and two triclinic. Eight of the
groups preserve the high-temperature C-face centering.
Our observations may be related first to whether the
modulated phase shows C-face centering. We have dis-
cussed how vectors (q'", q' ') are coupled to give satel-
lites either in addition or subtraction (Fig. 3 illustrates
such a satellite). In the situation (T (37 K) that q„=—,

'

the combination of q'" and q' ' implies a reciprocal-
lattice vector displacement of (1,0,0). This is not a per-
mitted translational if C-face centering is present. Our
measurements show directly that the C-face centering
does not exist in the modulated phase below 37 K.
Group Nos. 9-16 in the superspace group table are
therefore excluded.

A further reduction in the possible superspace groups
may be obtained by noting that groups no. 1 —5 with or-
thorhombic symmetry require the presence of the vectors
q'"+q' ' and q"'+q' '. We have searched extensively for
these types of satellites but found no evidence for their
existence. This excludes groups 1-5 within the ortho-
rhombic symmetry.

We are left with three space groups having monoclinic

symmetry: No. 6, P2/mll; No. 7, P211; and No. 8,
Pm11. Walker has shown that No. 8 does not allow a
first-order lock-in transition along q„(tothe value of —,

' at
37 K). Since this transition is observed, No. 8 is exclud-
ed. The difference between No. 6 and No. 7 is that No. 6
has an inversion center, whereas this is absent in No. 7.
We cannot distinguish between these two in our measure-
ments by systematic absences or symmetry considera-
tions. We note, however, that van Smaalen and George
have obtained a lower R factor for No. 7 (7.1% as com-
pared to 10.6% for No. 6). This favors No. 7, P211, as
the superspace group in the CDW phase below 37 K.

B. Lock-in of the q~ component and higher harmonics

The development of higher harmonics in the CDW
modulation is clearly associated with the lock-in transi-
tion of q . The third-order harmonic is visible above 30
K, but only has appreciable intensity below -22 K. The
fifth-order harmonic grows very rapidly around this tem-
perature. We have not tried to measure the seventh- and
ninth-order harmonics as a function of temperature.
There is strong hysteresis in both the third- and fifth-
order harmonics, which we ascribe to domain motion
near the 22-K transition. Very unusual effects were also
observed at this temperature in the electron microscopy
study. Hysteresis effects are also evident in the q, pa-
rameter (Fig. 8). Indeed, it would appear that a range of
q, values could be obtained if different thermal cycling
procedures were used. The theory of Grubel et al. sug-
gests that q, should also lock in to the commensurate
value of 1/6, but that it is prevented from doing so by
other subtle energetic considerations. The x-ray experi-
ments find clear evidence for a value q, =0.1818, i.e.,
close to —,', , whereas the neutron value is significantly
higher than this. However, the neutron value of
0.1858(6} is close to —,', =0.1852. This latter is a possible
commensurate value suggested by the analysis of Ref. 9.

We thus have the unusual situation that the surface
values, as seen by x-rays, and bulk values, as seen by neu-
trons, of the CDW wave vector are slightly different with
respect to the q, component. Note that this difference is
only 1.8% of c', and a much smaller percentage of the
total q vector, but it no doubt represents the results of
stress effects, which will predominantly influence the sur-
face. We have seen from Fig. 8 how sensitive q, is to
thermal cycling, so that the domain structure along the c
direction is clearly complicated.

There is another interesting aspect of the third-order
satellites in that when q„=—,

' the satellites at 1 —
3qy and

0+3q are at the same place. Thus returning to Fig. 1

the satellites at (2.5,0.5, 1 —3q, ) may be indexed either as
(1,1,1)+3q' ' or as (4,0,1)—3q' ', where q" is defined in
Eq. (2}. Since the domain states of the system are
Iq'", q' 'I or Iq' ', q' 'I, according to van Smaalen and
George and Walker, these satellites should arise from
different physical regions of the crystal. This means there
should be no coherence between them and the intensities,
rather than amplitudes, should be added. On warming,

q breaks away from the value of —,
' (Fig. 4) so that

1 —3q~%0+3q~ and two satellites appear instead of one.
However, in our present experiment the q resolution is
rather poor, especially as we have used a vertically focus-
ing monochromator, so that it is only at -27 K that the
two satellites can be resolved. By this temperature they
have already fallen to a small intensity [Fig. 7(a)]. By
monitoring their intensity as a function of temperature it
is clear that the intensities rather than amplitudes are
added when qy

C. Squaring of the CDW modulation

1e= —A g —sin(2mmq r },
m = l, odd

(3)

where A is the amplitude of the first-order harmonic, r
gives the atom position, and the sum is over m =odd or-
ders only. The structure factor for the n-order satellite is
given by

F,"=J„(ea.Q)

=(ea Q)", (4)

where J„is the Bessel function of order n and the expan-
sion is valid when (ea Q) is small. The intensities are
then proportional to Q . An approximate relationship

The discovery of higher-order satellites in a-U below
about 30 K (see Fig. 7} implies a change in the wave form
of the distortion. Earlier work showed that the second-
order satellites were of the approximate order of magni-
tude of that expected from a pure sinusoidal distortion.
As is well known, the appearance of odd-order satellites
only (1, 3, 5, 7, and 9, etc.) signifies the squaring of the
modulation. Thus the Fourier components can be ar-
ranged such that the displacement of a/I atoms are either
+g.

The Fourier expansion of a square-wave modulation of
magnitude e is
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between the different harmonics, when e is small and
terms in e are negligible, is that the amplitude A (n) of
order n is 3 (n)= 3 (1)/n .(This result is exact for a
magnetic modulation where the modulation concerns the
magnitude of the moment rather than a displacement. )

This relationship, normalizing to the first order structure
factor being 0.074, is given in the F,'" column of Table
III. A more-precise calculation assuming a square-wave
modulation of 6+, 6 displacements is given under the
column heading F,&. Notice that in this (simple) com-
mensurate model (q= —,'), orders above 5 overlap with

lower orders and are thus already included. The particu-
lar model of displacernents along the c axis with atoms
separated by c/2 gives zero intensity at 1=odd positions.

The experimental values of Fo clearly fall more rapidly
with increasing n than either of the above models (i.e., as
compared to F,'" or F„in Table III). This means that
the squaring of the wave is by no means complete.
Furthermore, the higher-order satellites are considerably
broader in the c' direction than the experimental resolu-
tion function. This may be best seen in Fig. 5, where the
fifth- and seventh-order satellites are clearly wider than
the first. These widths are given in Table III and then
deconvoluted with the instrumental resolution to give an
intrinsic full width at half maximum 6;„,in reciprocal-

0
lattice units (and b, in A ') along c'. Using the relation-
ship that (=2m /b„we may deduce the correlation length

g along c and this is found to vary from —500 to —80 A.
A point of interest, although we do not completely under-
stand its significance, is that 5/n is a constant within ex-
perimental uncertainty. Qualitatively, what this signifies
is that the higher harmonics have a progressively smaller
coherence length, which varies (approximately) with the
order n.

What about the correlation lengths in the a' and b'
directions? We have not examined these in detail but we
find that the peaks are sharper in these two directions, in-
dicating that the correlations are at least 400—500 A.
Particularly in the a' direction, in which the unit cell is
simply twice the primitive cell, we find the peaks are al-
most resolution limited, and even in the higher resolution
synchrotron x-ray experiment only a small broadening
could be observed. We should note that both q„and q
have simple commensurate values so that the longer-
range correlations in these directions are to be expected.

The squaring of the modulation is most abrupt around
22 K, the temperature at which q locks to the value of —,

'

(Fig. 4), but a tendency to form a square wave is already
in evidence at 30 K as judged by the temperature depen-
dence of the third-order harmonic (Fig. 7). Very consid-
erable, and complicated, hysteresis effects are observed in
the region of 20 to 27 K. These can be associated with
the complex domain motion, which has been seen in this
temperature region with the electron microscope.

We have also made an attempt to refine the amplitude
of the third-order harmonic using the data of Table II.
Since the intensities are the sum of two satellites arising
from very different (see HKL indices in Table II) funda-
mental rejections, there is no method to simply deconvo-
lute these intensities. Using a model with displacements

along the a axis only, we can quite easily reproduce the
intensities to an R factor of —14% with a third-order
harmonic displacement wave of amplitude 25% of the
first-order harmonic. This is what one might anticipate
from Table III, where the perfect square wave would
have an amplitude ratio of about 1:3 with respect to the
first-order harmonic, but the ratio of the Fo values is
17/74=0. 23. Diffraction experiments cannot give infor-
mation on the phase relationship between these two dis-
placement waves, but it makes physical sense to assume
they are such as to produce a partial squaring of the dis-
placement wave.

D. Physical models for the displacement

The q vector at low temperature is

q =—'a*+—'b*+ —'c'
Y 6

where a=2m /a, etc. , and a =2.844 A, b =5.5689 A, and
c =4.9316 A. If we approximate 5/27=1/6, then the to-
tal repeat unit cell in the CDW state at low temperature
is 2aX6bX6c, a total of 288 atoms of uranium with a
volume of 5926 A. The square-wave modulation is, of
course, a simple one where all the atoms are displaced +e
from their equilibrium position, and is made up of odd-
order Fourier components. If the amplitude of the first
component is A (1), then the square-wave displacernent
will be e=(m/4)A (1).

However, this model does not describe accurately the
situation in a-U because q, A —,

' and the harmonics are not
in the correct ratio of 3 /n, as shown in Table III. Refer-
ence 9 has shown that there is a potential for driving both
q and q, to the commensurate value of —,

' but this is not
achieved with q, . Instead, q, =5/27, which in the
"phase-slip" model implies a precise ordering of the dis-
placements. Can we determine whether this is a likely
modulations

In the commensurate case q, =
—,
' and the displacement

on sequential atoms may be written 6+,6 . The struc-
ture factors of the different satellites (1,3,5) are given in
the column F„.The phase-slip model corresponds to in-
troducing a fault every p planes. The simplest fault is one
after every 11 atoms, the precise arrangement will then
be 6+,5,5+,6, and the q=2/11 or two repeat units
after 11 cells (i.e. 22 atoms). As shown in Refs. 9 and 13,
the q =5/27 state is made up of a fault every nine atomic
layers. The sequence of displacements is

6+,5-,5+,6-,5+,5-,6+,5-,5+,6-

with 5 repeats in 27 unit cells (54 atoms). We have per-
formed a calculation using a simple, one-dimensional
model and the results are given in the column F,2.

The agreement between F,2 and Fo is clearly accept-
able, except perhaps for n =3, and suggests that this
complex pattern of displacement may occur along the c
axis in the CDW state. However, we should also recall
that the coherence length of the Fourier components of
different order is progressively shorter as n increases.
This will result in a decrease in the long-range order and
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a loss in intensity of the higher orders. Modeling such an
effect is outside the scope of this article. The displace-
ment wave along c is not a pure square wave (whereas it
can be in the a and b directions because of the commens-
urate q components) and the complex displacement pat-
tern suggested by the phase-slip model ' gives reason-
able agreement with experiment.

V. SUMMARY

The important results of our neutron experiments may
be summarized as follows.

(i) The 2q state predicted by Walker and van Smaalen
and George has been verified experimentally. The C-
face-centering symmetry operation does not exist in the
CDW state of a-U below 37 K. The superspace group of
the CDW state is either P2/ml1 or P211, where struc-
ture refinements favor the latter. Monodornain samples,
or at least an unequal domain population, need to be pro-
duced before further progress is to be made.

(ii) At 37 K the q„component locks in to the com-
mensurate value of —,', although this is observed better
with the high resolution available with synchrotron x
rays. The q component locks in to a commensurate
value of —,

' at 22 K (Fig. 4). This is the explanation of the
22-K transition first seen in thermal-expansion rneasure-
ments. '

(iii) The q, component has an unusual behavior (Fig.
8). The neutron results suggest that q, attains a value
5/27 at low temperature, which is different from the x-
ray value of 2/11. We ascribe this difference to strain
effects that may vary essentially between the surface (x
rays) and bulk of the material (neutrons). Both these
unusual values may be understood in the "phase-slip"
model.

(iv) Perhaps the most important result of our experi-
ments has been the observation of higher-order harmon-
ics (up to ninth order) in the low-temperature form. We
have observed coherent diffraction intensities down to a
level of 10 of the principal Bragg peaks. The observa-
tion of odd-order satellites only implies that a squaring of
the distortion modulation of the CDW occurs between 30
and 20 K. However, complete squaring is not observed,
even at low temperatures (Table III). Furthermore, the
correlation lengths of the higher-order harmonics de-
crease, approximately with the relationship 1/n, where n

is the harmonic order.
(v) The reader will no doubt be surprised to be present-

ed with a different model in this paper for the atomic dis-
placernents at low temperature compared with that to be
published in Ref. 9. In this latter reference, the phase-
slip model is used to explain the particular values of q,
found with both x rays and neutrons, and can quantita-
tively account for the magnitude of the fifth- and
seventh-order satellites (Fig. 5). However, the model
does not predict a third-order satellite. This is not
surprising as it involves only one sinusoidal modulation,

the first Fourier harmonic. Conversely, the models dis-
cussed in the present paper start from an assumption of a
complete square wave. This is shown to be also quantita-
tively incorrect, especially when the higher orders are
considered. Nor can it give an explanation of the partic-
ular values of q, . The true picture of the displacernents
in the CDW state undoubtedly lies between these extreme
models, and can probably be obtained by starting from ei-
ther model and adding additional terms.

With the exception of the "Smith" satellites, ' the
diffraction effects are now reasonably well understood in
the CDW state in a-U. To gain a complete understand-
ing of why a-U distorts in this way is much more com-
plex. We postulate that the CDW arrangement is a
compromise between the elastic energy (in terms of re-
quiring the atoms to remain at their equilibrium posi-
tions) and the electronic energy derived from the strong
hybridization of the 5f and 6d electrons. It is known
that the 5f orbitals are extremely anisotropic in real
space and that they form part of the bonding states' in
a-U. In general terms the electronic energy is lowered by
gaps in the Fermi surface that are opened by the CDW
distortion. To understand this in detail will require ex-
tremely precise band-structure calculations with the
correct a-U structure and then consideration of the
electron-phonon interaction. The phonon instability,
which arises undoubtedly from electronic effects, is cer-
tainly the driving force for the CDW distortion. de
Haas —van Alphen experiments would also be of great in-
terest.

Finally, we should point out that although a-U is at
present the only element exhibiting a spontaneous CDW,
we believe that similar effects will be found in Np and Pu.
In both of these materials the 5f electrons participate
strongly in the bonding, ' and in both elements a series of
unusual, and still not explained, anomalies have been
found in physical property measurements. ' Unfor-
tunately, to make further progress along this line we re-
quire single-crystal samples, which, because of the com-
plicated phase diagrams and radioactivity, are very
diScult to produce.
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