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A detailed low-temperature treatment of the domain wall or interface pinning by imperfections in

disordered systems with discrete symmetry of the order parameter is presented. Crossover behavior
as well as analogies between pinning mechanisms in different systems is analyzed. Pinning may
arise from random bonds, when the disordering agents do not break the local symmetry of the order
parameter, or from random fields, when the disordering agents do break this symmetry. The inter-

face roughness and response to an external driving force are discussed. The model is explained for
dilute magnetic systems in a uniform field where the magnetic domain walls are pinned by random
fields and/or random bonds. The results are, however, more general and apply also to interfaces in

other systems, e.g. , in fluid-fluid interfaces, (anti)ferroelectrics, solitons in incommensurate systems,
etc. The interface roughness and pinning pressure (force per unit area) are estimated for weak and

strong pinning and their scaling relations to length scale, temperature, frequency, and disorder
strength (concentration) are given. The interface contribution to the static and dynamic susceptibil-

ity at low temperatures is evaluated. Because of pinning, the low-temperature dynamical suscepti-
bility of disordered ferromagnets in or out of equilibrium carries a [1n(1/tv)]'~ frequency depen-
dence in addition to the Debye relaxation behavior. In particular, 0=(d +1)/3 for random-field

systems, and 0(d =2)= 1/3 and 0(d =3)=0.83 for random-bond systems.

I. INTRODUCTION

Domain walls are, in general, the consequence of either
competing interactions (sotnetimes also realized by the
boundary conditions) or slowly decaying metastable
configurations. In the first category are, e.g. , magnetic
systems, where the domain-wall energy is competing with
the stray field energy. ' The equilibrium domain
configuration is such that the sum of the domain-wall en-
ergy and magnetic field energy is minimal. Stable inter-
faces can be observed also in other physically equivalent
systems. For example, one can observe a wetting transi-
tion in the vicinity of the coexistence region of two
phases, when a wall enclosing one phase becomes
sufficiently attractive to the other phase. In this case, the
interface is stabilized by the interactions with an external
potential. In the axial next-nearest-neighbor Ising
(ANNNI) model or in incommensurate systetns the
domain-wall structure is determined by competing
nearest-neighbor and next-nearest-neighbor interac-
tions. ' Different kinds of domain walls or interfaces
then separate domains with different phase shifts. Exam-

ples are submonolayers of molecules or atoms on clean
crystalline substrates.

Slowly decaying metastable domain structures are ob-
served, e.g., in disordered magnetic systems cooled from
the paramagnetic into the ordered phase, when the
domain walls appear as gradual freezing of dynamic fluc-
tuations. ' As the domain structure slowly decays to-
ward a more stable configuration, the domain walls move
in such a way that energetically unfavorable domains
shrink and eventually disappear. In general, the domain
walls or interfaces move or relax when an additional
external pressure is exerted on the interfaces (ferromag-
nets in a variable magnetic field, fluid-fluid interfaces in
porous systems ), or when the system is quickly cooled
from the disordered into the ordered phase (magnetic sys-
tems). To sitnplify the notation, we will use in the follow-
ing the term interface also as a synonym for domain
walls.

Interface mobility in random systems is strongly hin-
dered by pinning to impurities or other disordering
agents. In the past, pinning has been studied for some
specific systems. A prototype example of interface
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pinning is the dilute antiferromagnet (AFM) without or
with applied external field. These systems were the sub-
ject of detailed experimental ' and theoretical ' ' in-
vestigations in the past. In dilute antiferromagnets, the
domain-wall energy can be reduced if the wall runs
through nonmagnetic impurities; this is random-bond
pinning. ' The wall can also be pinned by random fields
when the domain magnetic moments are parallel to the
local fluctuations of the random fields. ' ' Attention
has been paid to interface pinning in three-dimensional
dilute antiferromagnets in a uniform field, also described
by the random-field Ising model (RFIM). ' Depending
on the cooling conditions, these systems can be at low
temperatures either in a stable long-range ordered state
or in a metastable microdomain configuration. The mi-
crodomains are subject to shrinkage due to surface ten-
sion, but they can persist in these systems because of pin-
ning of domain walls to random fields (RF's) and/or ran-
dom bonds (RB's). ' For example, broad domain walls in
weakly anisotropic antiferromagnets are pinned only by
fluctuations in random fields, whereas the narrow walls in
strongly anisotropic antiferromagnets are pinned both by
random fields and random bonds. Pinning is considered
to be weak when the interface is pinned on the fluctua-
tions in the density of the disordering agents and strong
when the interface is pinned by many small clusters or
isolated missing bonds. " Similarly, domain walls in fer-
roelectrics can be pinned by screw dislocations if the sys-
tems are also ferroelectric (e.g., Rochelle salt) and to edge
dislocations if the systems are not ferroelastic, like trigly-
cine sulfate. Sufficiently strong electric fields depin the
walls, which then move with a constant average velocity,
depending on the field.

Another example of interface pinning appears in in-
commensurate phases, where a soliton, i.e., the interface
between two almost commensurate domains, is driven by
an external field, but can be pinned by distant random im-
purities. ' As in the case of RFIM, the pinning is
strong for narrow and weak for broad solitons. Further-
more, in real crystals with defects a dislocation line,
which can be described as an elastic string, is locally
pinned by strong defects. Weak pinning and relaxation
of defect lines has been considered by Ioffe and Vi-
nokur. ' In adsorbed monolayers the domain walls
strongly interact with defects on the surface of the sub-
strate crystal. Similarly, the fluid-fluid interfaces in
porous systems are pinned by interaction with a strongly
irregular solid boundary. Pinning in related systems like
charge-density waves (CDW's) in the presence of impuri-
ties has been discussed in detail, e.g., by Fukuyama and
Lee, by Klemm and Schrieffer, "and by others. '

The interface dynamics has also been studied in com-
puter simu1ations and experimentally. Monte Carlo
methods have been applied to verify the proposed mecha-
nisms of interface growth, pinning, and relaxation in di-
lute magnetic systems. Insight into the interface re-
laxation in dilute antiferromagnets has also been gained
from measurements of the time-dependent remanent mag-
netization.

The above examples indicate the importance of inter-
face pinning in various systems. In general, an external

field, or also the surface tension, produces a driving force
on the interface. If the force is strong enough, the inter-
face can be depinned after a time which depends on the
pinning and driving forces, on the pinning energy, and on
temperature. This leads to interface dynamics, which is
the main subject of this paper.

The motivation of this paper is to provide a universal
treatment of interface pinning and dynamics in various
disordered systems with discrete symmetry of the order
parameter at low temperatures and to stress the crossover
between different pinning regimes. The frequency depen-
dence of the interface relaxation and the effect of this re-
laxation on the dynamical susceptibility are estimated
also. Two types of pinning are considered: (i) pinning in
the presence of random bonds when the impurities do not
break the local symmetry of the order parameter, and (ii)
pinning in the presence of random fields when the impur-
ities break the local symmetry. In Sec. II different mech-
anisms that contribute to the pinning of broad and nar-
row interfaces are discussed. Pinning forces, pinning en-
ergies, and interface relaxation are explained. In particu-
lar, we will use the magnetic example to describe the
mechanisms of interface pinning and relaxation; the re-
sults are, however, applicable to all physically equivalent
systems. Section II represents a generalization of the
work of Ioffe and Vinokur, who considered weak pinning
of dislocation lines in imperfect crystals. ' The result of
Sec. II will be used to evaluate the interface contribution
to the order parameter and to the static susceptibility of
weakly anisotropic ferromagnetic and antiferromagnetic
systems. We will also discuss the energy dissipated in the
course of the relaxation of the interfaces and the complex
ac susceptibility.

II. INTERFACE PINNING

A. The model

The interface in d-dimensional systems is modeled as a
(d —1)-dimensional elastic "drum head" of the intrinsic
width g. In anisotropic Heisenberg systems, for example,
g=m(J/A)'~, where J is the exchange energy and A is
the uniaxial crystal-field anisotropy energy (see the Ap-
pendix). In strongly anisotropic Ising-type systems, g- 1,
where the length scale is in units of lattice spacing. In in-
commensurate systems, on the other hand, g is the soli-
ton width and is determined from the competition be-
tween the umklapp term, which favors commensurate
structure, and the elastic energy, which favors incom-
mensurate structure. ' Of course, this description of
the interface is only valid on length scales L ))g.

The elastic energy of a slightly distorted interface is

m, = fa" 'x[~+,'-r(Vz)'], (2.1)

where o. is the interface tension, I is the interface
stiffness, and z is the interface distortion from a flat refer-
ence plane. In general, the stiffness I is a complicated
function of the temperature T, the concentration of disor-
dering agents, and their strength. ' Below the
roughening transition temperature Tz, I is infinite and
I (Vz) in (2.1) has to be replaced by y~Vz~, where y =J
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is the energy of a kink in the interface. However, it is be-

lieved that TR =0 for disordered systems in d ~ 3.' '

For isotropic systems, I =o., and for broad magnetic
domain walls, I =o.=J/g.

The interaction energy of the interface with randomly
distributed impurities can be written as

&,= —f d 'x V(x,z(x)), (2.2)

u =c o.—b
b

J J a
(2.4)

where the range of the interface-impurity interaction is
a =maxI(, b ]. We assume attractive interaction between
the interface and impurity, u &0. In particular, u is of
the order J in diluted ferromagnets if b -g.

The mean impurity strength u is defined via the

where the interaction potential V depends on the type of
the impurities. We first consider impurities of the
random-bond type, V= VRB, when the impurities do not
break the local (Ising) symmetry, i.e., when there is no
coupling of the impurities to the orientation of the order
parameter. We write the interaction potential as a sum
over all impurities:

VRB(x,z(x))=g u, a5, (x—x, )5, (z(x) —zi), (2.3)
J

where r =(x,z. ) is the position of the jth impurity, and

u the potential energy which the interface can gain when
l

it overlaps the impurity j. 5, (x) reflects the shape of the

interaction potential of range a between the interface and
the impurity in the direction perpendicular to the inter-
face and is assumed to be a "smeared-out" delta function
of width a. Similarly, 5I" "(x) is a (d —I )-dimensional 5

function of width a~~ in the plane of the interface. In or-
der to relate u and a to a microscopic model, we consider
the impurities as spherical objects of diameter b, which
can be either larger or smaller than the interface width g,
and a short-range interaction potential. In that case
5, (x) is of the order I/a if the impurity and wall are in

contact, and vanishes otherwise.
If b (g, the impurity diameter is small compared to

the interface width and the interface can interact with the
RB potential j only when the impurity j (in general, a lo-
cally disordered region) lies inside the interface. The
range of the interaction is then determined by the inter-
face width, a =(. For an estimate we imagine the inter-
face as a magnetic domain wall and the impurity as a
nonmagnetic region. In this case the energy of the
domain wall, i.e., the interface tension, vanishes in the
impurity region. As the energy density of the interface is

Eo=cr/g, each impurity included in the interface makes
an energy gain u =Eob"=c ob '(big), where c (and
later c') is a constant of the order unity.

If b )g, the interface is narrow compared to the im-
purity size and the interface of the width g runs only
through a narrow region of the impurity with the diame-
ter b and, consequently, a =b. The gain in the interface
energy is now u =c'Eob" '(=c'o b"

In general, the potential energy of the interface in-
teracting with the impurity j can be written as

configurational average

v a
D" 5 (x —x')5 (z —z') . (2.5)

If the impurities break the symmetry of the local order
parameter, the interaction of the interface with the im-
purities is of the random geld ty-pe and is nonlocal:

z(x)
VRF(x, z(x) )=g u 5, (x —x ) dz' 5, (z' —z )

+const. (2.6)

In dilute antiferromagnets, u, =2M0H, where Mo is the
spontaneous (sublattice) magnetic tnoment and H is the
random field at the position r . The configurational aver-
age of the correlation function of the random-field poten-
tials for large ~z' —z

~
is

[ VRF(r ) VRF(r')]- —[ VRF(r )]'.
2

5, (x—x')iz —z'i . (2.7)

Here u =2MOH and H is the mean strength of the ran-
dom field.

B. Weak and strong pinning

We now consider the effect of the random potential on
the interface. In the case of an attractive random-bond

potential, the interface will try to overlap with as many
impurities as possible. As a result, the interface will be
pinned either by local impurities or by their density fluc-

tuations, and in both cases a finite force has to be applied
in order to move a part of the interface.

For CDW's Fukuyama and Lee first pointed out that it
is important to distinguish between weak and strong pin-

ning according to the ratio c of the impurity pinning en-

ergy and the elastic energy per impurity. " If c.»1, the
CDW is strongly pinned by isolated impurities, whereas
for c (&1 the single impurity potential is too weak to dis-

tort the CDW. In this case only fluctuations in the im-

purity density lead to pinning.
For interfaces the situation is slightly more complicat-

ed since besides the interirnpurity spacing D, the effective
width a of the interface also plays a role. In this paper
we will mainly consider pinning of the interfaces on the
fluctuations of the impurity density. If, in this case, the
interface is displaced on the scale D by the interface
width a, the average fluctuation of the energy of interac-
tion with the impurities is u(a/D)' . This has to be

compared with the elastic energy I a D" . Therefore,

drJ ua
RB ]av II II RB

J

where 0 is the volume of the system and D is the mean
impurity distance. The fluctuation of the random-bond
impurity potential, which is important in the case of
weak pinning, is

[ VRB(r ) VRB(r')],„—[ VRB(r )],„
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we introduce the ratio

v (a/D)'"E=
a D

(2.8)

L D
—1/(d —1 )

7l
(2.9)

L„ is the minimal length scale on which the interface can
be weakly pinned on impurity density fluctuations. On
scales L «L„ the interface can only be pinned on single
impurities. However, if c,g

' «1, a single impurity is
not able to distort the wall by a; hence there is no pinning
for L «L„.

(ii) For rl « 1 and e )&rl'~, pinning due to isolated im-

purities becomes dominant on scales D L «L„. It
seems to be natural to distinguish between an intermedi-
ate pinning regime, g' &c&g, when the typical
transverse distortion w of the interface is a & w & D, and a
strong pinning regime, c.)g, when the domain wall is

spanned between neighboring randomly distributed im-

purities.

C. Interface roughness in the weak pinning case

In the weak pinning regime the broad interfaces take
advantage of the impurity density fluctuations. This
leads to a statistical width (roughness) of the interfaces,
w(L), which is defined as the configurational average of
(~z(x) —z(x+L)~ )' and which scales with the length
scale L as L~.

Let us first consider the situation at T=0. A simple
estimate for the roughness exponent g follows from the
following Flory-type argument. The elastic part of &0
scales with the length as I w Ld and has to be com-
pared with the fiuctuation of %„which is of the order

1/2 xF /2

a

Ld —1

5E; ~(L)=v
Dd

Here, xF"=1 and xF = —1 for RF and RB systems, re-
spectively. From the equality of terms, we obtain the
Flory result for g: '

5 —d RF RB
F 4 & F F

XF
(2.10)

In a more refined theory which takes into account fluc-
tuations on all length scales, the simple Flory argument is

as a parameter that measures the pinning strength. A
second parameter

a
D

describes the degree of disorder.
(i) For g)&1 the interfaces are broad compared with

the impurity separation and therefore pinning on fluctua-
tions in the impurity concentration always (for arbitrary
e) dominates over pinning by a single impurity. We call
this the weak pinning regime. If, on the other hand, the
impurities are strongly diluted, g«1, the interface is
again only weakly pinned when the number of impurities
in theinterface, N(L)=(L 'a/D ), is large, N(L)))1,
i.e., on large length scales L &&L„,

no longer valid and more elaborate renormalization-
group techniques have to be applied. Nevertheless, the
results can be written in the same scaling form as before
if x~ is replaced by a new exponent x(d), which is for
RF's again equal to x = 1, but approaches
x = —0.8 for RB's as d~5. ' ' w(L) is then again
obtained from the minimization of the total interface free
energy E(L,w), which is the sum of the elastic energy
and energy gain 5E, (L):

E(L,w)= It w L 3 —v
Ld —1

' 1/2 x/2

(2.1 1)

Minimization of E(L,w) yields, for the interface rough-
ness w(L) in d &5,

w =a(L/L, )',
where

5 —d
4 —x(d)

x""(2&d (5)=1,
x" (d ~5)= —0.8;

~
—2/(5 —d)

(2.12)

(2.10')

(2.13)

T
WT r L ', fr=(3 —d)/2

(the temperature is in units of energy; k~ = 1) for d & 3,
and wr = [(T/I )lnL ]' in d =3 dimensions; gr =0 for
d ) 3. With z ~ wr, %0/T is of order 1, whereas %, /T
scales as

-xF - 1/2
w (L)

Dd a
' (4—x~)$/4

L d~3,
T

where the crossover exponent P can be expressed in terms
of the Flory exponent gz..

(2.14)

2 XF
4=2(PF CT)= (" dl)

4 XF

2 3xF

2 XF

(2.15)

On scales L & LT the influence of disorder is small so that

and e is already defined in (2.8). L, is the minimal length
scale on which the interface feels the potential barriers
and is therefore rough. On scales L &L„w &a and the
interface is flat and free, whereas the interface is weakly
pinned when L &)L, and L ))L„[see Eq. (2.9)]. Thus
(2.12) is valid only on scales L ))max(L~, L, ).

The considerations made so far apply to T =0.
Thermal fluctuations additionally roughen the interface.
In order to obtain results for nonzero temperatures, we
consider first the random part && as a perturbation to

If disorder is neglected, the interface roughness, be-
cause of thermal fluctuations, is w =WT with

1/2
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d~3, (2. 16)

the interface fluctuations are described by the Gaussian
Hamiltonian (2.1). Consequently, there is no renormal-
ization of %, on these scales and hence the exponents xF
and gF appear in the definition of Lz. (.See also the dis-

cussion at the end of this section, where these predictions
are compared with the results of a renormalization-group
(RG) calculation at finite T in d =2 dimensions. ) On
large scales L & L z-, however, weak RB disorder is

relevant for d & —,', whereas RF disorder is relevant for
d & —1. The temperature-dependent length scale L~ is

given by

D. Pinning forces, metastable domain radii, and creep velocity

In this section we mainly concentrate on weak pinning
of the interface on impurity density fluctuations. We give
the finite-temperature expressions for pinning pressure
and creep velocity, when the interface is additionally
roughened by thermal fluctuations.

In systems with weak pinning, the typical potential re-
lief of the interface consists of many metastable minima
at the distance w(L), separated by energy barriers of
height EB(L). The barriers EB(L) scale as the typical en-

ergy gain due to disorder, which is of the order of the
elastic energy

EB(L)=I'L '(w/L), [L &)m ax{L„,L, j] . (2.19)

where

I a 2L d —3
v 1/2~ —(d —1)/(5 —d) (2.17}

For T « T„w (L) is given by (2.12) and hence
EB(L)=T,(L/L, ), where

corresponds to the height of the barriers between meta-
stable states on the scale L„ i.e., to the height of the
smallest barriers. For T& T„we expect that w(L) can
be written as

8=2(g —gr)=2(+d —3 .

On macroscopic time scales t & r(L ), where

r(L ) = to exp[EB (L) /T],

(2.20)

(2.21)

w(L)=wr(Lr)
L~

(2.12')

whereas for T « T„Eq. (2.12) applies. Equations (2. 12)
and (2.12') can be unified to T

E, ,
(2.22)

the barriers on scale L are jumped over and are therefore
ineffective for pinning. From (2.19) and (2.21) the
minimal length scale L„on which the barriers are
relevant, is

w(L)=ar
L, ~

(2.12")

On microscopic time scales, on which ln(tlto)=1, if
T& T„we get L, =L~, as it should be since the same

thermally activated processes are considered. To surnma-
rize, an interface is free on length scales L & L, ( T, t):

where L, (T, t)=max[L~, L, r, L, j, (2.23)

'
1/tIj

L, ~=L, 1+ (2.18)
where L„ is defined in (2.9) and L, r by (2.18). If
L„&L,z, the minimal scale on which the interface is

pinned, L, (T, t), can be written as

T ~F/

az- =Q 1+
T

L, (T, t) =L, r 1+ ln
T

T+T, to
(2.23')

and P=(d+1)/3 for RF's and P=(3d —5)/5 for RB's,
d &3. For RF systems g=gF and hence the roughness
amplitude is essentially temperature independent. Notice
that Eq. (2.12") is only valid on length scales
L )max[L„,L, r j.

The predictions for the amplitude of w(L} in (2.12")
can be found also from more rigorous scaling considera-
tions and from the integration of the RG flow equa-
tions. In particular, for the RB case in d =2 dimen-
sions with (F=—,', gz =

—,', g= —,', and ((F—g)/p= —
—,', we

get L, =D[I /(vD' )] and T, =I' a(v/D), in

agreement with what was found in Ref. 35, where we
denoted 6=v a D ". In the RB case in d =3 dimen-
sions, we have gF =—'„gz.=0, p =—4, /=0. 5+0.08,
(gF g)/P= —0. 125, L—, =I (aD) ~ lv, and T, =I a,
where we neglected logarithmic corrections.

T
Ld —1

(L &L, ) . (2.24)

As g
—2 & 0, the strongest pinning pressure is on the

shortest length scale, L =L„where p (L, ) =p,
=T, /(aL, '). On length scales L &L, the interface is
free since there are no energy barriers.

At T& T, the interface roughness w(L) is given by
(2.12'); therefore, EB(L ) = T(L /L r ), which has the

When the driven interface on the scale L is exposed to a
driving force which is proportional to the area L ', we
introduce the pinning pressure, i.e., the pinning force per
unit area, rather than the pinning force itself. The pin-
ning pressure can be estimated as '

EB(L)

(L)L d —i
p(L)=
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(L &Lz. ) .

correct limit at the lower bound L =Lr. From this we

get the pinning pressure
( gF

—2) /tII g
—2

p(L)=p, (2.24')
T, Lr

w(L,„,)

U(Pext )
(L

Pg, r=vr
pex~

g/(2 —g)

Both expressions, (2.24) and (2.24') can be unified to

L
'g —2

p (L)=p~, r L., r

T
X exp — 1+

T

' &/(2 —g)
pc, r
pex~

(2.28)

T (~F ~)/~
L1+T L

(L)L, 7),
where

'
0F /4'

a,=—1+ '
tp T&

(2.24")

p~, r=
T (gF—2) /P

aL' 1+ (2.25)

p (t)=p l+ T
T+T ln

0

(g —2)/6

(2.26)

As expected, thermal fluctuations diminish the pinning
pressure, since gF &2. However, this reduction of p(L)
takes into account only fluctuations on microscopic time
scales. From (2.24") and (2.23') we get the maximal time
dependent pinning pressure:

and p, r &&p,„,. This result is valid in the weak pinning
limit, when pinning originates from the fluctuations of
the impurity density. It appears either on large length
scales or when e « l. Equation (2.28) is a general expres-
sion for the creep velocity of a weakly pinned interface
under pressure in random systems. For example, in fer-
romagnets the pressure on the interface, which can move
with the creep velocity, is produced by a uniform external
field H, so that p,„,=mpH.

In the strong pinning case, the pinning pressure is of
the order p;„=U/(aD '). Thermal fiuctuations depin
the interface at the barrier v belonging to a single impuri-
ty after the time t, = to exp( U /T). Therefore, for long
times the interface is again only weakly pinned by impur-
ity density fluctuations.

If the system is initially in a metastable microdomain
state, the domains can collapse on a time scale t only
when the surface pressure p =0/R exceeds the pinning
pressure p, ( t). This is the case for small domain radii

R &R,(t)=
p, (t)

(2.27)

Thus R, (t) determines the miminal size of metastable
domains.

We will now discuss the creep velocity, i.e., the drift
velocity of the interface exposed to a constant external
pressure p,„,. At T =0 the interface can move only when
the pressure exceeds the threshold value p, . The situa-
tion for TWO has been discussed in some special cases by
Feigel'man (see also Ref. 39) and for d= 1 by Derrida
and Pomeau. In both cases the existence of a threshold
has been found. Here we will show that the interface can
move at low T also when p,„,(p„ in this case the inter-
face motion is controlled by thermally activated depin-
ning.

If an external pressure p,„, acts on the interface, it
dominates the pinning pressure p(L) [Eq. (2.24")] on
scales L &L,„,=L, r(p, r/p, „,)' ' '. On scales small-
er than L,„, the motion of che interface is possible only
via jumping over barriers. We obtain, as a generalization
of an earlier result of Ioffe and Vinokur, ' the creep veloc-
ity of the interface:

III. SUSCEPTIBILITY

In the critical region, the susceptibility of diluted anti-
ferromagnets has been studied theoretically by several au-
thors' ' ' and experimentally by King et al. and
Kleemann et al. Here we analyze the low-temperature
magnetic susceptibility y of dilute or weakly disordered
ferromagnets or antiferromagnets. At low temperatures
the bulk magnetization is saturated; therefore, the bulk
susceptibility of the ordered phase is small, and the main
contribution to g comes from the interface motion, i.e.,
from the growth of the favorably oriented domains
against the unfavorable domains under the influence of a
magnetic field.

We evaluate the static susceptibility of diluted fer-
romagnets and antiferromagnets in a field. In the first
case the external field acts as the driving force on the in-
terface, whereas in diluted antiferromagnets the inter-
faces readjust on small length scales according to fluctua-
tions in the random fields. The dynamic susceptibility is
explained on the basis of the energy dissipation when the
interfaces move across the potential barriers between
different pinning sites.

A. Ferromagnetic susceptibility

Consider first the low-temperature interface suscepti-
bility of a disordered ferromagnet when the main contri-
bution to g comes from the interface motion. As shown
in Sec. II, on short length scales L (L, and at low fre-
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quencies co the interface is free; it reacts to the changes of
the uniform external field in a time t && I/co, where to is
the frequency of the applied magnetic field. This contrib-
utes a frequency-independent part to y. On larger length
scales the interface is pinned and relaxes slowly; this is
the reason for a frequency-dependent interface contribu-
tion to y(to). In the following we will determine the in-
terface magnetization and therefrom the susceptibility.
We consider the interface on a scale L ~L„ i.e., on a
scale where it is free to respond to a small homogeneous
field h, which produces a hump of height m. The energy
of the hump,

E(L,w)= —,'I w L" —mohwL" (3.1'

is minimal at w=mohL /I . Here we assume that the
driving pressure mob is much smaller than the pinning
pressure p, [Eq. (2.26)]. The field-induced interface mag-
netization is

d —1

M=moL 'w —
&

--mohL /RIO, L Rd- 0 (3.2)

where 1/R is the interface density In .a domain state, R
is of the order of the domain radius whereas in incom-
mensurate systems R denotes the spacing of the soliton
lattice. The static (very-low-frequency} interface suscep-
tiblity is thus

3.3aM
ah= Rr

Although static, it depends on the frequency because the
length scales, on which the interfaces can relax, grow log-
arithmically in time at low frequencies. The main contri-
bution to the static susceptibility comes from the largest
possible length scale, L =L,(t = 1/to) [Eq. (2.23')]:

2/8
1

mtO

T
y(co) =y, r 1+ ln (3.4)

m'aL,' ',
1++ST T R

y, z has a simple interpretation if we rewrite it in terms
of the effective (T-dependent) transverse ar and longitu-
dinal L, r length scales [see Eq. (2.18)]:

2 d —1mOayL, y a

T RE, T

(3.5)

(3.5')

0 T T
0 T+T,

1
g/8

Cut0
(3.6)

a~/R is the volume fraction occupied by the domain wall

and m0az-L", z.
' is the total magnetic moment of the

minimal hump which can be formed by the mall. If we
consider these minimal humps as elementary degrees of
freedom, then mOaz-L, z-'/T, ~ corresponds to the Curie
susceptibility at the efFective temperature, T, r=T, (l
+ T/T, ). In a metastable microdomain state, R also de-

pends on the disorder. If we use R =R,(t) [Eq. (2.27)]
for the minimal size of the microdomains, we get from
(3.4) and (3.5)

which only weakly depends on the impurity disorder con-
centration. Equation (3.6) predicts a monotonous de-
crease of g on a logarithmic frequency scale. This was re-
cently confirmed by measurements of the ferroelectric
domain walls in the disordred systems SrTi03.Ca and
KTa03:Nb, where a Cole-Cole-type response function
was used to describe the entire accessible frequency
range. However, its high-frequency tail corresponds to
the small length scales, which are not accounted for in
Eq. (3.6). Similar polydispersive behavior of domain-wall
susceptibility of various ferroelectrics with impurities
[Rochelle salt, triglycine sulfate, cesium dihydrogen
phosphate, KTa03:Li, and Pb Mg, /3Nb2/303] was recent-
ly reported by Shilnikov et al.

B. Complex susceptibility

In this section we will calculate the dynamic suscepti-
bility by a different approach; we will investigate the in-
terface contribution to the energy dissipation and to the
comp/ex susceptibility of disordered ferromagnets at low

temperature. The interfaces have a large number of
different metastable configurations, and an external time-
dependent (ac) magnetic field exerts a driving force on the
interfaces which then fluctuate between their different en-
ergy minima, separated by energy barriers. The interface
motion over the potential barriers is the main reason for
the energy dissipation at low temperatures and low fre-
quencies.

Consider the influence of an external time-dependent
field h (t}=h exp(icot) on an interface. Thermal motion
over energy barriers Ez mediates transitions between
wall configurations which have an energy difference
hE T. Since the distribution of AE is smooth and has a
width of the order Ez, there are only rare pairs of meta-
stable interface configurations with AE & T; we therefore
treat the interface as an ensemble of noninteracting two-
level systems (TLS's). '

The separation between the two minima of the TLS i is
w;-w(L, ) and the energy difference is b,E;. Then the
probability that in thermal equilibrium the system is in
the higher-energy minimum is

no(b, E; )
= [exp(EE; /T )+ 1] (3.7)

The external field h (t) disturbs the energy difference hE,
by 5E; =mob(t)L;" 'w;. The system therefore relaxes to
the new time-dependent equilibrium configuration
n(bE;+BE, )=no(EE, )+fin; The time . dependence of
5n,- depends on the relaxation time
=~oexp(Es(L;)/T) of the TLS and on 6E;(t). In a
linear approximation,

Bno—+—5n, + —5E;=0.
a~ ~,

' a~E,- a~

The power dissipated in this way by the TLS is

dHP= —Re 5ml dt

(3.8)

(3.9)

where Re( ) denotes the real part of the time average
and 5m; is the change of the magnetization induced by
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AE,
P, = coshT- T

—2

(5E, ) 1+to
(3.10)

The total power density dissipated by all TLS's is
P =(1/0) g,P;, where 0 denotes the volume. Since the
distribution function for the LE; is smooth and has a
width of the order Es ))T, only the fraction T/Es of
the TLS contributes to the sum g, P;. He. nce '

1 [5E(L)] tu r(L)
Es(L) 1+ted r (L)

(3.1 1)

where we have inserted Q/(RL" ') for the number of
TLS's, and replaced L; by a characteristic scale L, m; by
w (L), r, by r(L), etc. This can be understood as follows.
The sum in (3.10) runs over all TLS's with an energy bar-
rier Ez, which can be crossed by thermally activated
hopping in a time t =1/c0. This limits the possible L, to
a narrow region around the typical value L. Below we
will determine L by extremizing g(L, co).

On the other hand, the energy dissipation is related to
the imaginary part of the dynamic susceptibility"

P = ,' tug" (L,co )H— (3.12)

Comparing (3.11) and (3.12), we find the interface contri-
bution to the complex dynamic susceptibility:

J L, Ci)

m ()L

R I 1+icos(L)
(3.13)

with r(L) given in (2.23). The main contribution to the
real part y'(co) comes from the length scale L, where
dg'(L, to)/dL =0, which yields (ter) = [HEtt (L)/T—1]. For low frequencies and temperatures this gives

' 1/0

L(tu) =L, ln(1/toto)
T
T

the interface relaxation:

5m;=mL;" 'm; 6n, .

With this and the Fourier transform of Eq. (3.8), we get
the power absorbed by the TLS i:

volume magnetizations are almost constant at low tem-
perature and their contribution to the susceptibility is
small.

%e start with the case of weak anisotropy or broad
walls, where the pinning and hence the microdomain
structure disappear for vanishing field. The interface
configures in such a way that it gains excess mangetic en-
ergy. The interface roughness w (L) on the length scale L
is, according to (2.12"), for x = 1 and u =moH,

(m,H)'"
w(L) 0 L(5—d)/3

I 2/3Dd/3 (3.15)

The local excess magnetization due to magnetic ion den-
sity fluctuation is m =mo[L 'w(L)] ' and the inter-
face contribution to the total magnetization density is

'd —1

M= m [L" 'w(L)]'/

1

RD""
4

' 1/3
mm4

2(2 —d) /3

r (3.16)

Here, in contrast to (3.2), the main contribution to M and
hence to y coines from the shortest scales (for d )2). The
smallest scale, for which the calculation of w(L) makes
sense, is again given by L, [Eq. (2.13)] with u=Hmo.
Thus, for d =3, M depends linearly on the external field
0 at low T when mo is saturated, and the interfaces give
a linear contribution to the static susceptibility:

BM mo
2

(RD" aI )
(3.17)

Here the microdomain size R is a history-dependent con-
stant; in particular, it depends on the field at the time of
cooling through the critical region. The susceptibility of
dilute antiferromagnets shows no time dependence at low
T, when the microdomain configurations are "frozen. "
As the temperature approaches T„however, the inter-
face depinning leads again to a logarithmic time depen-
dence of the remanent magnetization and of the suscepti-
bility. ' '

=L,(t =1/co) . (3.14' IV. CONCLUSIONS

Thus, in the low-frequency limit, v~0 and for finite tem-
peratures we get the same result for the real part of the
complex susceptibility as we derived in Sec. IIIA. The
dynamic interface susceptibility of disordered ferromag-
nets resembles the Debye relaxation, corrected for the
logarithmic growth of the maximal length scale on which
the TLS's relax.

C. Susceptibility of diluted antiferromagnet in a field

In the diluted antiferromagnet in a field, which is be-
lieved to be the experimental realization of the random-
field Ising model, the external uniform field 0 in conjunc-
tion with the dilution generates the RF pinning centers.
Again, we are interested only in the interface contribu-
tion to the magnetization and susceptibility, since the ad-
ditional contributions which come from the bulk and

The model of interfaces interacting with randomly dis-
tributed pinning centers provides a basis to interpret the
interface relaxation in various disordered systems. The
model is used to evaluate the interface contribution to the
dynamic susceptibility of random magnetic systems. The
susceptibility is linear at low temperatures and fields,
when the domain size R and magnetization mo are con-
stant. At higher temperatures and fields, deviations from
the linearity appear; however, at higher temperatures the
bulk susceptibility, not considered in this model, starts to
dominate. This observation is in agreement with Ref. 41,
where the crossover from random-exchange to random-
field critical behavior is analyzed, albeit in the critical re-
gion.

In this paper, g has been calculated in two different ap-
proaches. First, the static (ferromagnetic) susceptibility
is calculated in a model where the interface relaxes on
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length scales that are shorter than the time-dependent
length scale L,(t= 1/co). In the second approach, the
dynamic interface susceptibility is obtained from a model
where the interface is modeled by an ensemble of two-
level systems. Interface motion between the minima of
the TLS's is the origin of the energy dissipation and of
y". We have shown that the two different approaches are
fully consistent, which can be considered as an argument
for the validity of the proposed model.

We now give an order of magnitude estimate of the in-
terface susceptibility g of Heisenberg systems with weak
uniaxial crystal-field anisotropy assuming J= 10
eV = 10 ' J, A /J = 10, m 0 =0. 1 V s/m, and 50% di-
lution, D = 1. In this case, ar o= g= 10 m and
I =o =J/g= 10 J/m . The low-temperature interface
susceptibility of dilute ferromagnets [Eq. (3.4)] is then
y=0. 1po, where po is the vacuum permeability. In par-
ticular, at low temperatures, when the bulk susceptibility
is small, the interface contribution to the susceptibility is
dominating. The above estimate is made for weakly
pinned interfaces; in the case of strongly pinned inter-
faces, the susceptibility is substantially smaller.

The interface susceptibility of dilute antiferromagnets
is the consequence of the rearrangements of the interfaces
on short length scales. An estimate of Eq. (3.17), with the
same parameters as used in the estimate of the ferromag-
netic susceptibility, gives y/go=10 . The interface sus-

ceptibility of broad-wall antiferromagnets is much small-

er than the susceptibility of diluted ferromagnets and is
probably also much smaller than the bulk antiferromag-
netic susceptibility even at low temperatures. On the oth-
er hand, if the anisotropy A is large, the interfaces are
fractal on short length scales and carry surface magneti-
zation which gives a finite y. '

Interface relaxation in magnetic systems can be experi-
mentally studied by measuring either the time depen-
dence of the excess magnetization or the susceptibility.
Detailed measurements of the time dependence of the ex-
cess magnetization in dilute antiferromagnets have been
performed by Leitao et al. and by Pollak et al. , where a
[ln(t)] ' time dependence of the remanent magnetization
in strongly anisotropic diluted antiferromagnets below T,
is reported.
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APPENDIX

In this appendix we estimate the infiuence of pinning in
a diluted weakly anisotropic Heisenberg magnet. The
Hamiltonian for the undiluted system is

%=—J ASS —Ag(S )

(ij & i

(A 1)

which can be rewritten in the continuum limit as

n8=—'Jg Jd r g(VS ) —AS
i& a=1

(A2)

Inserting in (A2) a domain-wall
S (r ) =S (z —z(x) ), & takes the form

&=cr Jd" 'x+1+(Vz)

configuration

which for almost flat walls gives (2.1) with

(A3)

U
——b

2
(A4)

Insertion of (A4) in (2.8) yields
' 5/2

b D
(A5)

To consider an example in d =3 dimensions, we assume
(=10 and 10% dilution, i.e., D=2. Then e=2X10
L, = 10, g= 5, L„=1, T, = 10J, and the maximal pin-
ning presure is p, = 10 J, where J is the exchange ener-
gy.

Here we omit all numerical factors of the order 1. For
weak anisotropy the width of the wall g is large com-
pared with the lattice constant, which is equal to unity.

In diluted systems the extension b of the impurity is of
the order 1 and hence much smaller than g. Then, ac-
cording to (2.4),

*Permanent address.
'See, e.g. , Magnetism, edited by G. T. Rado and H. Suhl

(Academic, New York, 1963, 1966), Vols. III and IV.
M. E. Fisher, J. Stat. Phys. 34, 667 (1984).
M. E. Fisher and A. M. Szpilka, Phys. Rev. B 36, 644 (1987).

4W. Selke, Phys. Rep. 170, 213 {1988).
5A. Glachant, J. Jaubert, M. Bienfait, and G. Boato, Surf. Sci.

11S,219 (1981).
For recent review of the experimental random-field literature,

see, e.g., D.P. Belanger, Phase Transit. 11, 53 (1988).
7For recent reviews of the theoretical aspects of the random-

field and other systems with disorder, see T. Nattermann and
J. Villain, Phase Transit. 11, 5 (1988); T. Nattermann and P.
Rujan, Int. J. Mod. Phys. B 3, 1597 (1989).

8See, e.g., J. Koplik and H. Levine, Phys. Rev. B 32, 280 (1985);
J. P. Stokes, A. P. Kushnick, and M. O. Robbins, Phys. Rev.
Lett. 60, 1386 {1988).

9H. Kronmuller, Z. Angew. Phys. 30, 9 (1970).



8586 T. NAL I'ERMANN, Y. SHAPIR, AND I. VILFAN 42

O. Boser, J. Appl. Phys. 62, 1344 (1987).
"H. Fukuyama and P. A. Lee, Phys. Rev. B 17, 535 {1978);R.

A. Klemm and J. R. Schrieffer, Phys. Rev. Lett. 51, 47 (1983).
~2For a review on charge-density waves, see, e.g., G. Gruner,

Rev. Mod. Phys. 60, 1129 (1988).
Y. Imry and S.-k. Ma, Phys. Rev. Lett. 35, 1399 (1975).
J. Villain, Phys. Rev. Lett. 52, 1543 (1984).

' R. Bruinsma and G. Aeppli, Phys. Rev. Lett. 52, 1543 (1984).
' D. Andelman and J. F. Joanny, Phys. Rev. B 32, 4818 (1985).
' J. Bricmont and A. Kupiainen, Phys. Rev. Lett. 59, 1829

(1987).
8Y. Shapir, Phys. Rev. B 35, 62 (1987); T. Nattermann and I.

Vilfan, Phys. Rev. Lett. 61, 223 (1988).
' D. S. Fisher, Phys. Rev. Lett. 56, 416 (1986);56, 1964 (1986).

G. Grinstein and S.-k. Ma, Phys. Rev. Lett. 49, 685 (1982); J.
Villain, J. Phys. (Paris) Lett. 43, L551 (1982); J. Villain, B.
Semeria, F. Landon, and L. Billard, J. Phys. C 16, 6153
(1983).
M. Kardar, J. Appl. Phys. 61, 3601 (1987).
D. Huse and C. Henley, Phys. Rev. Lett. 54, 2708 (1985).
M. Grant and J. D. Gunton, Phys. Rev. B 29, 1521 (1984); 29,
6266 (1984).

24E. T. Gawlinski, M. Grant, J. D. Gunton, and K. Kaski, Phys.
Rev. B 31, 281 (1985).

S. R. Anderson, Phys. Rev. B 36, 8435 (1987).
U. Nowak and K. D. Usadel, Phys. Rev. B 39, 2516 (1989).
U. A. Leitho, W. Kleemann, and I. B. Ferreira, Phys. Rev. B
38, 4765 (1988); P. Pollak, W. Kleemann, and D. P. Belanger,
ibid. 38, 4773 {1988).
F. Suda, J. Phys. Soc. Jpn. 47, 1556 (1979).
T. Nattermann, Phys. Status Solidi B 133, 65 (1986).
K. Lucke and A. Granato, J. Appl. Phys. 27, 583 (1956).

'L. B. Ioffe and V. M. Vinokur, J. Phys. C 20, 6149 {1987).

P. Bak, Rep. Prog. Phys. 45, 587 (1982).
See, e.g., M. E. Fisher and D. S. Fisher, Phys. Rev. B 25, 3192
(1982).

~4T. Nattermann, Z. Phys. B 54, 247 (1984); Phys. Status Solidi
B 132, 125 (1985).

~5T. Nattermann and %'. Renz, Phys. Rev. B 38, 5184 (1988); T.
Nattermann, Europhys. Lett. 4, 124 (1987).
M. Kardar and Y.-C. Zhang, Europhys. Lett. 8, 233 (1989).
J. Villain, in Scaling Phenomena in Disordered Systems, edited

by R. Pynn and A. Skjeltorp (Plenum, New York, 1985).
ssM. V. Feigel'man, Zh. Eksp. Teor. Fiz. 85, 185 (1983) [Sov.

Phys. JETP 58, 1076 (1983)].
M. V. Feigel'man, V. B. Geshkenbein, A. I. Larkin, and V. M.
Vinokur, Phys. Rev. Lett. 63, 2303 (1989); T. Nattermann,
ibid. 64, 2454 (1990).

~B.Derrida and Y. Pomeau, Phys. Rev. Lett. 48, 627 (1982).
A. Aharony, Europhys. Lett. 1, 617 (1986).
J. Villain, J. Phys. (Paris) 46, 1843 (1985).
A. R. King, J. A. Mydosh, and V. Jaccarino, Phys. Rev. Lett.
56, 2525 (1986).

~W. Kleemann, B. Igel, and U. A. Leitio, in New Trends in
Magnetism, edited by M. D. Coutinho-Filho and S. M.
Rezende (World Scientific, Singapore, 1990), p. 85.

4~W. Kleemann and H. Schremmer, Phys. Rev. B 40, 7428
(1989); D. Sommer, W. Kleemann, and D. Rytz, Ferroelec-
trics (to be published).
A. V. Shilnikov, N. M. Galiyarova, S. V. Gorin, E. G. Nadol-
inskaya, D. G. Vasiliev, and L. N. Vologuirova, Ferroelec-
trics 98, 315 (1989).

47See, e.g., J. C. Verstelle and D. A. Curtis, in Handbuch der

Physik, edited by S. Flugge (Springer-Verlag, Berlin, 1968),
Vol. XVIII/2, p. 1.


