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Polarization of radiation from axially channeled electrons
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The degree of polarization of channeling radiation emitted by axially channeled electrons has

been calculated using the many-beam method. The polarization was found to be substantial, and to
increase monotonically with the channeling angle. The many-beam results are compared with those

obtained from the single-string approximation and are found to be significantly different.

I. INTRODUCTION

A charged particle directed into a crystal approximate-
ly parallel to one of the crystal axes will be channeled
that is, it will experience a force which will "steer" the
particle along the direction of the axis. For negatively
charged particles, such as electrons (which will be con-
sidered in this paper), the channel is provided by the crys-
tal axis.

From a quantum-mechanical viewpoint, the channel is
the source of a potential well in the direction transverse
to the particle's motion, which gives rise to transversely
bound states for the particle. Transitions to lower-energy
states lead to the phenomenon known as channeling radi-
ation. The fact that the transverse potential is periodic
allows the use of the Bloch-function or "many-beam" ap-
proach to this problem. This was first done by Anderson
et al.

In this paper, we report the results obtained when the
Bloch-function approach was used to calculate the polar-
ization of channeling radiation. Numerical results for the
case of 4-MeV electrons channeling along the (100) axis
of Si will be presented.

The organization of this paper is as follows. In Sec. II,
the quantum-electrodynamic theory of radiation is re-
viewed and applied to the channeling radiation problem.
The many-beam approach to channeling is also presented
in this section. In Sec. III, the numerical results for a
representative example are given. Finally, conclusions are
presented in Sec. IV.

spectively, p=(x,y), a and P are the standard Dirac ma-
trices given by

T

0 cra= (2a)

and
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and V(x,y) is the average value of V(x,y, z) along z:

V(x,y) =—f V(x,y, z)dz .
0

(3)

This approximation is valid if the electron is channeled
and its energy satisfies the inequality'

E)2Ze 2d
a

(4)

(5)

where Z is the atomic number of the crystal atoms, e is
the electron charge, a is the Thomas-Fermi screening
length, and d is the distance between atoms along the
string. The atomic potentials used in Eq. (3) are of the
form given by Doyle and Turner, modified to include the
effects of thermal vibration of the lattice atoms.

Separating the wave function into large and small com-
ponents,

II. THEORY

The quantum-mechanical calculation of axial channel-
ing radiation was first carried out by Kumakhov and
Wedell, and the following analysis utilizes their develop-
ments. One begins with the time-independent Dirac
equation for an electron moving in a potential V(x,y}
periodic in the xy plane (which is perpendicular to the
direction of the incident electrons):

[ i a'7 Pm—+ V(p—)]N=E4,
where m and E are the electron*s mass and energy, re-

leads to a Pauli-type equation for the large components:

o"V(E —V+m) 'o.VQ++(E —V —m}(t+=0 . (6)

Since the potential is independent of z, the solution of the
wave equation can be written in the form

P+ ~ exp(ip, z)%(p)y .

One now takes advantage of the fact that the electrons of
interest have kinetic energy on the order of 1 MeV, which
is much larger than the axial potential energy, which is
on the order of 100 eV. This allows one to transform
Eq.(6) into a two-dimensional, relativistic Schrodinger
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equation:

j(k) = 1 4f(r)a4, (r)exp i k—r d3r, (9)

where k is the photon momentum. In the many-beam
formulation, the spatial part of the wave function is writ-
ten as

(r)=exp ip;(f) r gcsexp ig r
8

(10)

where p;~f~ is the initial (final) momentum of the electron
and the g are the reciprocal lattice vectors. When this
expression is inserted into the expression for the matrix
element [Eq. (9)], the result, neglecting a spin-dependent
term, is

1
j(k) = g cscs+z(p;+g)5(p; —pf —k —K) .

Qmc

In order to evaluate the matrix element, one needs the
numerical value of the coefficients c . These are found by
solving the wave equation [Eq. (8)] in the many-beam for-
mulation. To do this, one writes the two-dimensional
wave function %' as

%(p)=exp ipj p gc exp ig p
g

and the transverse potential as

V(p)= gV exp ig p
8

(12a)

(12b)

Substitution of Eqs. (12) into Eq. (8) leads to the linear set
of equations

4+ V(x,y)+=E~+,
2/m

where y is the relativistic factor and Ej is the transverse
energy of the electron.

Now consider the emission of a photon by the chan-
neled electron. Using quantum electrodynamics, the
single-photon spontaneous emission rate is proportional
to the square of the radiative-transition matrix element,
which is given by

dI )
—dI2

dI, +dIz

III. RESULTS

where

(j» ) cos 8 (jy)
( j» ) cos 8+ ( jy )

(16)

1j„(k„)= gc c*+x (p;„+g„)
/mal x x x

gx

X5(p;„—pf, —k„—K, ) (17)

is the matrix element in the x direction and the expres-
sion for j is similar. These two matrix elements are, in
general, not equal, and this gives rise to a polarization
which can be substantial, as shown in Fig. 2. The polar-
ization varies from zero, when the electron is exactly
aligned with the z axis, to a rnaximurn which depends on
the angle P. The maximum value of 8 shown corre-
sponds, approximately, to the critical channeling angle, '

which is the angle at which the electrons are no longer
channeled. Beyond this value, the polarization decreases

smoothly to a minimum value of approximately —1, then

The geometry of the problem is shown in Fig. 1. The
incident electron momentum makes an angle 0 with the z
axis and an angle P with the x axis. The emitted photon
momentum is taken, in this work, to be parallel to that of
the electron, for the purpose of calculating the polariza-
tion in the forward direction. The photon polarization
vector c, makes an angle 8 with the x axis and lies in the
xz plane, and a2 is parallel to the y axis. The x and y axes
are in the direction of the nearest-neighbor atoms; i.e.,
they are each parallel to one of the basic transverse re-
ciprocal lattice vectors. In this case (channeling along
the (100) axis of Si), the two reciprocal lattice vectors
are equal in magnitude.

When the particular polarization vectors which were
chosen are inserted into the intensity formula [Eq. (14)],
the expression for the polarization becomes

1
~p~+g~ c + pc Vs =Epics,2m/

(13) p, k

which, when truncated to include a 6nite number of
coefficients, can be solved numerically.

Once the coefficients have been obtained, the emitted
photon intensity can be determined. The differential in-

tensity for a given polarization is, by Fermi s Golden
Rule,

d I,
6(k —kP —co)

I j e,
*I',

dk dQ
(14)

where co is the energy difference between the two levels in
the rest frame of the electron and c; are the photon polar-
ization vectors. The photon polarization is given by the
difference in intensity for the two polarizations dI& and

dI2, normalized by the total intensity dI, +dl2, as FIG. 1. Geometry of the channeling radiation problem.
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FIG. 2. Polarization of channeling radiation emitted by 4-MeV electrons incident along the ( 100) axis of Si, during the transition
2p-ls, as a function of the polar angle 9. (a) / =0. (b) P = rr/8

increases abruptly to zero before an oscillatory motion
begins. These results are not shown since the critical
channeling angle 4, is approximately the same angle at
which the theoretical basis for the continuum model is no
longer valid. Although some coherent effects have been
observed at angles greater than 0„ the validity of the
model used is not obvious at these angles. For this
reason, the results for these angles are not presented
quantitatively here. Experimental measurement of the
polarization of channeling radiation may, then, be a
probe of the range of validity of the continuum approxi-
mation.

The dependence of the polarization on P is shown in
Fig. 3. For a fixed, nonzero, value of 0, the polarization
varies from a maximum at 0=0 rad to nearly zero at
0=~/4 rad. The values shown are for the transition be-
tween the 2p and 1s states. The results for other transi-
tions are identical. Also, the results for other values of
the electron energy are qualitatively the same as those
presented here.

Calculations of the band structure and photon intensi-
ty for 4-MeV electrons along the ( 100) and ( 111) axes
of Si have shown that the tight-binding approximation
gives very good results for these quantities. The present
calculations, however, have shown that it is inadequate
for calculations of polarization. The matrix elements in
the tight-binding approximation, which uses wave func-
tions calculated in the single-string approximation, are
equivalent for the x and y directions. (Alternatively, one
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FIG. 3. Polarization as a function of the azimuthal angle P,
for 0= 1 mrad.
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P= cos 0—1

cos 0+1 (18)

which is very small for the values of 0 which result in
channeling. The many-beam values of the polarization
take on this value when the two matrix elements are
equal. This occurs when P takes on the values

P=n , n —=1,3, . . . . (19)

can say that there is only one matrix element, which de-

pends only on p, the distance from the string. ) The ex-
pression for the polarization can then be written simply
as

IV. CONCLUSIONS

The polarization of channeling radiation may be useful
in the determination of the crystal potential experienced
by a channeled electron and as a source of tunable,
narrow-bandwidth, polarized radiation. In this paper,
we have calculated the polarization of channeling radia-
tion using the many-beam technique and have found that
it is a significant effect. The many-beam results were
found to be quite different from those obtained using the
tight-binding approximation.
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