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We develop a theory for the electronic density of states of a weakly disordered two-dimensional

electron gas in the presence of a strong external magnetic field oriented normal to the electron layer.
The disorder arises from randomly distributed charged impurity centers that interact with the elec-

trons, in the absence of any screening, via the long-range Coulomb interaction, To mimic modula-
tion doping in high-mobility heterostructures, the electron plane is assumed to be separated by a
spacer layer from the impurity plane. The density of states is calculated using the self-consistent
Born approximation for the electron-impurity scattering, retaining Landau-level coupling in the
theory. The electron-impurity scattering potential is calculated in a nonlinear screening approxima-
tion where scattering and screening self-consistently determine each other. Thus, the level broaden-

ing determining the electron propagator in each Landau level is calculated by using the screened
impurity potential in the self-consistent Born approximation, whereas the screened potential itself is

calculated self-consistently by calculating the electron polarizability with use of the renormalized
electron propagator. Screening is treated in the random-phase approximation by retaining the bub-

ble diagrams, and the polarizability is obtained by solving the vertex function within the ladder ap-
proximation (which is consistent with the self-energy being treated in the single-site approximation).
The resultant level broadening and the electronic density of states cannot easily be characterized by
a single parameter, such as the zero-field mobility, which uniquely characterizes the usual short-
range approximation extensively used in the literature. We find that the density of states calculated
from this nonlinear, self-consistent screening theory is, in general, much smoother and Aatter and
the Landau-level broadening much larger than that implied in the short-range approximation. The
density of states depends on the actual impurity distribution (and, not just on the mobility) in the
system and the level broadening and screening are the oscillatory function of the chemical potential.
We conclude that in many experimental situations the short-range approximation is even qualita-
tively wrong. We give detailed numerical results for the density of states and level broadening, and

apply the theory to the calculation of thermodynamic quantities, such as electronic specific heat and
magnetic susceptibility. Excellent qualitative and semiquantitative agreement with available experi-
mental results is found.

I. INTRODUCTION

When a strong external magnetic field B is applied nor-
mal to a two-dimensional electron gas (2DEG), the sys-
tem becomes quantized into a series of Landau levels
(denoted by the index N =0, 1,2, . . . , throughout this
paper) whose energy Ett, in the noninteracting situation,
is given by (fi= 1 throughout)

Ett =(N+ ,' )co, , —

be occupied by electrons where n is the largest integer
satisfying the inequality condition

N, ((n/2trl ), (1.3)

with the equality being valid when n levels are exactly
filled and the {n + 1)th level is completely empty. In gen-
eral, at T=0 the chemical potential or the Fermi ener-

gy (EF ) will be in the ( n —1)th Landau level ( n

=1,2, 3, . . . , )

where,
EF =(n —

—,
' )~, (1.4)

co, =eB/mc (1.2)

is the cyclotron frequency and m the electron (band)
effective mass. Each Landau level, denoted by the
discrete index N, is highly degenerate with a macroscopic
degeneracy given by (2trl )

' per spin unit area where
l =(c/eB)'r is the Landau radius or the magnetic
length. Thus, for a given two-dimensional electron densi-
ty N, at T =0, a certain number n of Landau levels will

except in the situations (of measure zero) when n Landau
levels are exactly full and E~=nco, . Thus, in a constant
magnetic field, the Fermi energy remains locked in indivi-
dual Landau levels as N, increases (decreases) and then
jumps to the next higher (lower) Landau level as the next
integer satisfies the inequality (1.3). The situation is simi-
lar when B is changed at a constant N, —EF remains
locked in an individual level and then jumps to the next
lower (higher) Landau level as B is increased (decreased)
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beyond the next critical value determined by (1.3).
The density of states (DOS) of the noninteracting 2D

EG in the presence of an external normal magnetic field
is easily seen' to be a series of 5 functions at the quan-
tized Landau energies

D(E)=(27rl )
' g 6(E E~—),

iV =0
(1.5)

D( )E=( m.2l )
' g (vrl )

' 1—
2 ]/2

(1.6)

where the 6 function sharpness rejects the complete
quantization of the system as indicated by Eq. (1.1).
Throughout this work we assume the electrons to be
spinless fermions, neglecting the electron spin degeneracy
completely. (In a strong magnetic field, the spin degen-
eracy is lifted due to the Zeeman splitting which we are
assuming to be very large. ) Note that the 5-function
singular DOS would imply rather singular thermodynam-
ic properties of a 2DEG in the presence of an external
magnetic field.

The above rather simple-minded and well-known'
theoretical picture for a 2DEG in the presence of an
external magnetic field does not hold for real 2DEG sys-
tems where all indications are that the DOS is a smooth
function of energy (and, EF certainly moves continuously
through the Landau levels as quantum Hall-effect experi-
ments definitively demonstrate). The DOS of a real
2DEG, while being a weakly oscillatory function of ener-

gy, does not have strong 5 function singularities given by
the non-interacting theory. For example, measured ther-
modynamic properties of a 2DEG in the presence of a
strong external magnetic field such as the magnetic sus-
ceptibility and the specific heat ' are rather weak oscil-
latory functions of B (or, N, ) implying a smooth (and
small) variation in D (EF ) as a function of EF. Model cal-
culations based on experimentally measured specifc-heat
or magnetic susceptibility show the DOS to be much
smoother and broader than one would intuitively ex-
pect.

In real systems, one expects disorder arising from ran-
dom impurities in the system to have a smoothening
effect on the singular D (E) given by Eq. (1.5). In particu-
lar, scattering by the random impurities should broaden
the DOS D (E) with a characteristic broadening parame-
ter I z(E) determined by the strength of the impurity-
scattering potential associated with the random disorder.
In the weak disorder case, one expects the standard
ensemble-averaged diagrammatic perturbation theory to
be valid in calculating the broadened DOS. Such a calcu-
lation was carried out a long time ago by Ando and
Uemura' for a model of randomly distributed "short-
range" (actually, zero-range) scatterers, neglecting the
coupling between Landau levels. Within the self-
consistent Born approximation (SCBA) and assuming
that the scattering potential associated with the electron-
impurity interaction is a pointlike 6 function in real
space, Ando and Uemura' obtained the following expres-
sion for the DOS in the strong-field limit:

where the constant level broadening I which, in this
short-range approximation, is independent of the
Landau-level index X (and energy E) depends only on the
strength of the impurity-scattering potential and is, there-
fore, completely determined by the zero J7eld electronic
mobility (p0) of the system:

I =(2', /rrw)' =I—
where the scattering time ~ is extracted from the mobility
(p0) of the system at zero magnetic field,

r=mp0/e .

We shall refer to the results (1.6)—(1.8) as the short-range
approximation' [denoted by the subscript SR in I sR
given in Eq. (1.7)]. The approximations made in deriving
these equations are many. (1) Weak disorder, so that
SCBA involving only single impurity scattering is ade-
quate; (2) the strong-field limit so that there is no cou-
pling between Landau levels which implies that one must
have ~, &&I with the overlap between Landau levels
negligibly small; (3) zero-range electron-impurity interac-
tion which can be characterized by a 5-function point
scattering potential in real space.

The work presented in this paper goes beyond the
above set of approximations and develops a more realistic
theory of strong-field DOS in a 2DEG. [The Feynman
diagrams for our theory are shown in Figs. 1(a)—1(d).] In
particular, we relax approximations (2) and (3) listed
above while still maintaining (1). Thus, we work within
the SCBA assuming the impurity disorder to be weak so
that the single-site scattering approximation [Figs. 1(a)
and 1(b)] is adequate. But we take into account the fact
that the impurities in a real 2DEG are not point 5-
function scatterers —they are actually charged impurities
which interact with an electron via the (screened) long-
range Coulomb interaction [Figs. 1(c) and 1(d)]. We also
include Landau-level coupling in our theory so that the
strong-field (co, )&l ) restriction is relaxed. Short ver-
sions of our theory for the DOS and of its application in
calculating the thermodynamic properties of the 2DEG
have earlier been reported by us. ' In this paper we pro-
vide the theoretical details and more complete numerical
results for the DOS and the thermodynamic properties.

At first sight it seems that the approximations involved
in the short-range theory of Ando and Uemura are quite
reasonable and should be well valid in a high-mobility
2DEG at least in the limit of strong magnetic fields. One
could invoke screening to assert that the bare long-range
electron-impurity Coulomb interaction will be screened
by the electrons to a short-range interaction for which
the 5-function point scattering potential approximation
may not be bad. One also expects high-mobility struc-
tures to have low collisional broadening so that the high-
field approximation co, &&I should be applicable for a
fairly wide range of magnetic field and disorder strength.
It turns out that these "intuitive" expectations are
misleading and the situation is more subtle than suggest-
ed by this simple scenario.

The first thing to note is that the zero-field mobility is
not always a good parameter to characterize the strength
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where u(k) is the Fourier transform of the screened
electron-impurity interaction, kz is the 2D Fermi wave
vector, N, is the 2D real density of the randomly distri-
buted impurity centers, and a is the distance between the
plane of confinement of the 2DEG and the charged im-
purity centers (when they are distributed in the same 2D
plane, a =0). The function f(8) is given by

f, (9)=1—coso,

f, (8)=1 .
(1.10)

Note that in Eq. (1.9) we assume that the electrons and
the charged impurities are distributed in strict 2D planes
which are separated by a distance a in the third direction
(of course, a could be zero). In principle, one could con-
sider a more complicated (three-dimensional) spatial im-

purity and electron distributions and Eq. (1.9) will then
be appropriately modified by form factors associated with
the confining electron wave function (in the z direction)
and the impurity distribution function. The basic issue of
the difference between ~, and ~, being discussed here is
unaffected by these form-factor modifications.

It is clear from Eq. (1.9) that for a point 5 function im-

purity scattering potential ~, =~„and one has only a sin-

gle relaxation time characterizing both transport and
single-particle damping. [Mathematically, this is simply
because the integral over the cos0 factor vanishes for an
isotropic potential u(k) which becomes a constant in
wave-vector space. ] For a strongly screened short-range
electron-impurity scattering potential the difference be-
tween r, and r, is small with r, (which is insensitive to
forward scattering) being somewhat larger than r, . This,
for example, is the situation in silicon inversion layers
where screening is strong, and the electrons and the
charged impurities reside very close to each other. In a
modulation-doped high-mobility GaAs heterostructure,
on the other hand, screening is weak and also, because of
modulation doping, most of the scattering is forward
scattering due to the long-range nature of the Coulomb
interaction between the electrons and the charged impur-
ities which are a distance a apart from each other. De-
pending on the values of a and N;, ~, can be orders of
magnitudes larger than ~, in high-mobility GaAs sys-
tems. Since ~, determines mobility and ~, determines
the single-particle level broadening, it is clear that, even
at zero magnetic field, there could be substantial errors in
characterizing the single-particle level broadening by mo-
bility.

This discrepancy between ~, and ~, is further exacer-
bated by the presence of a strong magnetic field where
the concept of a single r, for all values of 8 (and/or X, )

does not apply (even for a constant X, and a). In fact, it
is easy to see that in a strong magnetic field scattering
and screening must be obtained self-consistently where
each determines (and is determined by) the other. The
level broadening I is obviously determined by the
(screened electron-impurity) scattering potential. But,
electron screening itself is determined by the DOS which,
in turn, is determined by I. Thus, screening and the
scattering potential mutually determine each other and

must be obtained self-consistently. (The same, in princi-
ple, is true in an electron-impurity system without any
external magnetic field, however, the effect is much weak-
er because the bare DOS is not singular. ) One particu-
larly spectacular aspect of this self-consistency is its
strong intrinsic dependence on the position [Figs.
1(e)—1(g)] of the chemical potential E~. For example,
when E~ is at the middle [Fig. 1(e)] of a broadened Lan-
dau level, Ez=(N+ —,')%co„ the system is like a "metal"
because there are empty available electronic states at EF
for the electrons to make transitions to. This system ob-
viously screens very strongly, making the effective
electron-impurity interaction weak and short ranged, giv-
ing rise to small I . On the other hand, when EF is near
the edges [Fig. 1(f)] of a Landau level (and the magnetic
field is large enough so that there is an energy gap in the
DOS between the neighboring levels), the system is like
an "insulator" with no free electronic states available
infinitesimally above the Fermi level.

Screening is, consequently, weak and the effective
electron-impurity interaction is long ranged and strong,
giving rise to a large I . Thus, I (E~) (and therefore the
DOS and screening) show strong oscillatory behavior as a
function of the Fermi-level position. There have been
many experimental verifications "of this oscillatory be-
havior of level broadening, DOS, and screening as a func-
tion of EF in a 2DEG under a strong external magnetic
field. Clearly, self-consistency plays a strong role in this
oscillatory behavior. In real systems, any possible
Landau-level overlap [Fig. 1(g)] substantially modifies the
screening and the nonlinear screening-scattering self-
consistently becomes more complicated in the presence of
Landau-level overlap.

We should emphasize that the self-consistent screening
effect makes the short-range impurity scattering model a
bad approximation in the strong-field situation. While
the impurity potential is short ranged when the Fermi
level is at the center of the Landau level, it is long ranged
when the Fermi level lies at the Landau-level edges. This
suggests that the disorder, in the presence of a magnetic
field, cannot be characterized by the zero-field mobility.
In fact, the qualitative discussion given above indicates
that the strong-field broadening should, in general, be
larger than the corresponding short-range result. This is
precisely the experimental observation —thermodynamic
measurements using three different kinds of experimental
techniques, namely, the de Haas —van Alphen magnetiza-
tion studies, the specific heat and the magnetocapaci-
tance measurements all indicate the DOS to be much
broader than the short-range result. The general experi-
mental consensus has been that the strong-field DOS of a
2DEG is, in general, much broader and flatter than that
implied by the short-range SCBA-based scattering
theoretic model with substantially more (than that given
by the short-range theory) DOS in between the Landau
levels. Transport measurements' lend additional in-
direct support to the idea that the DOS is broader than
the short-range result. Indirect evidence for oscillatory
level-broadening and screening also comes from various
optical experiments. "

In this paper, we develop in detail the self-consistent
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II. THEORY

A. The density of states

We consider two-dimensional electrons interacting
with the impurities (via the bare impurity scattering po-
tential V; ) in an external magnetic field that is perpen-
dicular to the xy plane in which the electrons are
confined. We assume that the potential well in the z
direction is deep and narrow enough so that the electrons
occupy only the lowest subband in the z direction. Under
the effective-mass approximation the Hamiltonian of the
system can be written as

H= g
I

N
e

p, + —A; ++V; (r, —r, z )
C

2

screening and level-broadening idea to calculate the elec-

tronic DOS of a 2DEG in the presence of a strong exter-

nal magnetic field. We obtain our results as a function of
the magnetic field and electron density for various values

of the impurity density and spacer thickness (i.e., the dis-

tance separating the electron plane from the impurity
plane). We also gives results of our calculated specific
heat and magnetization using the self-consistent DOS
theory. The rest of the paper is organized as follows: In
Sec. II we give the details of our theory with the relevant
formula and equations; in Sec. III we present numerical
results and provide a discussion of these results; and,
finally we conclude in Sec. IV with a summary of our re-
sults and with a discussion of possible future directions.
We should mention that there have been earlier at-
tempts' at the self-consistent screening theory of strong-
field level broadening along the same line being discussed
here, but these attempts did not include actual calcula-
tions of the complete DOS and left out the Landau-level

coupling effect.

tion, we can work with the following effective single-
electron Hamiltonian where the last term in Eq. (2.1) is

suppressed and the second term is replaced by a statically
screened electron-impurity interaction:

N,

H, fr= p+ —A + gu(r —r, z )
=Ho—+H&

1 e
m*

Q

(2.2)

The total Hamiltonian for the system is just the sum of
H, fr over all the electrons. Here u(r —r, z ) is the
screened impurity-electron interaction which has to be
calculated self-consistently. For the sake of simplicity,
we assume that the charged impurities are randomly dis-
tributed in a plane which is separated by a distance a
from the 2D electron plane. Thus, our model is that of
an electron plane of two-dimensional density N, separat-
ed by a distance a from a charged impurity plane of im-
purity density N, (we assume, as usual, that the impurity
distribution is random). The separation allows us to
simulate modulation doping in a simple manner by using
the single parameter a. It is easy to generalize our calcu-
lation to the case where the impurities are distributed ac-
cording to a certain distribution P (z ) in the z direction
and, the electron layer has a finite width also. In our case
P(z ) is 5(z —a). As we have mentioned before, the
zero-field mobility is not sufficient in correctly describing
the DOS and the thermodynamic properties of a real ex-
perimental system as is assumed by the short-range in-
teraction model. From the Hamiltonian of Eqs. (2.1) and
(2.2), we need the following important physical parame-
ters to describe the system: The electron density N„ the
impurity density ¹,the impurity charge Z;e, the separa-
tion a, and the external magnetic field 8. We keep Z; = 1

and neglect the spin splitting throughout to minimize the
number of parameters in the calculation. We choose the
asymmetric Landau gauge A=(O, Bx,O) for the magnetic
field. The eigenfunction of Ho is then given by

(2.1)
1

%v (r)=, e'~~y~(x —pl ),
L ]/2 (2.3a)

where m * is the band effective mass of the electron and ~
the static dielectric constant of the background lattice.
In a GaAs heterostructure m* is 0.067m„~ is 12.8. We
consider scattering only by ionized charged impurities.
In that case, the bare impurity-electron interaction po-
tential V; is Coulombic. A is the vector potential asso-
ciated with the external magnetic field. The main contri-
bution of the electron-electron interaction in our model is
the screening of the bare impurity-electron interaction.
If we neglect other effects of electron-electron interac-

with

2

y~(x)=(2 N!vr' l) ' exp — H~2I' (2.3b)

where N, p are, respectively, the Landau-level index and
the free wave vector in the y direction. Hz(x) is
Hermite's polynomial and t is the magnetic length. The
Hamiltonian can be written in the second quantization
language as

H ff g Ezazzaz + g g (Np ~ gu (r —r, a )~N'p' )aN a~. (2.4)
N, p N, p N', p'

We assume the density of impurities N, to be low enough so that the SCBA involving only single impurity scattering
[Fig. 1(a)] is adequate. Under this assumption, all localization effect has been neglected and the retarded Green's func-
tion Gz(E) and the self-energy Xz(E) for the ¹hLandau level can be determined by the Dyson's equation [Fig. 1(b)]
as represented by the Feynmann diagram of Figs. 1(a) and 1(b):
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G~(E)=[E E—~. —X~(E)]

Xx«) —X u~p„v p Gx«»~ p, ~p
N', p'

where

N, N,

uN~&~ =(Npl gu(r —r, a)lN'p') = g f d qexp( —iq. r )u(q)(N lexp(iq r)lN'p') .

(2.5)

(2.6)

(2.7)

After some algebra, we get,

(Nplexp(iq r)lN'p') =5(q~ —p+p')Jzz(ql)exp i q„l(pl+p'1)/2+(n —m) y+— (2.8)

where

q
= (q„+q )', p =arctg[q /q„]sign(N —N')

and

Jz~(ql)=(m! /n!)' exp( —
q 1 /4)

f D(E)dE =N, .
0

(2.13)

The screened electron-impurity interaction within the
random-phase approximation (RPA) is given by [cf. Fig.
1(c)],

X(ql/21/2)" =~L" m( 212/2) (2.9)
u(q)=V, (q)/e(q)

with

(2.14)

with n =max(N, N'), m =min(N, N'), and L" (x) is

the associated Laguerre polynomial. Using the fact that

uz~ z~ and uz~ z~ interact with the same impurity [cf.
Fig. 1(a)] and using Eq. (2.7), (2.8), and (2.5), Eq. (2.6) can
be written as

2 2

Kq
(2.14a)

as the Fourier transform of 2D electron-impurity interac-
tion (a is the background dielectric constant), and

(2.10)

X~(E)=N, g fd'qlu(q)l'J~~ (ql)G~ (E)'
~ (2n. )

„' I'2v~ [E EJ-v. X'„,(E—)1 '—

e(q) = 1 —v, ,(q)II(q),

where

2&ev„(q}=
Kq

(2.15)

(2.15a)

with

1' I 2v~, =N; — f d qlu(q)l JQQ'(ql)
(2m )

(2.11)

which is the coupling between different Landau levels and
is related to the broadening of the various Landau levels.
If we know I ~~., we are able to calculate X~(E) by solv-

ing Eq. (2.10). Once XN(E) is known, one can get the
Green's function GN(E) according to Eq. (2.5) and the
density of states which is proportional to the imaginary
part of Green's function:

D(E)= gD~(E)= —(g, /2' 1 ) g ImG~t(E),
N N

(2.12)

where g, is the spin degeneracy. The Fermi energy is

determined by the 2D density of electrons,

is the Coulomb interaction. Here II(q)=11(q,co=0) is
the irreducible static electronic polarizability function
and U, , is the Coulomb interaction. Notice that we must
distinguish electron-impurity interaction and electron-
electron interaction, because although both of them are,
in principle, Coulombic, the electrons and the impurities
are in two spatially separated planes. We also want to
point out that because of the external magnetic field, the
electron Green's function is not translationally invariant
but II(r|,r2) is still translationally invariant. We can,
therefore, still use the Fourier representation in Eqs.
(2.7)—(2.11). We retain the vertex correction (consistent
with the SCBA) in our calculation of the polarizability
II(q, co) by keeping all the electron-impurity ladder dia-
grams as shown in the Feynman diagram of Fig. 1(d).
Using Matsubara finite-temperature Green's function,

2
II(q, i~)= ——g g g G~(ip„+ice)G~ (ip„)6( —

q +p —p')M»'(q)y~, „(ip„+ice,ip„,q)
ip„N, p N', p'

with

(2.16)

Mz&(q)=(m!2 /n!2")'i exp( —
q 1 /4)(q 1+iq„l)" L" (q 1 /2) . (2.17)
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Here again n =max(N, N') and m =min(N, N'). We do the frequency summation of Eq. (2.17) in the complex plane

taking into account the branch cuts. For the static screening case (co~0), we get

1 g Gx('pn+' ) ~('pn )yap~ p ('pn+'~ 'pn q)p,
1= ——f dE nF(E)Im[G~(E +i0)G~(E + iO)y~N (E,q)], (2.18)

where nF(E) is the Fermi distribution function. We assume that yzz (E,q)is a continuous function on the branch cuts.

y~~ is determined by the following self-consistent equation:

y~~(E, q)=M(~, (q)+ g W(N, N'L, L';q)GL(E)GI (E)y«, (E,q),
L, L'

where Mg ~ (q) is the complex conjugate of M~~ (q) and W(N, N', L,L';q) is given by

(2.19)

W(N, N', L,L', q)= f d pexp(i~qXp~l )~u(p)~ (p l+ip„l) '
(p I —ip„l) J~L(pl)J~~, (pl) .

(2m)

Finally, using (2.18)—(2.20) in Eq. (2.16), we get,

II(q)= ——f dE nF(E)II (q, E)1

II"(q,E)=(ml )
' g Mzz(q)Im[G&(E)G& (E)yves(E, q)] .

X, N'

(2.20)

(2.21a)

(2.21b)

here 6~ ~ is a Kornecker 5 function and

W(N, q) = W(N, N, N, N;q)
' f pdplu(p)l'JNN(pl)Jo(el')2' 0

(2.23)

in which Jo(x) is the zeroth-order Bessel function.
In Fig. 1(h) we show the self-consistent loop for our

calculation whereas Figs. 1(a)—1(d) show the Feynman di-
agrams used in the calculation. A starting guess for the
dielectric function could be, for example, the correspond-
ing zero-field Thomas-Fermi result. We demand our cal-
culated self-consistent quantities (e.g. , D, EF ) to converge
within 0.5% and typically, this requires 50—500 itera-
tions of our self-consistent loop. Simpler theoretical ap-
proximations' to various parts of this self-consistent
scheme have earlier been discussed in the literature. In

We have now closed the self-consistency loop [Fig.
l(h)] for our calculation. If we start with a initial guess
of, say the dielectric function e(q), then from (2.15) we
know the screened electron-impurity interaction u (q).
From u (q) we can calculate the self-energy X&(E) ac-
cording to Eqs. (2.10) and (2.11). We can then get the re-
tarded Green's function, the density of states, and the
Fermi energy from Eqs. (2.5), (2.12), and (2.13), respec-
tively. Using the quantities so obtained, we can go back
and calculate 11(q) and e(q) from Eqs. (2.21) and (2.15),
respectively. We keep doing this until all the physical
quantities of interest become convergent. The self-
consistency loop is shown in Fig. 1(h).

To simplify the self-consistent calculation, we ignore
the Landau-level coupling effect in the vertex correction.
Equations (2.19) and (2.20) can then be written as

y»(E, q) =5» Mg*&(q)[1 —W(N, q)GN(E)G&(E)]

(2.22)

the next section we discuss how this self-consistent DOS
can be applied to calculate thermodynamic properties of
the 2DEG.

B. The thermodynamic properties

F = f dE nF(E)ED(E),

dEnF ED E

(2.24)

(2.25)

respectively Here . nF(E) = [exp[f)'(E —p)]+1] ', P
=(k~T) ', and p is the chemical potential. In the ex-
perimental systems X, is fixed and does not depend on
the temperature. Taking the derivative with respect to
temperature of both Eqs. (2.24) and (2.25) we get for the
specific heat C, of the 2DEG:

dnF(E)
Cv —— E —

I & EdE—oc dT

with

(2.26)

dnF(E) pe&~&
—p~

dT (e/3(E —P)+ 1 )2

E —p dp
T +dT (2.27)

dp/dT can be calculated from Eq. (2.25),

We have calculated the DOS at zero temperature. In
calculating thermodynamic properties we assume that we
can neglect any explicit temperature dependence of the
DOS (arising, for example, from the temperature depen-
dence of screening and/or the chemical potential) which
is a reasonable assumption because we are interested only
in a rather low-temperature regime (0—10 K) where the
temperature dependence of the DOS is exponentially
small.

The free energy and the two-dimensional density of
electrons of the system are given by
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A E, E —pDEdEdp 1

f 3 (E,p)D (E)dE

in which

/9( E —y. l

A(E, )=
[ P(E —P)+ 1]2

Combining Eqs. (2.26), (2.27), and (2.28) we get

(2.28a)

(2.28b)

Cv = kii TD (EF )
3

(2.30)

where E~=p(T=0) is the Fermi energy and we retain
only the linear order term in temperature. We find that
even at the low temperatures explored experimentally
(1—10 K) a result like Eq. (2.30) is not valid for a 2DEG
in a strong magnetic field. In fact, C, has nonlinear
dependence on T in the temperature range 1 —10 K at a
fixed magnetic field. We can show analytically that for
m, »k~T»I the specific heat varies as I /T instead
of the linear Fermi gas behavior of Eq. (2.30). (Here I is
the Landau-level broadening. ) We find that the actual be-
havior Cv( T) depends sensitively on relative magnitudes
of ks T, p, , co„and I'. In particular, Cv( T) can show very
pronounced nonmonotonic behavior. It tells us that in
the presence of an external magnetic field (and impurity-
electron interaction}, since we have two more relevant en-
ergy scales of the system, namely, the separation between
Landau levels co, and the widths of each of them I ~, the
simple linear temperature dependence of a Landau Fermi
liquid does not hold in a 2DEG.

In a similar spirit, the orbital (or the Landau) magneti-
zation of the system is given by (at T =0)

M= f (E~ E) dE .— (2.31)
(jB

Numerical calculation of M based on Eq. (2.31) is tricky
because of the derivative term —instead we use a polyno-
mial fit to the free energy as a function of B and evaluate
M directly from the free energy. Thus our calculated M
is not as accurate as our calculated Cz.

We discuss our calculated results for the DOS, C, and
M in the Sec. III.

III. RESULTS AND DISCUSSIONS

From our discussion in I and II it is clear that the self-
consistent DOS of a 2DEG in the presence of an external

C~= — 3 E, E —p DEdE
oo

[f A (E,p)(E p)D (E—)dE]'
(2.29)f" ~(E,p)D(E)dE

The function A (E,p) defined by Eq (2.28b) peaks
around E=p with a width of about k~T. p is self-
consistently calculated from Eq. (2.25). In zero magnetic
field and for kii T ((p, Eq. (2.29) can be expanded in a
Sommerfeld expansion to give the simple and well-known
result

magnetic field is a complicated nonlinear function of a
number of variables —in addition to depending on the
magnetic field B, D (E) depends on the 2D electron densi-
ty N„ the impurity density N,-, and the effective spacer
thickness or the electron-impurity separation a (note that
if we relax our 6-doping model for the charge impurities,
the impurity configuration would have to be described by
more variables). Thus, D(E) in our theory is an explicit
function of four variables B, N„and N;, and a. The cor-
responding situation for the short-range theory [cf. Eqs.
(1.6} and (1.7)] is simpler with X„X„and a entering the
DOS only through the zero-field mobility p0 which is ex-
perimentally measured. The free-electron result is, of
course, a series of 5 functions located at the Landau ener-
gies, dependent only on the magnetic field. Since the
short-range scattering result for the DOS is widely (in
fact, almost exclusively) used, we will show our calculat-
ed self-consistent results along with the corresponding
short-range results for the sake of comparison. As one
would see, in many experimentally relevant situations the
self-consistent DOS is strikingly different from the short-
range result and, as emphasized in the Introduction, in
general, the self-consistent DOS is broader and flatter
than the short-range result, being in closer agreement
with the measured DOS. All our results are calculated
for a 2DEG confined in a GaAs heterostructure with the
impurity plane separated by a distance a from the 2D
electron plane.

In Fig. 2 we show our calculated self-consistent
DOS, D(E) with a =50 A, p0=80000 cm /Vs, and

N, =2 X 10" cm for three values of the magnetic field
B = (a) 2.6, (b) 3.4, and (c) 4.4 T. The self-consistent
DOS is shown by the solid lines whereas the dashed lines
give the short-range result and the Fermi level (i.e., the
chemical potential) E~ is also shown. The self-consistent
DOS is much broader than the short-range results, and
for B =2.6 T [Fig. 2(a}], where Landau-level overlap is
very significant, the self-consistent DOS, in sharp con-
trast to the oscillatory short-rage result, is almost flat, be-
ing qualitatively similar to the zero-field noninteracting
two-dimensional density of states which is a constant. At
higher fields [Figs. 2(b) and 2(c)], the self-consistent DOS
shows much weaker oscillations as a function of E than
does the short-range result.

In general, the zero-field mobility is not a good param-
eter in characterizing the strong-field DOS. This is most
clearly seen from Fig. 3 where we depict the calculated
self-consistent DOS for p0= 400 000 cm /V s,
N, =2 X 10" cm, B =3.4 T with three different values
of the electron-impurity separation a =0 (dot-dashed
line), 100 A (heavy dash), and 150 A (solid) and compare
it with the short-range result (light dash) which is unique-
ly determined by the zero-field mobility. In varying the
spacer thickness parameter a (while keeping p0 fixed) we
obviously had to adjust the impurity concentration N, - ap-
propriately. It is obvious from Fig. 3 that the self-
consistent DOS is not uniquely determined by the zero-
field mobility pa, but is a function of both a and N; (or,
more generally, of the actual impurity distribution in the
sample). We emphasize that each curve in Fig. 3
represents the calculated DOS of a 2DEG with identical
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values of N, and po, but with different impurity distribu-
tions (i.e., N; and a in our model).

In Fig. 4 we show some more representative self-
consistent DOS, D (E), for a number of different values of
B, N„po, and a. From these results (Figs. 2 —4) and from
many other sets of such results that we have (which are
not being shown here), we form the following general
conclusions about our calculated self-consistent DOS.

(I) In general, self-consistent D (E) could be very
different from the short-range result —in particular, self-
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FIG. 2. The DOS D(E) is shown with a =50 A, go=80000
cm /Vs, N, =2X10" cm for magnetic field values B= (a)
2.6, (b) 3.4 T, and (c) 4.4. Dashed lines are the results for the
short-range model.

El co

FIG. 3. The DOS D(E) is shown with fixed p0=4000000
cm '/Vs, N, =2X10" cm ', and B =3.4 T, but with variable
a =0 (dot-dashed line), 100 A (short-dashed line), and 150 A
(solid line). Short-range model results are shown by the long-
dashed line.

consistent DOS is broader and flatter than the short-
range result.

(2) The zero-field mobility po does not uniquely
parametrize the self-consistent DOS which depends sensi-
tively on the actual impurity distribution in a
modulation-doped structure.

(3) For a fixed value of po, the self-consistent DOS gets
closer to the short-range result as the spacer thickness a
(or the effective electron-impurity separation) decreases
(implying an increase of N, ).

(4) For a fixed value of the separation parameter a, the
self-consistent DOS gets closer to the short-range result
as the zero-field mobility po increases (implying a de-
crease of N, ).

(5) For a fixed value of the impurity density N;, the
self-consistent DOS gets closer to the short-range result
as a decreases (implying a decrease of po).

(6) In any given situation, self-consistent D(E) be-
comes qualitatively similar to the short-range result for
E&&E .

(7) In general, the self-consistent DOS is qualitatively
closer to the short-range result for higher fields.

(8) Finally, knowing D(E) does not uniquely give
D(EF)=D(E=EF) because there is an implicit depen-
dence of the DOS on the chemical potential (to be dis-
cussed below).

The above qualitative remarks about our calculated
self-consistent DOS are all in agreement with the experi-
mental conclusions from various thermodynamic (e.g. ,
magnetization, capacitance, and specific heat), transport
and optical measurements. We should point out (and this
will be discussed later) that a direct comparison between
our self-consistent theory and experimental results is
difficult because one does not, in general, know the de-
tailed impurity distribution in an experimental sample,
and, as emphasized above, the self-consistent DOS de-
pends sensitively on the details of the impurity distribu-
tion, rather than on the mobility po itself.

In Fig. 5 we show our calculated screening function for
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=3 6 T, %, =2X10 cm, a =0, and po=d =30000
cm /V s—the static polarizability and the dielectric
function are sf t' re shown in Figs. 5(a) and 5(b), respectively,
whereas in ig. c weF' . 5( ) show the self-consistent DO
self.

enIn comparison wi e pth experimental results one o t
otentia ),needs the a eDOS at the Fermi energy (chemical potentia,

D(EF), rather than the full D(E). Norma y, a,
example in the short-range model, D(EF) is uniquelyp

determined by D (E), and is given by D (EF )

from E . (1.6). But in the self-consistent
model there is an implicit dependence of the DOS on the
chemical potentia in a i1 ( dd tion to the explicit dependence
through energy) because screen' g pin de ends on where t e

1 &' h ther E is at the middle of theFermi level lies i.e., w e er
Landau level leading to strong screening or whether it is
att ee geo ah ed e of a Landau level leading to weak screening .
T ust ese -ch h lf-consistent DOS, D(E), is a func ion o
throu h the nonlinear screening, i.e., D(E)=

tionofthe ermi eve is anr '
1 1 is a novel feature of the screening-

'n studied here. Inlevel-broadening self-consistency being studied here. n
the short-range theory knowing D(E) c . q.
pletely defines D(E ) but the same is not true in the
self-consistent theory.

In Fig. a weF' . 6( ) show our calculated self-consistent
a lied ma-D(EF )

=D(E =—EF;EF ) as a function of the app ie mag-

=0 A. The self-consistent result is shown by the
i.e. E . (1.6)soi ine w1'd 1' whereas the short-range result i.e., q.

i . 6b)wewith E =EF] is shown as the dashed hne. In Fig. (

show the calculated level broadening I „ for the indivi u-
al Landau levels for the same as in Fig. ~ h h t-. 6 a). The short-
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FIG. 5. (a) The polarizability function H(q), (b) the dielectnc
function e(q) as a function of wave vector q for a =0 A,

=30000 cm //Vs, X, = —2X10" cm, and 8 =3.6 T. (c)
DOS D (E) of the system.

B(T)
(a) The DOS D (EF ), and (b) the Landau-level

broadening I „,as a function of magnetic field for the system as
in Fig. 5. The dashed line is the short-range-model (SRM) re-
sult. The dotted line in (b) is calculated from Eq. (1.7) using ~,
instead of r, .
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range result for the Landau-level broadening I [given by
Eq. (1.7)] which is independent of the Landau level index
n is shown by the lowest dashed curve. We also show by
the dotted line the short-range result using the zero-field
single-particle broadening (rather than the mobility
broadening) for comparison.

In Figs. 7(a) and 7(b) we show the same thing [i.e.,
D (EF ) and I „as a function of B] as in Figs. 6(a) and
6(b), but for a =50 A and /i, = 80000 cm /V s with all the
other parameters the same as in Fig. 6.

In Fig. 8 we show our calculated DOS [Fig. 8(a)] and
level broadening [Fig. 8(b)] as a function of the electron
density N, for fixed values of 8 =4 T, a =0 A,
@II=30000 cm /Vs. In Fig. 8(a) the self-consistent and
the short-range results are shown by the solid and the
dashed lines, respectively, whereas in Fig. 8(b) the self-
consistent results for various Landau levels are shown
(the short-range I' is a constant of value around
I /co, =0.1).

Results shown in Figs. 6-8 clearly demonstrate the
main qualitative features of the self-consistent DOS vis-
a-Ui's the widely used short-range result. In general, the
self-consistent broadening is substantially (by factors of
1.5 —100} larger than the short-range broadening, and,
consequently, the self-consistent DOS is substantially

I I I I

I

I I I I
I

I I I I

I

I I I5
(a)

Aatter than the short-range DOS. For example, in Figs.
6—8 the relative variation (i.e., the difference between the
peaks and the valleys} in the DOS is about 10—40% in
the self-consistent theory and is about 100—300%%uo in the
short-range theory. Many experimental papers in the last
ten years have concluded that in modulation-doped GaAs
heterostructures the strong-field DOS is substantially
flatter (and the broadening significantly larger) than the
results of the short-range theory. We believe that the
self-consistent screening theory of the DOS as developed
in this paper is a possible explanation for this discrepan-
cy.

Finally, in Fig. 9 we show the calculated self-consistent
Landau-level broadening I „ for fixed values of a =50 A
and N, =2 X 10" cm as a function of the impurity den-

sity N; for two different values of the magnetic field:
B =3.5 T [Fig. 9(a)] and 4.2 T [Fig. 9(b)]. In the short-
range theory, I o-N because the zero-field mobility p0
is inversely proportional to N; (for fixed a and N, ) in the
single-site approximation. In general, the self-consistent
level broadening does not have a simple power-law
dependence on the impurity density N, because the self-
consistent theory depends sensitively on a number of pa-
rameters such as EF, a, N„and 8. The dependence on

N; in Fig. 9 is, however, closer to a linear power law than
a square root one.

The above representative results for the calculated
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0
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p0=80000 cm /Vs, and N, =2X10"cm . The dashed line is
the SRM result. The dotted line in (b) is calculated from Eq.
(1.7) using ~, instead of r, .
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FIG. 8. (a) The DOS D (E&.), and (b) the Landau-level
broadening I „,as a function of the electron density N, .
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DOS give one a good flavor of the qualitative features of
the self-consistent theory. Obviously, there being a large
number of parameters and variables in the problem (viz.

N„N, , a, po, EF, 8, n, E) a single paper, no matter how
comprehensive, cannot really provide an exhaustive set of
results for all possible experimental situations. We have,
therefore, emphasized here generic features of the self-
consistent DOS, emphasizing, in particular, its difference
with the simple (and extensively used) short-range theory.
The self-consistent theory is in much better agreement
with the experiment results, not only quantitatively but
also qualitatively. But, in some sense one pays a price for
this experimental agreement —one cannot characterize
the self-consistent DOS by a single suitable parameter in
contrast to the short-range theory where zero-field mobil-
ity completely and uniquely defines the strong-field DOS.
Thus, the simplicity of the short-range theory is lost and,
in order to compare with experimental results, one must
now know the actual impurity distribution and different
impurity distributions having the same zero-field mobility
may have strikingly different strong-field DOS (cf. Fig. 3).
This dependence of the DOS and the level broadening on
the details of the impurity distribution and the inadequa-
cy of po as a unique parameter defining the strong-field
DOS has been repeatedly discussed in the experimental
literature.

Experimentally, the most direct information about the
DOS comes from thermodynamic measurements such as
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the electronic specific heat (C, ) and magnetization (M)
which can be calculated (see II for details) once the self-
consistent DOS is known. In Figs. 10—12 we show our
calculated C, and M of a 2DEG in the presence of an
external magnetic field using the self-consistent DOS.

In Fig. 10 we show the calculated temperature depen-
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FIG. 9. The Landau-level broadening I & as a function of the
impurity density N; at B = (a) 3.5 T, and B = (b) 4.2 T.

FIG. 10. The electronic specific heat C, as a function of tern-
perature at fixed magnetic fields (B) for three different situa-
tions: (a) X, =2X10 cm pp=295000 cm /Vs B =5.8 T,
EF=1.4749~„(b) same as in (a) except B =4.2 T;
EF= 1.8577cu, is at the edge of the Landau level; (c)
%, =3X10"cm, pp=80000cm /Vs, B =8 T, EF=1.5305co, .
Here kz is the Boltzmann's constant, A& =eB/c. The corre-
sponding DOS are shown as insets in each figure.
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dence of the electronic specific heat at fixed magnetic
fields for three diff'erent situations: (a) X, =2 X 10"
cm, po=295000 cm /Vs, B =5.8 T, E~=1.4749co„
(b) the same as in Fig. 10(a) except that B =4.2 T and
EF= 1.8577 co, is near a Landau-level edge; (c)
X, =3X10" cm, po=80000 cm /Vs, B =8 T,
EF =1.5305co, . For each situation we show D(E) as in-
sets in each diagram for the same parameter set. In Fig.
11 we show the magnetic field dependence of our calcu-
lated specific heat at a fixed temperature (T=4.2 K).
The self-consistent DOS D (E„)at the Fermi level is also
shown as insets in Fig. 11.

The temperature dependence of C, depends rather cru-
cially on the location of the Fermi level and can be quite
non-Fermi-liquid-like under certain conditions [Fig.
10(a)]. In Fig. 10, C„ is linear in T only up to about 3 K,
beyond which pronounced nonlinearities show up. The
actual regime of linear behavior depends sensitively on
whether k&T) I and/or co, )k&T. The temperature
dependence of C, can be qualitatively understood on the
basis of the detailed shape of the DOS and the position of
the Fermi level with respect to the Landau levels. The
linear T behavior at small T corresponds to the usual
Fermi-liquid-like behavior when the chemical potential

lies well within a broadened Landau level and mostly
intra-Landau-level excitations contribute to the specific
heat. As T increases, C, eventually decreases because
there is an excitation gap between the Landau levels. For
even higher temperatures, however, inter-Landau-level
excitations start contributing to C, and, eventually, C,
increases with T again. Thus, C, may show a nonmono-
tonic behavior [Fig. 10(a)] as a function of T for high-
mobility, strong-field situations. In Fig. 11 the oscillatory
behavior of C, as a function of the magnetic field is, as
one expects, very similar to the behavior of D(E~) as a
function of B. There are, however, small additional
structures in C,, as a function of B which arise from
inter-Landau-level contributions.

Our specific-heat results agree, qualitatively, quite well
with the recent experimental data of Wang et al. We
know of no detailed attempt at observing either the non-
monotonic temperature dependence of Fig. 10 or the ad-
ditional structures of Fig. 11 which we predict here. We
believe that these effects, even though they are small, are
experimentally observable.
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FIG. 11. C, as a function of 8 at fixed T: (a) sample corre-
sponding to Figs. 10(a) and 9(b) with T =4.2 K. (b) Sample cor-
responding to Fig. 10(c) with T=4.2 K. Insets of (a) and (b)
show the density of states, D(E+), at the Fermi level calculated
self-consistently corresponding to (a) and {b), respectively.

B{T)
FIG. 12. The orbital magnetization M is shown as a function

of the magnetic field B for the sample of Fig. 10(c) using (a) the
self-consistent theory, and (b) the short-range model. p~ is the
e6'ective Bohr magneton of the system.
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Finally, in Fig. 12(a) we show our calculated self-

consistent magnetization as a function of the magnetic
field B for the same sample as shown in Figs. 10(c) and
11(b). In Fig. 12(b) we show the corresponding short-
range result for the sake of comparison. Consistent with
experimental findings, the variation of M with B is much
less than that inferred on the basis of the short-range
theory. Note that the sharp spikes in M which show up
in the short-range theory are not seen experimentally.
Our calculated magnetization is in excellent qualitative
agreement with the existing de Haas —van Alphen mea-
surements.

Before concluding this section we want to discuss an
aspect of the comparison between theory and experiment
for the DOS and thermodynamic properties in our self-
consistent model. A direct detailed quantitative compar-
ison is simply not feasible because of the lack of accurate
information about the impurity distribution in the system
which determines the self-consistent DOS. We have,
therefore, throughout this paper emphasized qualitative
comparison between theory and experiment, stressing
particularly the distinction between the well-known
short-range theory and our nonlinear self-consistent
theory. We feel that, given the complicated nonlinear na-
ture of the self-consistent DOS and the fact that it de-
pends sensitively on the impurity distribution, detailed
quantitative comparisons with experimental results will
not be very meaningful. We do point out, however, that
to the extent we are able to make such quantitative com-
parison with specific experimental results we do get very
good (within 10—25%) agreement. But, the important
point to note is that the short-range theory is qualitatiUe-

ly wrong whereas the self-consistent theory is qualitative-
ly in very good accord with experimental findings.

We conclude this section by discussing the approxima-
tions, the limitations, and the shortcomings of the self-
consistent theory. We emphasize that the theory mani-
festly assumes a weak scattering limit so that the single-
site-approximation within the SCBA is adequate to calcu-
late the electron-impurity self-energy. This approxima-
tion is totally uncritical and, within our theory, we have
no way of improving upon the SCBA or, for that matter,
even to estimate the error introduced by this approxima-
tion. Secondly, we neglect all effects of electron correla-
tion (i.e., electron-electron interaction) for the Coulomb
screening introduced by the polarization bubble dia-
grams. The use of RPA for screening (which, however, is
calculated self-consistently in the electron-impurity in-
teraction by keeping the SCBA self-energy diagrams and
the ladder vertex corrections) is also a critical approxima-
tion of the theory that we do not know how to improve
upon. Thus, both of these important approximations,
namely, the weak-disorder SCBA and the screening
RPA, are essential approximations of our theory that
cannot be relaxed. We also make some additional
nonessential approximations such as assuming 5-doping
for the impurity configuration so that we can parametrize
the impurity distribution by only two parameters the im-
purity density N; and the electron-impurity separation a,
and assuming the electron layer to be perfectly two di-
mensional. We believe that these nonessential approxi-

rnations have small effects on our calculated numerical
results.

IV'. CONCLUSIONS

In this paper we develop a theory for the density of
states of a weakly disordered two-dimensional electron
gas in the presence of a strong external magnetic field by
treating scattering and screening self-consistently. Con-
sistent with many different experimental observations,
our calculated DOS is, in general, much smoother and
flatter than that implied by the short-range approxima-
tion where the transport relaxation time entering the
zero-field mobility completely determines the Landau-
level broadening and the single-particle DOS. We find

that, in addition to self-consistent screening effect ( which
is strongly dependent on the exact location of the chemi-
cal potential with respect to Landau-level edges), the
DOS may be strongly affected by the Landau-level over-
lap particularly at weaker fields. Our calculated DOS
cannot be parametrized by any single parameter and, in
particular, zero-field mobility is qualitatively inadequate
in parametrizing the strong-field DOS—we show (Fig. 3)
that the same zero-field mobility could produce drastical-
ly different DOS depending on the exact impurity
configuration. This is understandable since self-
consistent screening depends on the details of the impuri-

ty configuration and different impurity configurations
could produce the same zero-field mobility. In our mod-
el, the impurity configuration is parametrized by two pa-
rameters N, and a, and, therefore, the DOS depends on

X;, a, N„and 8. In real systems, one may need several
more parameters to characterize the impurity distribu-
tion, consequently making the DOS dependent on more
independent parameters. Thus, one unfortunate conse-
quence of the self-consistent screening theory is the loss
of simplicity of the short-range approximation where a
single parameter (namely, the zero-field mobility) unique-

ly determines the strong-field DOS.
We use our self-consistent DOS to calculate thermo-

dynamic properties such as the electronic specific heat
and magnetization. Our calculated results are in very
good qualitative agreement with experimental observa-
tions whereas calculations based on the short-range
theory are in general disagreement with experimental re-
sults (as have been emphasized by many different experi-
mental groups over the last decade). In particular, the
oscillatory level broadening and the smoothness of the
DOS are both verified by the experimental results. In
general, the measured level broadening is substantially
larger than the short-range results based on the zero-field
mobility as we find in our self-consistent calculations. A
word of caution about the level broadening is, however,
in order. At zero magnetic field there are only two life-
times ~, and ~, characterizing scattering by impurities
(for short-range scattering r, =~, ). For finite magnetic
fields, however, the situation is more complicated and
I z(B) is not uniquely determined by either ~, or ~, [see
Figs. 6(b) and 7(b)] even though the level broadening
determined by v-, is always closer to the actual finite field

result. At high magnetic fields, the short-range approxi-
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mation usually works better in GaAs heterostructures.
One severe approximation of our theory is the neglect

of localization which obviously plays a central role in
determining the transport properties of two-dimensional
systems in strong magnetic fields. One hopes that the
DOS and the thermodynamic properties are insensitive to
localization, although we have no way of showing that.
Our current theoretical understanding of two-
dimensional localization in a strong external magnetic
field is based entirely' on the nonlinear o model which
explicitly assumes a white-noise-type random disorder,
i.e., a short-range electron-impurity potential. In this pa-
per, on the other hand, we have been arguing that the im-

purity potential is anything but short range. Thus, the
localization picture and the self-consistent screening pic-
ture are, at the present time, complementary and we do
not know how to combine the two. We should point out

that the issue of localization in smooth, long-range poten-
tial even without a magnetic field is not yet completely
solved for two-dimensional systems. Our hope is that the
nonlinear self-consistency between scattering and screen-
ing which is the central idea in our theory of two-
dimensional DOS remains valid even in the presence of
localization. We are encouraged by the good qualitative
agreement between our theory and experiment, but clear-
ly much more work is required in this direction.
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