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The static structure factor S(q) of solid bcc metals is investigated within the harmonic lattice ap-
proximation. Fine structure found in the diffuse background of S(q) is studied for the alkali metals
and for Nb and Mo using realistic force constants that are consistent with observed phonon spectra.
Ancillary peaks in S(q) between Bragg peaks previously found for Li and Na along high-symmetry
directions in q space are shown to result from extended structure in S(q). These well-defined

features that extend from Bragg peaks, and in some cases span them, are readily accounted for in

terms of the frequencies and polarizations of the phonons. These features are in turn related to par-
ticular lattice deforrnations that occur in common phase transformations of the bcc lattice. A rela-

tionship is noted between the calculated structure and similar features observed in neutron- and x-

ray-scattering studies of the martensitic transformation in the alkali metals, charge-density waves in

K, and the co phase in Zr-Nb alloys.

I. INTRODUCTION

Our study of the resistivity change on melting for sim-
ple metals based on the difference in S(q), the static
structure factor, between the liquid and crystalline solid'
led us to a direct calculation of S(q) for hot solid potassi-
um. During the course of the work on K, a series of
prominent peaks away from Bragg positions was found in
S (q) along particular directions in reciprocal space.
Similar structure had, in fact, been found earlier by
Straus and Ashcroft in a study of the thermal diffuse x-
ray scattering in alkali metals. The structure was in-
cidental to the aim of their work although some com-
ments were provided suggesting the generality of the
phenomenon. The existence of this dynamical structure
has recently been reemphasized by Ashcroft as a possible
factor in structural studies based on total-energy calcula-
tions. However, a thorough exploration of such effects in
reciprocal space and for different metals has yet to be car-
ried out.

In view of the considerable current interest in the lat-
tice dynamics and structural phase transformations of
bcc metals, we believe that this calculated structure in
S(q) deserves to be more widely recognized and investi-
gated. This is particularly so in the alkali metals where
there is interest in martensitic phase transformations in
Li, Na, and Rb, and in charge-density waves in
K. ' The bcc transition metals have also enjoyed at-
tention recently due to the rather pronounced features'
and anomalously low-lying branches' ' observed in the
phonon spectra of some of these metals.

Accordingly, we investigate here the calculated peak
structure by surveying S(q) in some detail for the alkali
metals; we also make some preliminary explorations of
the bcc transition metals Nb and Mo. We find that the
calculated structure in S(q) for these metals fall into

quite specific classes and can be ascribed to characteristic
features of the phonon dispersion. These, in turn, can be
related to particular lattice distortions that may occur in
common phase transformations of the bcc lattice. It
emerges that particular behavior associated with precur-
sor effects to phase transformations in many bcc alloys,
which is manifested as fine structure in the diffuse scatter-
ing contribution to S(q), is already present, to some ex-
tent, in the harmonic lattice dynamics of elemental bcc
metals. That these effects have not been recognized be-
fore in the alkali metals, for example, is not particularly
surprising in view of the rather localized surveys of re-
ciprocal space that have been carried out in searching at
high resolution for specific peaks associated with the 9R
martensite or charge-density-wave structures. Neverthe-
less, there appears to be evidence already for the calculat-
ed structure in the form of unexplained anomalies in the
diffuse scattering observed for K.

In Sec. II we briefly outline the calculation of S(q).
Section III focuses on the alkali metals. We first exhibit
representative examples of the peak structure initially ob-
served and a tentative correlation of this structure with
inherent instabilities of the bcc lattice towards particular
phase transitions is proposed. A more extensive two-
dimensional survey of S(q) is then described revealing
more extended structure than that found previously. The
relationship of this structure to martensitic phase trans-
formations such as those which actually occur in the al-
kali metals is then examined. In Sec. IV, the survey of
S (q) is repeated for Nb and Mo and the additional struc-
ture found is discussed in terms of the phase transforma-
tion of the bcc lattice to the co structure. Section V
discusses the role of S(q) in signaling lattice instabilities,
and notes the differing transformation tendencies of the
alkali and bcc transition metals already evident in their
harmonic dynamics.
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II. CALCULATION OF S(q)

The static structure factor for finite q is given by

S(q)=X '(n n )=E 'g (exp[iq (R, —R, )]),

where n is the ion density operator, X the total number
of ions, R; the ion coordinates, and the expectation value
denotes a configuration average. The closed form expres-
sion of S(q) for a crystalline metal within the harmonic
approximation has been known for some time. ' With u
the displacements of the ions from their equilibrium posi-
tions R, and in terms of the displacement correlation
functions A &(R;~)=2(u; u ) and the auto-correlation
function A &(0)=25 &(~u;~ /3=5 &Ao, which is diago-
nal for cubic symmetry, S(q) can be written as

S(q)=exp( —
—,'q Ao) +exp(iq R )exp[ —,'q q&A, ti(RJ )],

J

(2)

where

A(R, ) =(&/M&) g e„ie„ico1,i'coth( —,'pirico„~)cos(k R, ),
k, A.

(3)
Ap = (&/3MN) g co„i'coth( —,'Pirico„~ ) .

k, A,

» Eqs. (2) and (3), cubi, i and e1,& are the frequency and po-
larization vector of the phonon with wave vector k and
mode index A, , M is the ion mass, p= I/k~ T, and the k
sum extends over the first Brillouin zone. The constant
Ap is related to the familiar Debye-Wailer factor
exp[ —2W(q)] by 2W(q)= —,'q Ao.

In performing the calculations we partition S(q) into
one-phonon and multiphonon parts and use an approxi-
mation for the latter given by Straus and Ashcroft. The
temperature-dependent quantity Ap was evaluated direct-
ly from Eq. (3) using a simple cubic mesh of wave vectors
in the irreducible —,', portion of the Brillouin zone' with

cok& and ek& determined at each point by diagonalizing the
dynamical matrix.

Dynamical matrices used in these computations were
reconstructed from tabulated force constants fitted to the
experimental phonon spectra for each of the elements of
interest; these are available for all the alkali metals and
for both Nb and Mo. It has been demonstrated that force
constants derived from phonon data along symmetry
directions can lead to spurious features in the predicted
off-symmetry behavior. ' We have verified that the struc-
ture of interest is reproduced by different force-constant
sets derived from independent experiments and from
measurements at different temperatures where these are
available, and in the case of Na and K, with force con-
stants derived from an accurate representation of the in-
teratomic potential given by pseudopotential theory. '

For the results presented here, we have used the force
constants of Dolling and Meyer for K and of Powell
et al. ' for Nb and Mo.

III. RESULTS FOR ALKALI METALS

A. One-dimensional q scans
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FIG. 1. One-dimensional scan of the structure factor S(qj for
potassium at 100 K along [111]with q=k(1, 1, 1).

We consider first the structure in S(q) along rays join-
ing principal reciprocal lattice points. Within the unit
cell of the bcc reciprocal lattice (see Fig. 7), three distinct
classes of peaks are found. Along [111], we find a
double-peak structure between Bragg positions with max-
ima located at —', (1,1, 1) and —', (1,1, 1), while along [112]
there is a single peak centered at the N point (0.5,0.5, 1)
(all q vectors are quoted in units of 2n/a, where a is the
lattice constant. ) These peaks are illustrated for K at the
Debye temperature (100 K) in Figs. 1 and 2, respectively.
In the [310] direction, we find an additional single-peak
structure between Bragg points centered at (1.5,0.5,0),
which is similar in structure to that shown in Fig. 2. The
[111] and [310] structures are those first exhibited by
Straus and Ashcroft for Li and Na. Similar behavior is
seen along other equivalent directions in the unit cell.
Beyond the unit cell, a sequence of maxima between suc-
cessive Bragg peaks is found along the directions given,
as well as multiple-peak structures along other reciprocal
lattice vectors according to their composition in terms of
unit vectors, e.g. , at —,', —,', and —,

' (5,5,2). As pointed out

by Straus and Ashcroft these peaks are undoubtedly re-
lated to the so-called "extra spot" structure seen for one-
dimensional q scans in early x-ray work.

These peaks are due mainly to the one-phonon term in
S(q). The intensities of the peaks increase as a function
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tribute to S(q) along each diagonal; the third mode polar-
ized out of the plane makes no contribution to S(q). The
polarization weighted sum of the two in-plane modes is
also shown in Fig. 8 for the two directions; this indicates
the relative contribution of each mode to S(q) in a given
direction. In general, the lowest-lying mode with favor-
able polarization will make the largest contribution to
S(q) due to the reciprocal frequency dependence of the
structure factor. Along [112],the polarization weighting
selects predominantly the lower phonon branch, and the
line of low-lying frequencies is manifest as a ridge parallel
to this direction in S(q). Along the transverse [112]
direction, however, the upper branch is selected, tending
to depress the structure factor in this direction as one
moves away from the intersection point at (1.5, 1.5,1.0).
The definition of the ridge itself is thus due both to the
low-lying phonon modes in this direction and to the rela-
tively high modes in the transverse direction.

The ridge structure seen in the (001) plane [Fig. 5(b)]
can be similarly accounted for in terms of the two modes
polarized in the plane along ( 110) directions.

The question thus arises of what is special about the
phonon dispersion along ( 112) and ( 110) directions re-
sponsible for the extended streak structures seen in the
(110) and (001} planes. A sound velocity contour
analysis, following Miller and Musgrave does yield a
pronounced minimum in the velocity surface of the alkali
metals for transverse waves in these directions. Such an
analysis accounts for the streak structure near the Bragg
peaks, but cannot explain the extended ridges seen in Fig.
5.

We have noted that the calculated streak structure is
similar to that observed in x-ray and neutron studies of a
variety of P-phase alloys, such as Ni-Al alloys, that un-

dergo martensitic transformations. ' In these alloys,
this so-called "relrod" behavior, observed well above the
transition temperature, has been associated with pre-
cursor effects involving particular shear strains. It has
been generally shown ' that a lattice strain, represented
by a displacement wave of wave vector k and polarization
ek, will generate streaks in the diffuse scattering along the
direction k through every Bragg reflection G, with inten-
sity weighted by e&.G; these occur whether the displace-
ments are static or dynamic in origin. We find that two
sorts of lattice strain are sufficient to explain both the
number and relative intensities of streaks around each re-
ciprocal lattice point. Thus a shear of (110) [110]type,
i.e., a shear across the (110) plane in the [110]direction
generates a specific number of streaks along (110) direc-
tions at each reciprocal lattice point, for example, three
at (2,2,2), four at (2,0,0), and five at (1,1,0) and (1,1,2).
The relative intensity of streaks at a given point is deter-
mined by the polarization weights and we find, for exam-
ple, at (1,1,0), one streak of high intensity and four of
lower intensity. The resulting pattern accounts for both
the extended ridges and Bragg skirt elongations found by
the direct calculation of S(q) as depicted in Fig. 7. The
second sort of lattice strain is a shear of (112).[111]type,
which accounts for the distribution of streaks of ( 112 )
type at each point. We find all twelve streaks present at
(2,0,0) and (2,2,2), nine at (1,1,2), and six at (1,1,0), with,

for example, three streaks of high intensity and six of low
intensity at (1,1,2).

The same (110) streak pattern found here has been
observed in a number of P-phase alloys and, in a few
cases, in conjunction with (112) streaks. The connec-
tion of both types of shear to the bcc to martensite phase
transformation in these alloys is known. An appropri-
ate shear of I 110) planes parallel to a [110]direction in
these planes is required to convert the ABAB bcc stack-
ing to the correct stacking sequence in the martensite
while a long-wavelength shear applied to each [1121
plane, parallel to a [111]direction lying in this plane, is
required to convert the trigonal net in the bcc [110I
planes to hexagonal close packing. Whether the calculat-
ed structure can, in fact, be associated with structural
transformations in the alkali metals is examined below.
We turn next, though, to a brief consideration of elemen-
tal transition metals.

IV. RESULTS FOR Nb AND Mo

The element of most direct interest among the bcc
transition metal is Zr which undergoes a transition from
bcc to hcp at 1135 K; this can be suppressed, however, in
favor of a transformation to the co phase through pressure
or alloying. While the phonon dispersion in the high-
temperature bcc phase has been measured, ' the sharp
dip found in the longitudinal [111]branch and the low-

lying [110] branch preclude a meaningful analysis in
terms of a harmonic lattice model with a small number of
force constants. ' Accordingly, we focus on Nb and Mo,
the neighboring elements in the row, to see whether any
systematic development of structure in S (q) can be
identified. These elements do show a progression in the
depth of the L—', [111]phonon from Mo through Nb to Zr
which has been correlated with the decreasing number
of valence electrons in the same sequence.

Figures 9 and 10 show one-dimensional q scans from
the origin of reciprocal space in the [111]and [112]direc-
tions for Nb and Mo, respectively. It is evident that the
previously found double-peak structure along [111] is
present in Nb but not the single-peak structure along
[112], while the opposite situation is obtained in Mo.
The two-dimensional surveys of S(q) in the (110) plane,
between the (1,1,0) and (2,2,0) Bragg positions, are given
in Figs. 11 and 12 respectively. In Nb, a diffuse peak is
found near to, but displaced from, the —', (111) position
along the [111] direction with a roughly symmetrical
structure present near ( —', , —', , —', ). The diffuse intensity pat-
terns around these points are elongated in the direction
perpendicular to [111],but are shifted to either side of
the [112]diagonal and do not link up to form a continu-
ous ridge between the adjacent Bragg peaks as in K. In
Mo, a shallow localized maximum is found at the point
(1.5, 1.5,1}. No pronounced streak structure for either
metal was found in the (001) plane. Three-dimensional
plots of S(q) in the (110) plane for Nb and Mo are given
in Fig. 13.

Unlike the situation in the alkali metals, the peak
structure in Nb along [111]arises from traversing a true
peak near the Bragg position of the co phase. With



42 SOME PHONON EFFECTS IN S(q) FOR bcc METALS 6969

2.0--
2. 0

(222)

Nb

1 ~
5-- 1.5-

1.0-

0 5--

[112]

0.5-

0.00.0 1.0 2.0 3.0 4. 0 5.0 6.0 7.0

FIG. 9. One-dimensional scan of the structure factor S(q) for
Nb at 296 K along [111]with q=(1, 1, 1) and along [112] with
q=0. 5k (1,1,2).

I

1.60 1.80
((((

F 00 1.20 1 ' 40 2.00
(110) {220)
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ing between levels is incremented at contours equal to 0.12, 0.2,
and 1.0 as the Bragg position is approached. )
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FIG. 12. Contour plot of the structure factor S(q) for Mo at
296 K in the (110) plane with q=(k, k, h). (Note that the spac-
ing between contours is incremented at levels equal to 0.12, 0.2,
and 1.0 as the Bragg position is approached. )
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(110)

(220)

' (220)

phase has been viewed as one in which atoms are dis-

placed only part of the way to the ideal ~ positions giving
rise to rumpled (111) planes. The elongation of diffuse
scattering is taken to signify the presence of rod-shaped co

domains with their long dimension parallel to [111].
Several models have been proposed for the displace-
ment of the diffuse maxima from the exact co positions
with no single mechanism able to account for the magni-
tude and sign of the peak shifts. The persistent
reflections have been attributed to very long-lived dynam-
ic fluctuations between bcc and ~.

The present results show surprisingly that these
features are already present, to some extent, in the har-
monic dynamics of Nb. The diffuse co-like peaks are
found with extension perpendicular to [111] (Fig. 11),
and the calculated shifts of -0.04 (2~/a) in the peak po-
sitions from the exact co phase reflections are of the mag-
nitude observed experimentally. Clearly, there is a great
deal more to the anomalous dynamical response seen in
the Zr alloys, however the behavior present already in the
harmonic response constitutes a base line from which ad-
ditional effects, such as anharmonicity and quasistatic be-
havior, should be considered. The structure found in Nb,
via a simple force-constant model, underscores the need
for heuristic models of transition-metal lattice dynamics.

(110)

FIG. 13. Three-dimensional plots of the structure factor S(q)
for Nb and Mo at 296 K in the (110)plane.

respect to the phonon frequencies, this position is not a
saddle point but an absolute minimum, as has been recog-
nized previously in Nb. The position (1.5, 1.5, 1) in Nb is
a saddle point in the phonon spectrum, a minimum along
[112] but a maximum along [112]; this also contrasts
with the situation in the alkali metals. In Mo, the peak in
S(q) at (1.5, 1.5, 1.0) arises from an absolute minimum
which survives in the phonon spectrum at this point.

As for the alkali metals, the S(q) results for Nb may be
considered in light of the extensive data available on
transition-metal alloys exhibiting phase transitions, in
this case, to the co phase. The most comprehensive study
has been carried out for Zr-Nb alloys, with compositions
ranging from 8 —30 wt. % Nb, using Mossbauer and x-ray
diffuse scattering and neutron scattering. Alloys in
the 5 —17 wt. % Nb composition range quenched from the
bcc phase were found to exhibit sharp, temperature-
independent reflections at the Bragg positions of the co

structure; these were attributed to relatively large and
long-lived co-like particles. For the 17—30 wt. % Nb al-
loys, qualitatively different behavior was found. Some of
the interesting features are as follows. (1) The co-like
reflections become increasingly diffuse as the Nb concen-
tration increases (in general, higher Nb concentration
tends to suppress the transformation out of the bcc
phase). (2) This diffuse scattering tends to elongate per-
pendicular to [111]directions. (3) The peaks are displaced
from the exact co superlattice positions, and (4) these per-
sist to 1273 K for Zr —20 at. %%uoN b, i.e., wel l int o the
single-phase bcc region. The structure of this diffuse co

V. DISCUSSION

A rather detailed set of correlations between phase
transformations, phonon anomalies, and diffuse scatter-
ing features has emerged for a range of P-phase al-
loys. ' However, the situation in the alkali metals is
not nearly so clear. The lack of any prominent precursor
behavior to the martensitic phase transformation in the
phonon spectra or elastic constant behavior leaves open
the question of the dynamical mechanism of the transfor-
mation and of the relevant features that distinguish the
different alkali metals in their propensity to transform.
In this situation, it appears likely that the characteristics
of the transformation may be manifest only in subtle
changes or differences in the dynamical behavior. These
may be more apparent in the diffuse scattering in S(q)
which is sensitive to the polarization of the displacement
waves and hence the competition between waves corre-
sponding to different sets of displacements. Anomalous
behavior in the diffuse scattering in the alkali metals has
been recently reported in Li, Na, and K.' In Li and
Na, diffuse scattering was observed in radial scans near
the [110]direction which was attributed to point defects.
In Li, additional streaking between (1,1,0) and (2,2,0)
Bragg reflections was found and ascribed to planar de-
fects related to the bcc-martensitic transformation, such
as stacking faults parallel to t 110] planes. However, this
interpretation is not consistent with the conventional
analysis used here which would point rather to nonradial
streaks if [ 110].[110] shears are involved. In K,
temperature-dependent and asymmetric structure was
seen close to the (1,1,0) and (2,2,0) Bragg reflections and
ascribed to Huang scattering due to defect formation.
These experiments considered only radial scans and thus
were not sensitive to the extended streak structure calcu-
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lated here. More detailed experiments are encouraged.
We observe also that the streaks around the Bragg

points shown in Fig. 6 and schematically in Fig. 7, will
lead to peaks in S(q) for q scans in certain directions
which pass close to the Bragg peaks. For example, we
find for K a double-peak structure for scans along [001]
in the [110]scattering plane near the (110) Bragg point
as shown in Fig. 14. These peaks are similar in structure
to those observed for the same scans in a recent experi-
mental search for charge-density-wave (CDW) satellites
in K." The structure found here arises from the projec-
tion of a pair of (110) streaks, one above and the other
below the (110) plane, in analogous manner to that which
would arise from CDW satellites located at the predicted
positions and having a diffuse phason scattering distribu-
tion elongated along [110]." Our calculated peak posi-
tions for the particular scans studied in that experiment
are close to those actually observed and which have been
attributed to the CDW. The ratio of satellite to Bragg in-
tensity found experimentally is of order 10 . This
agrees with current theoretical estimates based on CDW
models, however, a tight quantitative comparison was not
made" because the (1,1,0) Bragg peak is reduced by ex-
tinction and the CDW model would suggest some reduc-
tion of the satellites due to phason scattering. The ratio
we calculate here is about an order of magnitude lower
than the raw experimental data but we anticipate that
there will be sensitivity to variations in the force con-
stants as well as to anharmonic effects that remain to be

explored. We also find peaks in the (001) scattering plane
near the observed locations for additional experimental
features reported in Ref. 11, though these are much less
pronounced than the experimental peaks due to the dom-
inating background from the [110] ridge in this plane
(Fig. 7). A calculation of the measurable intensity of
these peaks by convoluting S(q) with an appropriate
resolution function, would be required to confirm that the
sharp features which we find to be present in S(q) for the
harmonic lattice can be ruled out as a contributing factor
to the observed peak structure attributed to the CDW in
Ref. 11.

Some features observed in other CDW searches are
unexplained. In one study' using x rays, a series of scans
carried out with energy resolution low enough to be sen-
sitive to thermal diffuse scattering revealed anomalous
peaks which were regarded as spurious and not described
in any detail ~ In their early search for a CDW in K,
Werner et al. observed a series of peaks along [110]as
well as peaks at 0.63(1,1,1) and (0.5,0.5,0.95) which were
far from any predicted CDW refiections and for which no
explanation could be found. This structure has been con-
sistently overlooked in more recent studies as noted by
Wilson and de Podesta, ' who suggested that the [110]
peaks occur near points appropriate to the 9R martensite
structure and that these provide evidence for an incipient
lattice instability in K. We observe that the remaining
two peaks are close to those at —', (1, 1, 1) and (0.5,0.5, 1)

shown in the one-dimensional scans in Figs. 1 and 2,
arising from the dynamical structure of the harmonic lat-
tice.

VI. CONCLUSION

1 0-- 0~0.985

0.8-

'40 0

0.4

0.2-I-

0 ~ 0—0.04 —0.02 0.00 0.02 0.04

FIG. 14. One-dimensional scan of the structure factor S(q)
for potassium at 4.2 K in the [001] direction with q=(h, h, k),
corresponding to Fig. 2 of Ref. 11.

In summary, we find that the particular behavior asso-
ciated with precursor effects to martensitic phase trans-
formations in bcc alloys is already present, to some ex-
tent, in the harmonic lattice dynamics of elemental bcc
metals. These are manifested as fine structure in the
diffuse scattering contribution to S(q). This structure
consists, in the alkali metals, of (110) and (112) streaks
extending as ridges between Bragg positions or as elonga-
tions of the Bragg peak skirts. These streaks give rise to
apparent peak structures in one-dimensional scans along
particular directions in reciprocal space, which may be
associated with peaks already seen in searches for CDW
satellites in K. Surveys of diffuse scattering in the alkali
metals have not been suSciently broad to reveal the cal-
culated structure. Additional structure was also found in
the bcc transitional metals Nb and Mo. In Nb, diffuse
peaks are found near the Bragg positions of the co phase
which exhibit several of the characteristics ascribed to
quasistatic displacement waves or embryonic behavior in
Zr-Nb alloys. Similar structure is also anticipated for bcc
Zr and has recently been observed experimentally, but
detailed investigation awaits advances in the treatment of
the lattice dynamics for this metal. Comparing the re-
sults for the transition and alkali metals, it is evident that
the propensity to transform either into the co phase or to
martensite is already signaled by the rather different har-
monic dynamical behavior in these classes of metals.
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As emphasized by Ashcroft, fine structure in S(q) re-

sulting from dynamical effects may inAuence properties
related to the total energy. Our work lays out the extent
and origins of such structure for bcc metals. Preliminary
results indicate the presence of dynamical 6ne structure
in S(q) for Mg and Zn, and further work exploring S(q)
for hcp and other structures would appear to be warrant-

ed. The incorporation of anharmonic efFects in S(q) is
also worthy of investigation.
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