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Nuclear antiferromagnetism in copper: Interplay of (0, 3 3 ) and (1,0,0) order
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The magnetic phase diagram of nuclear spins in copper, an ideal fcc system, is investigated.
The recently observed interplay of the antiferromagnetic (0, —', , —,

' ) and (1,0,0) order at nanokelvin

temperatures is explained by using the concept of permanent spin structures. At low fields, the

strongly anisotropic spin interactions stabilize the field-induced (0, —, , —, ) order which coexists with

the (1,0,0) order in a single magnetic domain. The spin structure at zero field and at high fields

is of the (1,0,0)-type.

Recently, Annila et al. ' reported observation of the
(0, —,', —', ) neutron Bragg reflection in the nuclear-spin sys-

tem of copper at nanokelvin temperatures. Three antifer-
romagnetic phases were found as a function of the exter-
nal magnetic field, aligned in the [011] crystalline direc-
tion. In low fields, the previously observedz (1,0,0) signal
and the novel (0, —', , —', ) reflection are present simultane-

ously. Around 0.08 mT, only the (0, 3 3 ) reflection was

seen, while the order in still higher fields is of the (1,0,0)-
type. These observations were quite surprising: The
(0, —', ,

—', ) reflection is not consistent with any previous ex-

perimental or theoretical spin structures in an fcc lattice.
It would be important to find an explanation of the ex-

perimental findings. Copper has become a prototype sys-
tem in extensive theoretical efforts ' to understand col-
lective magnetic phenoinena on the basis of microscopic
spin interactions. As an fcc antiferromagnet the spin sys-
tem suffers from frustration. Unlike most electronic mag-
nets, nuclear spins in copper are amenable to quantitative
predictions: Copper is a pure element with a simple lat-
tice structure, the nuclear spins are well localized and
decoupled from the lattice degrees of freedom at low tem-

peratures, and the spin interactions can be calculated
from first-principles electronic band structure and wave
functions.

In this Rapid Communication the intriguing interplay
of the (0, —,',

& ) and (1,0,0) order is explained. By using
the concept of permanent' spin structures, we show that
an external-field-induced antiferromagnetic (0, 3 3 ) or-
dering is stabilized between the zero-field and high-field
(1,0,0) phases. The basic ideas are first stated in the
framework of the mean-field (MF) theory; the effects of
thermal fluctuations are then accounted for by Monte
Carlo (MC) simulations. Our theoretical phase diagram
explains the observed antiferromagnetic neutron
reflections. In low fields the structure is most remarkable:
We find that a single magnetic domain displays both
(0, &, & ) and (1,0,0) order. When the external field is

aligned in the [001] direction, we also obtain three phases,
in good agreement with the measured field-entropy phase
diagram. '

Nuclear spins in copper interact via the dipolar force

and the conduction-electron-mediated indirect interac-
tion. The latter mainly consists of the isotropic and anti-
ferromagnetic Ruderman-Kittel interaction, which has
been calculated from first principles. ' ' Since the dipo-
lar interaction dominates, the coupling A(r;I) between
spins S; and SJ is strongly anisotropic. A MF analysis
leads to the eigenvalue equation '

A(k) e„(k)=X„(k)e„(k), n =1,2, 3,
where )i,„(k) are the eigenvalues and e, (k) the eigenvec-
tors of the Fourier sum A(k) -QI'A(rl)exp( ik r—l) of
the interactions. The ground state is characterized by the
ordering vector Q, found from A, ;„(Q) mink„[A, „(k)j
if the spin structure S; S(Q)exp(iQ r;) with S(Q)
=e;„(Q) can be chosen permanent, s'4 i.e., if the magni-
tudes of the local fields are independent of the site of the
spin. Multi-Q structures can be constructed by including
other vectors belonging to the star of Q, here denoted by
(a„a,,a)

The ordered spin arrangement in copper has been pre-
dicted to be a type-I antiferromagnet with the ordering
vectors (1,0,0), (0,1,0), and (0,0,1), where the prefactor
2tr/a has been dropped. The type-I structure is continu-
ously degenerate in the MF theory, even in an arbitrary
magnetic field. Quantum ' and thermal "' fluctua-
tions lift the degeneracy and, depending on the theoretical
model, result in various phase diagrams and spin struc-
tures as a function of the external magnetic field. Howev-

er, all the previous calculations ' 'z for fields in the
[011]direction are in serious disagreement with the exper-
irnental neutron-diffraction data. '

First-principles calculations have shown that in addition
to the global minimum of A,„(k) at (1,0,0) there is a local
minimum in the [110] direction, '3 which has been pro-
posed ' to play a role in ordering. The calculated'
k;„(0,—', ,

—', ) is only 10% larger than X;„(1,0,0): The
difference is on the order of the reported 10% uncertainty.

There is a unique eigenvector corresponding to the
(0, —', , —', ) order, while for (1,0,0) there are two degenerate
eigenvectors, which span an easy plane of anisotropy. An
important consequence is that permanent (1,0,0) struc-
tures can be constructed for arbitrary magnetic fields,
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The MF ground state can be found by determining the
structure which (i) is permanent and (ii) maximizes the
(0, —', ,

—', ) order. For the realistic case of positive hX it
would be difficult to find the ground state analytically be-
cause the energetically favorable (0, —', , —', ) order tends to
stabilize nonpermanent structures. However, we will
show that the relevant physics is contained in the solution
for hX Op.

In zero field, there are no permanent spin structures
based on the (0, —', , 3 ) order. Therefore, a (1,0,0) struc-
ture is stable as observed; see Fig. 1(a). In the [011]
field direction, that was used in the experiments, ' we find
a permanent structure of the (0, —', , —,

' ) order only at
8 =8,/3, where 8, is the critical field for transition to the
paramagnetic state. In this structure two sublattices are
oriented parallel to the field and one sublattice antiparal-
lel to it, as illustrated in Fig. 1(c). When 8 & 8,/3, the
permanency can be retained if the system develops (1,0,0)
order as well. The MF equation for the ground state is

$; = (0,do, —do) + (O, d ), —d ) )cos[(0, —', , —,') r;]

+ (O, d2, dp)cos[(1, 0,0) r;]

(2)+ (d3, 0,0)cos[(0, 1,0) r;],
where —d~/4=do 8/(B, J2) and 2d2+d3 =1 —(38/
8,); see Fig. 1(b). When the field is reduced, the (1,0,0)
order grows continuously while the (0, f, —,

' ) component
goes to zero at 8=0. At fields 8&8,/3, no permanent
spin arrangement with (0, 3 3 ) order exists. Therefore, a
first-order transition to a (1,0,0)-type structure takes
place at 8 =8,/3.

The high-field structure shows an extensive degeneracy
associated with possible linear combinations of the (1,0,0)
ordering vectors. Further, in the low-field phase of Eq.
(2), the (1,0,0) order is degenerate. Importantly, howev-
er, there is no degeneracy in the (0, —', , —,

'
) order: The field

whereas permanent (0, —,', —', ) states exist only for discrete
values of the field. An interesting situation occurs if
km;„(0, —', , —', ) is slightly lower than A, ;„(1,0,0). The sys-
tem then chooses the (0, —', , 3 ) state at fields for which it is

permanent; at other fields the system must compromise.
We now consider the limit of degenerate (0, —,', —', ) and

(1,0,0) order. More precisely,

along [011]singles out the two equivalent ordering vectors
(0, 3 3 ) in agreement with the experiment. '

The degeneracy of the MF solution in finite tempera-
tures is lifted by thermal fluctuations. A positive hk re-
moves the degeneracy even in the MF theory. We have
studied these effects by MC simulations. For this purpose
the dependence of the eigenvalues, A,~;„(1,0,0) and
Xm;„(0, 3, 3 ), on the elements of the interaction matrices
A(r;/) was analyzed. We then constructed model Hamil-
tonians by slightly varying the calculated' A(r;/) to pro-
duce different dX. The interactions were truncated to 140
nearest neighbors. In the simulations the spin structures
depended on h,X, rather than on the detailed form of the
Hamiltonian.

Several kinds of MC simulations were performed, in-
cluding rapid quenching, slow annealing, and heating,
starting from different ordered and random configura-
tions. The simulated system consisted of 12 /2 or 243/2
classical spins in an fcc lattice with periodic boundary
conditions. The MC algorithm by Walstedt and Walker '

was employed.
At fields 8 &8,/3, the continuous degeneracy of the

MF structure of Eq. (2) was lifted and the two states
d2 0, d32 I —(38/B, )2 and 2di~=l —(38/8, )2, di 0
were found. The free-energy difference of these structures
was calculated by integrating the difference in their mag-
netizations, /3F(B) Ja' /3M(B')dB', at 15 nK and
M/~lI, ~;„(1,0,0)

~
0.0004. The structure with d3WO

turned out to have a slightly lower free energy. Similarly,
the continuous degeneracy of the (1,0,0) structures at
8&8,/3 was lifted and a 3-k state was stabilized, in
agreement with our previous studies. s'

In order to compare measured and theoretical magnetic
structure factors, one should know how close to thermal
equilibrium the system develops during the experiment.
The observed time-dependent effects' ' indicate that the
time scale of the ordering is on the order of seconds.
Therefore, domains of structures with free energies slight-
ly higher than that of the equilibrium configuration may
be present. The problem of metastability particularly
concerns the (1,0,0) order, for which the degeneracy in

the limit hA. 0+ is lifted only by thermal fluctuations.
One can expect that the value of the observed (1,0,0)
magnetic structure factor is between the limits given by
the thermodynamical equilibrium state and a mixture of
domains with equal overall (1,0,0) structure factors.

44E

4E

(a) (c)
FIG. 1. The spin structures of copper for [0111alignment of the magnetic field, as given by Eq. (2) for d3=0. (a) 8=0: antiferro-

magnetic Q (1,0,0) structure consisting of alternating ferromagnetic planes. (b) 0&8 &8,/3: structure with ordering vectors
(1,0,0) and +' (0, —', ,

—', ), illustrated at 8 0.178,. (c) 8 =8,/3: structure with ~ (0, —,', —', ).
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degenerate (1,0,0) order. The high-field state shows

(1,0,0) modulation only. The theoretical critical fields

8,/3=0. 13 mT and 8,/45=0. 18 mT for transitions be-
tween the ordered phases coincide closely with the mea-
sured values 0.12 and 0.17 mT, respectively. The transi-
tions are of first order as observed. '

Our theory of coexisting (0, —', , —', ) and (1,0,0) order in

copper can be widely generalized: The essential features
are the double-well structure of the potential and the
differing anisotropy properties associated with the two
minima. When applied, in particular, to antiferromagnet-
ic order of period three, we find that it can coexist with ei-
ther ferromagnetism or with antiferromagnetism of period
two or four. USb09Teo ~ with coexisting ferromagnetic
and multiaxial antiferromagnetic order provides an exam-
ple. ' We also expect that our ideas will enlighten the
coexistence of ferromagnetism and the types-I and -II an-
tiferromagnetism observed in NiS2. '

In conclusion, the magnetic phase diagram of nuclear
spins in copper has been investigated theoretically with
considerable success. In this fcc system, the strongly an-
isotropic spin interactions stabilize the external-field-
induced (0, —', ,

—', ) order, while the zero-field and high-field
structures are of (1,0,0)-type. The spin structure at low
fields displays both (0, —', , —', ) and (1,0,0) order, unlike any
previously found magnetic structure. Our results explain
the observations on copper: the recent neutron-diffraction
experiments'2 as well as the measured field-entropy phase
diagram. ' Nuclear spins in copper indeed provide an

ideal system to study magnetism starting from first princi-
ples.

Note added in proof

In the limit LQ. 0+, it was possible to determine the
MF ground state analytically; qualitatively similar results
are obtained numerically for 0 & b,)L. & 0.01~X~;„(1,0,0) ~.

For M outside this region, fluctuations beyond the MF
theory would be needed to explain the observed' antifer-
romagnetic neutron reflections. Our MF solution contains
the relevant physics in this case as well in the sense that it
gives the field regions in which the strongly field-
dependent energy differences between the states are small
enough for fluctuations to overcome.

An application of external magnetic field lifts the de-
generacy of the 12 cubic-symmetry-related (0, 3 3 )
modulations. Our results explain the selection of the or-
dering vectors in the [011]field direction that was used in

the neutron diffraction experiments. ' More recent mea-
surements [A. J. Annila et al. (unpublished)] have
verified our selection rules for the field direction [001],
discussed above, as well as those for the [111]direction,
obtaind by extending the present analysis.
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