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Ordering due to disorder in dipolar magnets on two-dimensional lattices
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We calculate the effects of thermal fluctuations, dilution, and a uniform external field on the con-
tinuously degenerate ground state of dipolar magnets on the square and honeycomb lattices. In all

cases, these perturbations make terms in the free energy that favor particular states, reducing the
continuous degeneracy to a discrete symmetry. Dilution and thermal selection compete; i.e., they
select different states. For the cases of thermal fluctuations and dilution, the discrete symmetry is
fourfold on the square lattice and sixfold on the honeycomb lattice; for a uniform field it is twofold
and threefold, respectively. In addition, dilution generates effective random axes, which disorder all

of the selected phases in each system, except for the dilution-selected phase of the square lattice.
We present a proposed phase diagram including speculations on the finite-temperature transition.

I. INTRODUCTION

Frustrated vector spin systems are often found to have
continuously degenerate ground states at zero tempera-
ture. The ground states can usually be parametrized by
angles that describe the relative orientations of the stag-
gered magnetizations of different sublattices. '

However, fluctuations can remove this degeneracy, i.e.,
they can select certain states from the continuous mani-
fold. Quite often, this selection effect results in the reduc-
tion of the continuous degeneracy to a discrete symme-

This is rather analogous to the selection effects which
have been studied in numerous Ising systems at special
points with an infinite ground-state entropy, and which
were termed "ordering due to disorder. " An example of
such a system is the Ising antiferromagnet with nearest-
neighbor interactions only on a face-centered-cubic lat-
tice.

We consider here a dipolar magnet on a square lattice
and on a honeycomb lattice with the dipoles confined to
rotate in the plane of the lattice. In both cases, the
ground state at T =0 and in a small external field is con-
tinuously degenerate. The various states of the one-
dimensional (1D) manifold can be obtained by rotating
two different sets of dipoles [even and odd numbered,
Figs. 1(a) and 2(a)] in opposite directions by the same an-
gle.

The ground-state manifold of both systems is described
in Sec. II. In Sec. III, we calculate the effect of thermal
fluctuations on the ground-state manifold of both sys-
tems, in Sec. IV that of an external field and in Sec. V,
that of quenched fluctuations due to dilution. Dilution is
found to have, in addition, another effect, discussed in
Sec. VI: that of creating an effective random axis which
disorders either kind of discrete symmetric state (that
selected by temperature or that selected by dilution) in

both the systems considered. In Sec. VII we predict a
phase diagram in the temperature versus dilution plane
on the basis of these selection effects and discuss the na-
ture of the various phases and transitions between them.
Finally, in Sec. VIII we summarize the results obtained in
this paper, relate them to similar work done earlier, '
and discuss the experimental significance of these results.

The Hamiltonian of the system is given by

H =H~, +H~,
where

Ha;t =
—,
' g J,j [0,, p/

—3(p, ; r~i )(Isi r;, )]

(l. la)

(1.1b)

is the dipolar energy, and

H„= —h gp, (l.lc)

is the field energy. Here r; is the unit lattice vector from
site i to site j. In the real system, J, = I/r; For simpli-.

city, we restrict the interactions to nearest neighbors
only, i.e., we take J„=J for nearest neighbors and 0 oth-
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FIG. 1. (a) Parametrization of the ground states of the square
lattice by P: note that /~/+nor/2 is a symmetry of the sys-

tem. Thermal fluctuations select $=0+nn/2 while dilution
selects p=n/4+no/2 (b) The bond .ene. rgies for the various
ground states of the system are given by (E, Eb )
= —J( 1+sin'P, 1+cos'P).
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FIG. 2. (a) Parametrization of the ground states of the honey-

comb lattice by P: here /t/~Pknm /3 is a symmetry of the sys-

tem. Thermal fluctuations select P =0+n m /3 while dilu-

tion selects P=m/6kn. n/3 (b) .The bond energies for the

various ground states of the system are given by

(E, E&,E, ) = —J(1+cos'P, 1+cos2(t))+ n /3)1+cos~(P n /3—) ).

and (l.lc) as

H„= —h g cos(8, —P„), (1.2b)

where 8;, 1(;J and p& are the angles that the dipole at site
i, the lattice vector r;, and the external field h, respec-
tively, make with the x axis. The sum is over nearest
neighbors i and j. In (1.2a) and (1.2b), the magnitude of
the dipole moment has been absorbed into J and h (i.e.,
J)u ~J,kp~h).

II. GROUND STATES

Equation (1.2a) can also be written as

erwise (it can be shown that the continuous degeneracy
exists in either case). Then we can write (1.1b) as

Hd, =—g [cos(8, —8, ) —3 cos(8; QJ )cos—(8, g~ )]-J
l, J

(1.2a)

where a and P are nearest neighbors and m labels the two
kinds of bonds and takes the values

0 for (a,P)=(1,4) or (3,2)
1 for (a,P)=(1,2) or (3,4), (2.2c)

i.e., each site is connected to four others through two
bonds of each type. Then (2.1) becomes, for the ground
states of the square lattice (with h =0),

4
H = — g g [—', + —,'cos(2$ —me. )] .

a= 1 rn =[0,1]
(2.3)

since each site is connected to four others through two
bonds of each type. The bond energies are given by

The second term in (2.3) cancels out between the four
nearest neighbors for any P, so the ground-state energy is
Eo= 3JE i—ndependent of P and thus the ground state is
infinitely degenerate. This is due to the competition be-
tween antiferromagnetic and ferromagnetic behavior of
the first and second terms, respectively, in the dipolar in-
teraction given by (l. lb). The configurations /=0, n/4, .
and m/2 for the square system are shown in Fig. 1(a).
One can see that this system has a discrete fourfold sym-
metry (for h =0) with respect to rotation in spin space of
the even- and odd-numbered dipoles in opposite direc-
tions, by comparing the /=0 and n. /2 states in Fig. 1(a).
One expects this symmetry to remain even after selection
effects due to thermal fiuctuations and dilution are ac-
counted for.

The difference between the continuous degeneracy and
the discrete symmetry can be seen as follows: when we
are in a ground state, from (2.2c) we see that there are
two kinds of bonds a, b in the square system [see Fig. 1(b)]
for some generic P, and the energy of the ground state is

Eo=—(2E, +2E„)N

Hd;~ = ——g [—',cos(8, +8 —21(„)+—,'cos(8, —8, )] .
J

l,J
(E„Eb)=—J(1+sin ((), 1+cos P) . (2.4a)

(2.1)
For both square and honeycomb systems, there is a one-
parameter family of ground states parametrized by an an-
gle P. In any ground state the quantity 8;+8 —2P; that
appears in (2.1) is equal to zero. As P is varied, spins on
the even and odd sublattices rotate in opposite senses,
keeping 8; +8 constant for nearest neighbors i and j:

The continuous degeneracy corresponds to invariance of
the ground-state energy under continuous variation of the
distribution of the "amount of frustration" among the
two kinds of bonds, whereas the discrete symmetries cor-
respond to invariance of the system under permutations
of bond energies. This can be seen from the values of the
bond energies for the different states obtained from (2.4a)

A. Square lattice

The one-parameter family of ground states is
parametrized by the angle P as follows:

(
—1, —2)J for /=0

) = . (
——,——)J for P = 7r /4

( —2, —1)J for P =m /2,
(2.4b)

8 =(P, —P+m. , /i)+rr, —P), (2.2a)

8 —8p= 2$ —mar, (2.2b)

where a=1, . . . , 4 for the four sites a in the magnetic
unit cell of the square lattice. Different ground states are
obtained from each other by rotating the two sets of di-
poles (even a and odd a) by the same angle P in opposite
directions [see Fig. 1(a)]. Then we can write

where a bond energy of —J corresponds to the most frus-
trated bond while one of —2J corresponds to the least
frustrated bond. We see from (2.4b) that E, +Eb = —3J
independently of P. Therefore, P can be varied continu-

ously leaving the ground-state energy E0 invariant. But,
for example, the transformation P~P+vr/2 simply per-
mutes the values E,~Eb, Eb ~E, due the fourfold sym-

metry of the system apparent from Fig. 1(a).
In addition, we see that
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5J for /=0
E'+E'= —'J, for P =m /4a b

5J, for P=m/2 .

(2.4c)

Thus, the variance of the bond-energy distribution is
largest for the states given by $=0+n a/2.

We note that the degree of collinearity or anticollinear-
ity of the various ground states is not as obvious to see
here as it is for exchange-coupled systems. However, we
can define the most collinear states to be those in which
the spins can be divided into groups, within which in-
teractions are most satisfied but between which they are
least satisfied. Hence, the variation of the distribution of
bond energies, or of the quantities m; h; (where h; is the
local field at site i due to the spin at site j},which mea-
sure the extent of alignment between a spin and its local
field, is a good measure of the collinearity. From (2.4c)
we can, therefore, interpret the states P =+n a/2 as being
the most collinear and the states P =~/4+nm. /2 as being
the most anticollinear.

B. Honeycomb lattice

where a = 1, . . . , 6 for the six sites a in the magnetic unit
cell of the honeycomb lattice. As for the square lattice,
different ground states are again obtained from each oth-
er by rotating the two sets of dipoles (even a and odd a)
by the same angle P in opposite directions [see Fig. 2(a)].
Then we can write

8 —Op= 2P —2mrn /3 (2.2b')

Again, the one-parameter family of ground states can
be parametrized by the angle P as follows:

9 =(P+2n/3, /+2m. /—3,$, P, P 2—~/3, ——P —2m/3),

(2.2a')

and, in this case, m labels the three kinds of bonds and its
values are given by

1 for (a,P)=(3,2) or (1,6) or (5,4)
m = 0 for (a,P)=(1,2) or (3,4) or (5,6)

—1 for (a,P)=(1,4} or (5,2) or (3,6},
(2.2c')

since here each site is connected to three others through
a bond of each type [see Fig. 2(b)]. The bond energies are
given by

i.e., in general, m has a different value for each of the
three bonds on any one site. Then (2.1) becomes, for the
ground states of the honeycomb lattice (with h =0),

JN8 = — g g [—,'+ —,'cos(2$ —2m.m /3)] . (2.3')
a=1 m =[—1,0, 1]

As for the square system, the second term in (2.3') can-
cels out between the three nearest neighbors for any P
and the ground-state energy is found to be Eo= —

—,'JN
independent of P thus once again resulting in an infinitely
degenerate ground state. The relevant configurations for
the honeycomb lattice /=0, n/6, and m/3 are shown in
Fig. 2(a). One sees that the system has a discrete sixfold
symmetry (for h =0) with respect to rotation in spin
space of the even- and odd-numbered dipoles in opposite
directions, by comparing the /=0 and m /3 states in Fig.
2(a). Again, one would expect this symmetry to remain
after effects of thermal fluctuations and dilution are taken
into consideration.

The difference between the continuous degeneracy and
the discrete symmetry for this system can again be under-
stood by considerations similar to those for the square
lattice. There are three kinds of bonds a, b, c with the en-
ergy of the ground state given by

Eo= (E, +Eq+—E, ),X

(E„Ez,E, )= —J(1+cos P, (1+cos (P+~/3), 1+c so(P m!3)} .— (2.4a')

Their values for the various states are

(
—2, ——'„——', }J for /=0

tern, we see that

E2+E2+E2 57 J2
a b c 8 (2 4c)

(E„E&,E, ) = ( —
—,', —1, ——,')J for P=m/6

( —
—,', —

—,', —2}J for P=~/3 .

(2.4b')

In (2.4b') a bond energy of —J corresponds to the most
frustrated bond and one of —2J corresponds to the least
frustrated one. We see that E, +Eb+E, = ——', J for any

P and therefore P can be varied continuously leaving the
ground-state energy invariant. This gives rise to the con-
tinuous degeneracy of the ground-state manifold. But, in
analogy with the square system, the transformation
P~P+ n. /3 simply permutes the values E,~Eb,
Eb ~E„E,~E, because of the sixfold symmetry of the
system apparent from Fig. 2(a). In addition, for this sys-

for all P. Thus, unlike the square lattice, the variance of
the bond distribution is the same for all the states.
Therefore, from arguments given in Sec. II A, we cannot
interpret particular states as being more collinear or an-
ticollinear.

III. SELECTION BY THERMAL FLUCTUATIONS

Some of the ground states will have a higher density of
states for low-energy excitations and will therefore be
selected due to entropy considerations by thermal Auc-
tuations. We need to calculate the selection term in the
free energy as a function of the degeneracy parameter P.
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This is done by expanding in spin waves' ' about the
ground-state manifold. Then, the selection term can be
minimized with respect to P to find the selected ground
state. Consider the effect of thermal fluctuations on the
dipole configuration. Then

S;+&I

that is, expanding in spin deviations 8;~8;+50;, we get

3 av 0 bp
av 3 bp 0

A (rh) =—
0 bp 3 av

bp 0 av 3

(3.4a)

where

sites in the magnetic unit cell. The matrix is given by

and (to lowest order in spin waves) also

a =1+cos P, b= 1+sin P; (3.4b)

50= ,' +58-, A,,(P)58, =-,' g 58qAq(P)58q,

where we define

58qAq($)58q= g (58q) [Aq((())] ii(58q)p .

(3.1) p(q) =cosq„, v(q)=cosqr .

The selection term to be minimized is

gln[detA (P)] .

(3.4c)

a,P

One can calculate the entropy as a function of P as fol-
lows: the partition function is given by

Z =g f 58 exp[ —(1/2T)58 Aq(P)58 ]
q

First, let us consider the case of zero field (h=0).
Evaluating the determinant one gets

4

detA (P)= — (3 —18a cos q
—18b2cos~q,

J

27TT

det Aq($)

1/2 +a cos q~+b cos q~

—2a b 2cos q„cos q ) .

Then the free energy per spin is

F = —T lnZ [PI =const+ —g ln[detA q(P)] (3.2)
T'

q

and the entropy is

&(P, T)=— F =const —
—,
' g 1n[detAq(P)] .

q

(3.3)

From arguments given by Henley and the form of the
selection term in (3.2), we expect states with the widest
dispersion in the "density of states" of A values
(stiffness of spin mode q) over the Brillouin zone to be
selected by thermal fluctuations. In real space, these are
states with maximum variance of the bond-energy distri-
bution, i.e., as mentioned in Sec. II A, states in which the
spins can be divided into groups within which all cou-
plings are the most satisfied but between which they are
the least satisfied. Thus, in q space the spin-fluctuation
modes along the corresponding bonds will be soft and
stiff, respectively. In Sec. IIA, we interpreted these
states as being collinear. We see from (2.4b) and (2.4c)
that this is true for the /=0+no/2 states of the square
lattice but that for the honeycomb lattice [see (2.4c')] all
states have the same variance. Thus, we can intuitively
expect the states /=0+nor!2 to be selected by thermal
fiuctuations for the square lattice (and that is what we
will find in Sec. III A) but we cannot say anything about
the states selected for the honeycomb lattice, at least
from dispersion arguments.

B. Honeycomb lattice

For the honeycomb system, a,P=1, . . . , 6, Aq(P) is a
6 X 6 matrix, and the 50 are six-vectors corresponding to
the six sites in the magnetic unit cell. In this case the ma-
trix is given by

ap 0 bv 0 cn

cv 0 bm 0

0
A (P)=—

cv —', am 0 bp

CP 0 7 (3.4a')

Numerical evaluation of the selection term in the free en-
ergy per spin in (3.2) gives

5F&=—f ln[detA (P)]
T
2 az (2~) q

(34.28 —0.42 cos4$ —0.01 cos 4P) . (3.5)
2~2

Thus, the free energy is minimized at cos4$=1, i.e.,
/=0+no/2, wh. ere n =0, 1,2, 3. This agrees with intui-
tive arguments from dispersion given earlier. The selec-
tion effect is small, since in (3.5), the term in cos4$ that is
responsible for selection of a particular P is sinall com-
pared to the constant term. Hence, the effect of thermal
fluctuations in the absence of an external field is to reduce
the continuous degeneracy of the ground state to a four-
fold discrete symmetry.

A. Square lattice 0 bm 0 CP 9

For the square system, a,P=1, . . . , 4, Aq(P) is a 4 X 4
matrix, and the 58q are four-vectors since there are four

cm 0 bp 0 av*
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where

a =1+sin P,
b =1+sin (P+m /3),
c =1+sin (P —m. /3),

also,

p(q)=exp( iq—, /2 +i&3q /2),

v(q) =exp( i—q„/2 i V—3q /2),

~(q) =exp(iq„)

(3.4b')

(3.4c')

with

T, (q)=2 ' [251262F(q)+9801G(q)1,

T2(q)= —2 ' [2241F(q)+198G(q)],

T, (q)=2 ' [—3F(q)+G(q)],

where

F(q) =6—4 cos(3q„/2)cos(3i/3q /2) —2 cos(3q„),

G(q)=6 —4cos(9q„/2)cos(3&3q /2) —2cos(3&3q ) . .

Therefore, ~T, ~
&&T2~ &&T,

~
for all q except q=O. For

small )q, F(q)= —", (q), and G(q)= —", [q( . Consequent-

ly, T, , T2, and T3 all go to zero as ~q goes to zero.
Clearly, T2(q), the coefficient of the selection term in p,
is always negative (its maximum value is 0 at q=O). So,
in analogy with the square system we see that the free en-

ergy is minimized at cos6$=1, i.e., $=0+nm/3, where
n =0, 1,... , 5. Numerical evaluation of the selection term
in the free energy per spin (3.2) using (3.5') gives

Evaluating and simplifying the determinant one gets

detA (p) =(I/2) [T, (q)+ T2(q)cos6$+ T3(q)cos 6p]

(3.5')

to be in accordance with the observations made just after
(3.3).

IV. SELECTION BY EXTERNAL FIELD

In the fully occupied lattice at zero temperature, there
will still be a selection among ground states due to
an external field h. It is convenient to write
h =h (costi„sin/i, ).

Interestingly, we will find that, both in the square lat-
tice (4.5) and in the honeycomb lattice (4.21), the field
selection is strongest (either positive or negative) for the
states which are equivalent to /=0 in zero field; these are
precisely the states selected by thermal fluctuations [see
(3.5) and (3.6'), respectively]. On the other hand, for the
other kind of special symmetry states, which are those
selected by dilution (Sec. V, below), the coupling vanishes
and the system is insensitive to the direction of the exter-
nal field.

A. Square lattice

—
—,'h (Pi+I42+P3+I44),

where the vectors p,
* are defined by

p,
* p J=c os( 8; +8~ 2P;J)—

(4.1a)

(4.1b)

and therefore their directions are given by the angles

0] 0] 0$ 0$ + 77 03 03 +~, and 04 = —04, respec-
tively, which satisfy

8,*—8,*=8;+8,—2g,,
Now, once again expanding in spin deviations

0, ~0, +60, we get, apart from a constant and without
the field,

The Hamiltonian of (l.la) —(1.1c) can also be written in

the form

H/N = —
—,'(i|4*, +@3 ) (I4Z +@4 )

—
—,'(P, +I4, ) (@2+@4)

5F&=—I in[detA (P)]

V3T
(86.74 —0. 11 cos64 —0.000 57 cos 60),

4~

5Hd; /N = ,'( f, +$2+ $3+—Q4)

41 1 P2+ 4(cos2$)1 3/4 (4.2a)

(3.6')

where 0, the volume of the Brillouin zone, =8m /&3 for
the honeycomb lattice and the integration is performed
over a quarter of this Brillouin zone bounded by the
points (q„,q )=(0,0), (0,2m), and (2m. , 2m/&3), where
(0,0) is a center of symmetry.

Hence, on the honeycomb lattice, thermal fluctuations
(in the absence of an external field) reduce the continuous
degeneracy of the ground state to a sixfold discrete sym-
metry.

Moreover, if we calculate the strength of this selection
effect by dividing the coefficient of cos6$ in the selection
term by the constant term in (3.6') and compare with the
corresponding strength of the selection eft'ect on the
square lattice from (3.5), we find that this effect is about
ten times weaker on the honeycomb 1attice. This seems

+(sing cosP& +cosP sing& )g4] . (4.2b)

Thus, we see from (4.2a) and (4.2b) that the degeneracy
parameter p couples only to the modes 1(r3 and g4. Equa-
tions (4.2a) and (4.2b) can be combined and written in the
form:

5H /N = ~ P~g 'g —h 11, (4.3a)

where we have considered only the P-dependent part,
therefore g=($3, i)'j4). The susceptibility matrix in (4.3a)
is given by

where /~=58, +583, $2=582+584, $3=58,—583, and

P4 =582 —584.
The field coupling term is

h
5Hh /N = —[(sing costi, —cosP sin/i, )P3
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3
4

—
—,
' cos2$ B. Honeycomb lattice

f= [(—,
'

) —
( —,

' cos2(I) ) ] —
—,'cos2$ (4.3b)

and the field that couples to P is

h =—
(
—sin(() cosPi,

h

4

+cosP sing)„—sing cos()))h —cosP sing), ) . (4.3c)

Now, minimizing (4.3a) with respect to the deviations 1(t

we get

In this section, we will expand the selection energy E„
due to an external field out to 0(h ); we will verify that
there is no selection effect to 0(h ), the coupling is of
0 (h ) and has the symmetry cos3$ cos3$h.

It is not surprising that the adjustments to an external
field preserve the unit cell; thus the spin configurations in
a field are just described by the six-vector 50 with com-
ponents equal to the deviations of the six sublattices, thus
58 ~ 58q at q =0.

5H/N= —
—,'h fh .

Evaluating (4.4) using (4.3b} and (4.3c) we finally get

h5H/N=(9 —cos 2P) J
X (cos2$ cos2$), —

—,'cos4$ ——,') .

(4.4)

(4.5)

I Lin.ear response to external jield

It will be convenient to combine the x and y com-
ponents of the field and magnetization (per spin) into
complex scalars,

M+ —=M +iM

h+ =h, +ih

with M—:(M+ )" and h =—(h+ )'. In terms of M+ the
field-coupling term defined in (1.1c) is

The second term in (4.5) is a fourfold selection of 0(h ).
The first term represents the reduction of the fourfold
symmetry of the system to a twofold one by the introduc-
tion of an external field. Thus, in the presence of an
external field the states selected are those given by
cos2$ cos2()))h = —1. Therefore, the selection effect is

strongest for a field along a symmetry direction
())h =nm. 2/and the degeneracy parameter (I) couples to
the field direction in such a way that for a field along the
x axis, the states it)=n/2+nm with n =0, 1 are selected
whereas for a field along the y axis it is the states
$=0+nn. that are selected. This is exactly like the case
of an exchange-coupled antiferromagnet in which the
staggered magnetization turns perpendicular to a uni-

form applied field so that both sublattices can gain energy
to second order by canting towards it.

Hi, = —h 5M= —Re(h M+ ) . (4.6c)

As in the square lattice, we are working in the restrict-
ed q =0 manifold where each of the six sublattices has a
constant angle. Then the magnetization is

ie,M+= —,
' pe (4.6b)

5M'+' —— i ( v, 58)v'6 (4.7)

using the notation for the scalar product of six-vectors,
with v; =( I/3/6)e '; that is,

Then we find that to linear order, the magnetization (per
site) is

eip —if i (p+2vr/3) —i(/+2'/3) i(/+4'/3') —i(g+4n/3)
)

1
7v'6 7 (4.8)

The vector v in (4.8) is the analog of h in (4.3c). To
0 (58), from (4.6a), the coupling to the field is

6Hh = —h-5M'"= —Re —h (u, 58)
6

(4.9)

The dipole energy difference to second order is given
by

—,'(58, A()58},

where Ao is (3.4a') evaluated at q=0; thus, Ao, is a real
and symmetric 6X6 matrix. Fortunately, the six-vector v

(with its independent conjugate u*) is an eigenvector of
A0..

A v= —",Jv, A v*=—'„'Jv* .0 4 & 0

The linear response is thus

58= A() 'Re —(h v) =( —", J) 'Re —(h v)
6 v'6

As a corollary, the linear susceptibility is isotropic:

5M+ = —(u, 58) =yh+v'6

with

(4.10)

(4.1 1)

(4.12a)
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(4.12b) Substituting (4.13a) into (4.14), one gets

Thus, in contrast to the square-lattice results (4.3b) and
(4.5}, on the honeycomb lattice the magnetic energy —,'yh
is independent of P and has no selection effect to 0(h ).

5M+ = —
—,', a cos3$ . (4.15)

2. Terms of O(h )

We must compute two kinds of contributions from
0(h } terms.

(i) In the field coupling (4.9), contributions to magneti-
zation 5M of 0 (58 ).

(ii) Contributions to the dipolar energy of 0 (58 ).
Into the higher-order terms, we need only substitute

Using (4.6a) and (4.13b), the net energy is

1Re(h 5M+ ) = — cos3$ cos3$& . (4.16)
(18)15 J

58= —,'(av+a'v') (4.13a) (ii) Contribution from dipolar term of 0(58 ). Taylor
expanding the dipole energy (2.1), the third-order term is

involving just the two eigenvectors, where Eq. (4.11}says

(i) Contribution to 5M of 0 (58 ). We find

5M+ = —
—,
'

—,
' g e '(58, )

(4.13b) 5H3 —=—,
' g g (

—
—,'J)sin(8; —8 ) —,(58;—58 )

1

i =1,3, 5 j =2,4, 6

(4.17)

i/( 2«'/35g2+ 5g2+ 4mi /35g2 )1 3 5

+e ii3(e2«/—3582+582+ e 4«/3582) ]

(4.14)

The first term in (2.1) does not contribute, since
sin(8;+81 —2$, ) =0 in any ground state.

Observe that the coefficients of terms (58;)' all cancel
when grouped from the terms in (4.17). Then noting that

l[(9, —e i
we can write sin(8; —8 ) = Ime ' ', we get

I 3 2it[(5g2+ e
—2ni /35g2+e —4«/35g2 )(5g +e —2«/35g + e

—4@i /358 ) ]
—J

3 24 1 3 5 2 4 6

3e 2ig[(5—8 +e 2«/358 +e ——4«'/358 )(5g2+e —2 «3/528+e 4«'/35g2—)]] (4.18)

For 58 of form (4.13a), we get

5H = — (3 )2Re(e '~)lmJ
12

3

(4.19)

Substituting (4.13b) gives

1 A
H3 =

2 3 2
cos3$ cos3$i,

(6 )15
(4.20)

3. Total fteld selection term

Adding (4.16) and (4.20), the full field selection term is

5H /N = —
ci, cos3$ cos3$„

with

(4.21a)

31 h

(30)(18)15 J (4.21b}

It is mysterious why the contribution of (4.20) is only —,

times that of (4.16).
The selection term (4.21a) reduces the continuous de-

generacy present in zero field (even though the symmetry
of the system is sixfold) to a threefold symmetry in the
external field. In an external field, the selected states [in
which (4.21a) is minimized] are those with P given by
cos3il}cos3$& =+1. The field selection is thus strongest
when the field is along a symmetry direction Ph =nn/3.
If the field points along the x axis, the states $=2trn/3
(n =0, 1,2) are selected; if the field is along the y axis
there is no selection effect, and (contrary to the square
lattice case) if we reverse the field, we also reverse the
selected state.

Numerical mean-field calculations in Ref. 4 also calcu-
lated field selection for the honeycomb lattice shown in
their Fig. 3. For h in the +x direction they found P=m,
which is the same kind of state but opposite in direction
[i.e., corresponds to opposite sign of ci, in (4.2la)]; we
have no explanation for this discrepancy. For h in the
+y direction they found a selection of P =a /2; in this
case this may reflect the thermal selection in their mean-
Geld theory, which generally does not give the right be-
havior at low temperatures.
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V. SELECTION BY DILUTION

The Hamiltonian for the system with site dilution is
given by (1.1b) with the substitution

5H'= —g g;, [cos(8; —8 )
J

&tj)

—3 cos(8; —
g;~ )cos(8 —P,, )]

Jj~e,-e J, (S.la) —J gy;58; (5.2b)

2J;~p J;+g;J;
~here

(5.1b)

'9;g =&;&j

and thus (g;~ ),=0.
(5.1c)

Then, making the substitution (5.1b) and again expand-
ing in spin deviations we get

Here, e; = 1 or 0 depending on whether the site i is occu-
pied or not. The e; are random and independent of each
other, with (e;),=p, where p is the occupied fraction.
Here, ( ), denotes an average over realizations. Then we
can write

with

y, = g ri,, [sin(8, —8, ) + 3 cos(8; —P, )sin(8, —g,, ) ] .
&j)

(5.2c)

In (5.2c), (j ) indicates that the sum is over all j that are
nearest neighbors of i.

Now, we have to minimize 5Hd;~ with respect to the
deviations 58, i.e., minimize the function

2

+58qA (P)58 Jg—yq($)58q . (5.3)
q q

Minimization gives

5Hd s
=p 5H +oH', (5.2a) 58q=, yq($)Aq '(P)

where 5H is given by (3.1) as before, and and

J2
, g g [yq(P)].[Aq '(0)].p[yq(4)]p

2 2J d q

2p2 Bz 0 (5.4a)

with

' g g &ri;, rikl)E, tiki .
&I) &j)

(5.4b)

In (5.4a), II is the volume of the Brillouin zone and the integral is to be done over this Brillouin zone. In (5.4b), ( I ) and

(j ) indicate that the sums are over all I and j that are nearest neighbors of k and i, respectively, and

X,, =sin(8, —8, )+3 cos(8, —P,J )sin(8, —
g;, )

and the correlation in (5.4b) satisfy

p (1—p ) if i —j and k —I are the same bond,

(ri;„rik&),= 'p (1—p) if bonds i —j and k —I have one site in common,
0 if they have no site in common .

(5.4c)

(5.4d)

It is hard to predict from (5.4a) which states would be selected by dilution from dispersion arguments, as was done for
thermal fluctuations earlier. However, earlier work' leads us to expect dilution to select the states that are opposite to
those selected by temperature, i.e., the states given by P= sr/4+n m /2 for the square lattice and P= sr/6+n m /3 for the
honeycomb lattice, and that is indeed what we shall find in the following sections.

A. Square lattice

For this system, the 58 and the y (P) in Eqs. (5.3) and (5.4) are four-vectors. Equation (5.2b) can be written as

oH'= ——g g (
—1) g; cos2$ —Jg y;M;

J
i m =[0,]] I

and y; can be written as

(5.5a)
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y, = —
—,
' g i); ( —1) sin2$ .

m ——[0, 1]

(5.5b)

In (5.5a) and (5.5b), m labels the two kinds of bonds; each site is connected to four bonds —two of each kind. The quan-
tity g; is the same as g,, defined in (5.1c) with i and j being nearest neighbors (NN) and m labeling the type of bond be-
tween them. Evaluation of expression (5.4b) using the Fourier transform of (5.5b) gives, for the square lattice (with

5p =1—p),

X—p 5p sin 2$(1+cos2q„+cos2q„i+—p 5p sin 2P if a=P& Z 2

——p (5p ) sin 2P cosq„ if a and P are NN and m =1

——p (5p ) sin 2P cosq if a and P are NN and m =0

——p 5p sin 2gcos(q„/&2)cos(q /&2) if a and P are NNN,

(5.6)

D2 (p )cos—4/+ ] (5.7a)

with D, (p)&0 and thus the minimum occurs at
cos4$= —1, i.e., P=m/4+nn/2 with n =0, 1, . . . , 3.
Thus, dilution also results in replacing the continuously
degenerate ground state by one with a fourfold discrete
symmetry, but opposite to that selected by thermal fluc-
tuations.

The coefficients Do(p), Di(p), and D2(p) in (5.7a) were

found by numerically evaluating the values of expression
(5.4a) for diFerent values of the degeneracy parameter P
and of the occupied fraction p, and expressing the result
as a polynomial in cos4$. The dependence on p up to
0 (5p ) was found to be

Do(p) =2.42(5p ) —5.34(5p )

D 1(p) =2.41(5p ) —5.34(5p )

D2(p) =0.002 95(5p )
—0.007 66(5p )

(5.7b)

where NN and NNN denote first and second neighbors,
respectively.

Numerical integration over the Brillouin zone and sub-

sequent evaluation of the right-hand side of (5.4a) with
Q=(2m }2 for the square lattice then gives for the selec-
tion energy per spin

( 5H;, ),= — [D (p ) D, (p )cos4—$
J

77 p

B. Honeycomb lattice

Here, the 58q and the yq(P) in (5.3) and (5.4) are six-
vectors. Further, for the honeycomb lattice, (5.2b) can be
written as

50'= ——gJ
4

m =[—1,0, 1]
cos(2$ —2am /3)

—J gy, 58, , (5.5a')

the selection free energy is a sum of independent contri-
butions of isolated missing sites. If we got the term
correct for one missing site, then we are correct to linear
order and the energy should be accurate for moderate 5p,
up to the point where pairs of adjacent removed spins be-
come significant. However, in reality there is no limit in
which the deviations near the removed site go to zero,
and so our coefficient would be wrong even for 5p —+0.
Nevertheless, it is easy to show that for these dipolar sys-
tems, the deviations happen to be quantitatively small
compared to 1. For example, take a spin, remove one of
its neighbors, and freeze the rest, not allowing them to re-
lax. Then the local field direction changes by 0 (for
/=0), and by, at most, tan '( —,')=0. 111 (for P=n/4).
This shows that quantitatively it is a good approximation
to linearize.

Note that the expansion in cos4$ and 5p [(5.7a) and
(5.7b)] must terminate at O(5p ) in view of (5.6) but goes
to all orders in cos6$ due to A '(iIi) in (5.4a). Thus, for
a small amount of dilution 5p, the selection free energy is

given by

where

2
m =[—1,0, 1]

sin(2$ 2vrm /3) . —(5.5b'}

5FD(P) = (2.41)cos4$ .J5p (5.7c)

Therefore, to O(5p ), the physical meaning of this is that

Here, m labels the three kinds of bonds; each site is con-
nected to three bonds —one of each kind. Evaluation of
expression (5.4b) using the Fourier transform of (5.5b')

gives, for the honeycomb lattice (with 5p =1—p)
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X
16p 6p if a=P,

([&«(y)& (y)] ) = — p (5p} sin (2$—2am/3)e ~ if a and P are NN, (5.6')

24 p 6pgsin(2$ —2vrm/3)sin(2$ —2n'n/3)e '~e ~p if a and P are NNN
r

where m and n label the corresponding bonds a —P,
a —y, and y

—P and their values are given by (2.2c'). In
general, m is equal to —1, 0, and 1, respectively, for the
three bonds connected to any one site.

Again, numerical integration over a quarter of the Bril-
louin zone and subsequent evaluation of the right-hand
side of (5.4a) with the volume of the Brillouin zone given
by 0=8@ /&3 as before for the honeycomb lattice gives,
for the selection energy per spin,

Thus, again to 0 (5p ) the free energy consists of a sum of
independent contributions to isolated missing sites. Also,
as for the square case, we can argue for the validity of our
expansion that the deviations near the removed site are
small. Again, removing one neighbor site and freezing
the rest, we find the maximum change in the local field to
be

tan '(&3/13) =0. 132

[D (p) —D, (p) cos6$
KP

for (/=0) and

—D2(p) cos 6/+ ] (5.7a') tan '(&3/11) =0. 156

with Di(p))0 and therefore the minimum occurs at
cos6$ = —1, i.e., P =m /6+ n n/3 with. n =0, 1, . . . , 5.

Thus, we conclude that, for the honeycomb lattice also,
dilution replaces the continuously degenerate ground
state by one with a discrete sixfold symmetry, but oppo-
site to that selected by thermal fluctuations.

As for the square case, the coefficients Do(p), D, (p),
and D2(p) in (5.7a') were found by numerically evaluat-
ing the values of expression (5.4a) for different values of
the degeneracy parameter P and of the occupied fraction
p, and fitting to a polynomial in cos6$. The dependence
on p up to 0 (5p ) was found to be

(for P=n/6}. Thus, for the honeycomb lattice lineariz-
ing is also a good approximation.

In addition, we infer from calculating D, (p)/Do(p)
from (5.7b') and comparing with the same quantity in
(5.7b) that the selection effect due to dilution is about ten
times smaller here than it is for the square lattice, as was
the case with the selection effect due to thermal fluctua-
tions.

VI. EFFECTIVE RANDOM AXIS

Now consider the first term in Eq. (5.2b). For the
square lattice, we can write this term as [see (5.5a)]

DQ(p) = 1.46(5p )
—2. 19(5p )

Di(p)=0 13(5p) 0.53(5p)',

D2(p) =0.00166(5p) —0.005 82(5p)~ .

(5.7b')

where

( —1) 71; cos2$=H cos2$,
J

m =[0,1]
(6.1a)

For the same reasons as the square case, the expansion
[(5.7a'), and (5.7b')] terminates at 0 (5p ) but goes to all
orders in cos6$. Also, for sinall 5p we have H= ——gg( —1) g,

J
(6.1b)

QFD(P) = (0.13)cos6$ .
2m-2

(5.7c')
For the honeycomb lattice, we get [see (5.5a')]

J V3
cos2$(g, 0 —,'7);, ——,'g—;,)+sin2$ (ri, ,

—g, =H, cos2$+ H2sin2$

=H cos2(P —Po), (6.1a')
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where

H=(H +H )'

$0= —,'tan '(Hq/Hi ) .

(6.1b')

state of the square lattice. The domain state will be in-
variant under the global transformation P~P+m due to
the remaining twofold symmetry. However, the dilution
selected state for the square lattice should have long-
range order since the random axis has no effect on this
state.

VII. PHASE DIAGRAM

A. General results

The terms given by (6.1a) and (6.1a'), respectively, for the
two systems considered, represent the energy contribu-
tion due to the possibility of constrained rigid rotation of
the two groups of dipoles with respect to each other, as-
suming perfect antiferromagnetic alignment within each
group.

This term is the twofold analogue of random exchange
Pelds ' '" which couple to the degeneracy degrees of
freedom (in this case P) in the same way as an ordinary
random field couples to spin directions. They are unlike
ordinary random fields in that they do not break the glo-
bal rotation symmetry of the system (however, in the sys-
tems considered here, there is no global rotation symme-
try, so this fact is not relevant). These random exchange
fields couple to the degeneracy parameter, and, as with
ordinary random fields, result in random local selection
of one of the degenerate ground states (i.e., one value of
P) resulting in the formation of domains. In the systems
considered in this paper, however, the corresponding
term is twofold in P. Thus, its effect is to disorder a
discrete symmetric state by random local selection of a
particular axis, resulting in the formation of a domain
state with local order within each domain given by
P, P+ir, where P is one of the original four equivalent
ground-state configurations of the system for the square
case, or one of the six equivalent configurations for the
honeycomb case. Hence, we shall refer to it as an
e+ectiue random axis

For the honeycomb lattice, it can disorder either of the
two kinds of selected states (the kind selected by tempera-
ture or the kind selected by dilution). For the square lat-
tice the direction of (6.1a) is nonrandom. Consequently,
the effective random axis affects only the temperature-
selected states since the random axis term (6.1a) is pro-
portional to cos2$ which is zero in the dilution selected
states. Note that, in any case, a discrete twofold symme-
try is still preserved in the presence of the effective ran-
dom axis.

In any ground state, every site is equivalent to every
other site by some symmetry operation. Also, an isolated
impurity makes one missing bond in each bond direction;
it is easy to see that it makes a zero net contribution to
(6.1b) and (6.1b'). Consequently, as observed by Fernan-
dez, ' only pairs contribute towards the effective random
axis, i.e., the net contribution to H in (6.1b) and (6.1b') is
of O(6p ).

Since discrete random fields are known to have a lower
critical dimension of 2, the system is expected to be rnar-
ginally disordered. Thus, we do not expect any long-
range order to be present in either kind of selected state
of the honeycomb lattice or in the temperature-selected

1. Finite temp-erature behauior ofpure systems

With the information we have, we can make some
crude conjectures about the phase diagram at finite tem-
peratures. Our starting point is the long-wavelength free
energy appropriate at low temperatures. It is of the form

F = J d'x —Ki,„(P,T)(Vi P)( V„P )

+ g h (T)cos[mg(x)] (7.1)

Kti(T~ )/T~ =2/ir, (7.2)

where I( R is the renorrnalized value of E.

Equation (7.1) is similar to the free energy of an XY fer-
romagnet with an m-fold anisotropy. In that case, p was
the spin angle, whereas here it represents instead the de-
generacy parameter. Just as the exchange symmetry of
the XY ferromagnet leads to a squared gradient ("Gold-
stone mode"), so here the degeneracy leads to a squared
gradient form at T =0. The additional m-fold terms are
typically a temperature-independent m-fold anisotropy in
the XY ferromagnet, while in the dipolar systems they
come from thermal or dilution selection terms. The first
h terms are, respectively, h4 for the square case and h 6

for the honeycomb case.
We can apply to (7.1) the apparatus of Kosterlitz-

Thouless critical phenomena imitating Jose et al. ' One
difference is that, in the ferromagnet, the interactions are
isotropic exchange apart from the weak perturbations
h, so that the spin stiffness tensor K just couples to
~VP~; then, since the unperturbed ground states are re-
lated by a symmetry, the stiffness has the same value in
each. However, when the soft degree of freedom is a de-
generacy rather than a symmetry, E may be anisotropic
with respect to the gradient directions in real space, and
also its value may depend on P, i.e., some ground states
are stiffer than others. Note that by symmetry, the spin
stiffness tensor must have the rotational symmetry of the
spatial part of the symmetry group of the spin structure.
Also, at finite temperature K~K+(T), which includes
renormalization due to vortices which decrease the
stiffness. In fact, the importance of this renormalization
of KR (and hence of the value T~ ) decreases with the ra-
tio of the spin stiffness to the vortex core energy.

The result of Jose et al. is that (assuming fully isotro-
pic, P-independent K) a Kosterlitz-Thouless transition
occurs to a state with algebraically decaying rotational
(P) correlations at the temperature Tz when
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Furthermore, at a temperature T given by

Ktt(T )/T =m /8', (7.3)

the degeneracy-breaking field h becomes relevant in a
renorrnalization-group sense. If the stiffness is not great-
ly renormalized, (7.3) implies

T = (16/m ) Tx . (7.4)

For T & T, an arbitrarily small value of h wi11 result in
the system locking into a phase with a clock order pa-
rameter, i.e., m degenerate ordered phases with
$=2nn/m .for n =1, . . . , m, and possessing long-range
order. If m (4, we see on comparing (7.2) and (7.3) that
the locking would occur above Tz, so that the paramag-
net goes directly into the locked state.

Note how the m-fold locking depends principally on
Kt| ( T), not on the value of h ( T). Thus, although h ( T)
has a different T dependence than in the usual model, '

this does not matter since the Ktt (T) should have a simi-
lar T dependence. Indeed, if h is large at the transition
point, this can raise the value of T and affect the (con-
tinuously variable) exponents.

In the same spirit, we can use the results of Sec. IV to
speculate about the universality class of the phase transi-
tion in the presence of a finite field. On both square and
honeycomb lattices, this has the effect m ~m/2 so that
h now becomes highly relevant, giving critical proper-
ties of the corresponding discrete system rather than the
Kosterlitz- Thouless behavior.

DILUTION 4p = 1-p

FIG. 3. Phase diagram of the system: P, and P2 denote the
temperature-selected and dilution-selected phases, respectively.
The temperature T& is the Kosterlitz-Thouless ordering tem-
perature for the pure system 5p =0. The dotted line denotes the
transition from the Kosterlitz-Thouless phase to the discrete
locked phase, which takes place at T for the pure system.
Note that T = Tz for the square lattice. The ordering temper-
ature of the phase P, goes to zero at a value of the occupied
fraction p =p which is, in general, slightly above the percola-
tion threshold for a frustrated system. The proportionality con-
stants in the equation of the line of transition from phase P& to
P, are 11.5 and 2.4 for the square and honeycomb lattices, re-
spectively.

2. Competition between thermal and dilution selection

5FT(01)+5FD(01)=5FT(02)+5FD(4'2) (7.5)

where P, and $2 are the states selected by temperature
and dilution, respectively. For small (T,5p) this reduces
to a linear relationship between T and 5p as we sha11 see
in Secs. VII B2 and VII C 2 below.

We have seen in Secs. III and IV that temperature and
dilution select different ground states, i.e., different values
of P; in both cases (square lattice and honeycomb lattice)
preserving the discrete symmetry (for zero external field)

of the system. In general, at nonzero temperature and di-

lution, the two kinds of selection effects will compete
with each other and one can determine the kind of
ground state selected at small (T,5p) by considering the
sum of the selection terms in the free energy due to
thermal fluctuations and that due to dilution (there will

be cross terms as well, but we expect them to be of higher
order) and finding the value of P for which it is a
minimum. The form of the phase diagram is given in

Fig. 3. The general form for the line of transition be-
tween thermal and dilution selected states is then

H-(5p) (7.6)

On the other hand, following the Imry-Ma arguments,
(7.6) is to be compared with the surface energy cr per unit
length of a domain wall between two of the discrete
selected states. In this case cr is analogous to the wall en-

ergy of a Bloch wall, with the anisotropy being replaced
by the selection energy 5F:

o -(5FK)' ~ -5p '~ (7.7)

since the stiffness K is independent of 5p, to lowest order.
Finally, it is believed' ' ' that the correlation length for a
discrete random-field system diverges exponentially for
small fields. Translating to the effective random anisotro-
py, and inserting (7.6) and (7.7), we have

The effective random axes do not render (7.5) ineaning-
less; as we will show next, near (T,5p)=(0, 0) we can
have arbitrarily long correlation lengths, despite the ran-
dom axes. As noted in Sec. VI, the random axes come
only from pairs of diluted sites and consequently the
ERA's scale as

g-exp[const(o /H ) ) -exp[const/(5p ) ] . (7.8)
3. E+eets of strong dilution

With dilution, we generate an effective-random-axis
(ERA) anisotropy (Sec. VI). If the axis is fully random in
the sense of being isotropically distributed in space, then
in d & 4 it will disorder systems with a continuous degree
of freedom, even if it is arbitrarily small. '

Thus, along any line radiating from (5p, T)=(0,0) as we
approach (5p, T)=(0,0), we must approach arbitrarily
closely to genuine long-range order.

We note here that the effect of the random axes is to
add random anisotropies to the uniform ones in (7.1). We
have described our system by treating the random aniso-
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tropics as a perturbation on the uniform ones. This treat-
ment is valid for high T and small 6p since the random
axes are of 0(5p ) and the uniform selection effects are
0 ( T) and 0 (5p ) for thermal and dilution selection, re-
spectively. The case of the XY model with random p-fold
anisotropy has been treated by Goldschmidt and
Schaub. ' This would be relevant to our model only in
the portion of the phase diagram where a floating phase
existed (see Sec. VII C 3). Elsewhere, the system could be
described by adding the random axes to a discrete model
rather than an XY model, as we have done. If we then go
to higher dilution, the random axes will dominate the
uniform selection and the system will be affected by vor-
tices. Nevertheless, even with dilution, we still have the
twofold symmetry under inversion of all spins as in the
starting Hamiltonian (which is why we call it a "random
axis, " not a "random field" ). Random anisotropy fer-
romagnets develop order like an Ising spin-glass' and we
expect the same for these systems at T=O. Since spin
glasses do not have long-range order in d =2, the main
physical content of this observation is that the critical ex-
ponents of this zero-temperature spin-glass transition
should be the same as those of the 2D Ising spin glass.
Thus, unlike the case of Ref. 14, we still expect to have a
spin-glass-like ground state at high dilution due to this
twofold symmetry.

2. Competition between thermal and dilution selection

The equation of the transition line between the two
kinds of selected ground states (given by /=0 and tr/4,
respectively) is thus, in the notation of Secs. III and V,

5Fr(0)+5FD(0) =5Fr(tr/4)+5FD(m /4) . (7.10)

From (3.5) and (5.7c) we get, to 0(5p)

5Fr(P ) = — (0.42 )cos4$,
T

5FD($)= (2.41)cos4$ .
J p

Thus, the Eq. (7.10) reduces to

T—=11.55p .J (7.1 1)

3. Strong diluti-on e+ects

The form of the phase diagram, including this transition
line, is given in Fig. 3.

B. Square lattice

1. Puresystem at T &0

In the square lattice case, all the bonds in the x direc-
tion are equivalent (e.g., via a [1,0] shift coupled with a
reflection in spin space about the x axis), similarly all
bonds in the y direction are equivalent, so K, =0 but
possibly K„„WK . In fact,

K„„a =
—,
' —

—,'cos2$, (7.9a)

K a =
—,'+ —,'cos2$ . (7.9b)

Note that E, and E are the same as b and a, respec-
tively, of (3.4b), which label the corresponding bonds in
Fig. 1(b).

If we ignore the anisotropic stiffness for a moment, we
expect a transition directly from the paramagnet into a
state with a discrete order, since the selection terms have
m =4 which is the marginal case where T =Tz. The
universality class is that of the four-state clock model in
d =2.

Now, the anisotropy in the gradient term is reminis-
cent of that appearing in models of 2D melting. ' ' In
that case, the Kosterlitz-Thouless-type renormalization
group must follow two stiffness constants, but they renor-
malize together and the gross nature of the transition is
unchanged; we expect the same occurs here. In the pres-
ence of a finite field, we have a twofold selection, and thus
we expect a crossover to Ising exponents at the Neel tem-
perature.

As noted in Sec. VI, dilution creates effective random
axes. This will certainly disorder the thermally selected
state. Thus, the phase P, in Fig. 3 does not possess long-
range order for the square lattice and the dotted line indi-
cates that this is not a true transition. However, in the
dilution-selected state, one sees that the selected angles
ttp=nn. /2+tr/4 are precisely those where the random
axis is zero. One can see more rigorously that precisely
four states are degenerate, since reflection about either
the x or y axes in spin space is an exact symmetry in any
realization of the dilution. Thus, the situation is precisely
analogous to that in the J, —J2 antiferromagnet in the
anticollinear phase. Furthermore, if we represent this as
a four-state clock model, there is no frustration. That is,
say we restrict it to a discrete four-state clock model by
allowing only the directions (+I,+I)/&2. Then it is
easy to check that there is no frustration, and the system
looks like a diluted four-state clock model, rather than a
random-field four-state clock model. This situation could
be compared to an XY ferromagnet with random fields
only in the +y direction. Then the spins would order in
the +x direction. ' One could then either say that the or-
der parameter is orthogonal to the random fields or that
there are two states which are exactly degenerate under
reflection about the y axis (in spin space).

Thus, this phase (denoted as P2 in Fig. 3) is a true
phase, locked into discrete long-range order. With dilu-
tion, its Neel temperature first increases linearly [as fol-
lows from (7.11) above] and later decreases (see Fig. 3). It
goes to zero at an occupation p' which must be above
the site percolation threshold p, =0.59.

One expects that p* is close to or equal to p, . Each
pairwise dipolar interaction is independently satisfied in
this ground state, so in a sense there is no frustration.
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C. Honeycomb lattice

1. Pure system at T &0

In the honeycomb case, we have a threefold rotational
symmetry of the ground states; that is, a rotation of the
lattice by 2~/3 coupled with the same rotation in spin
space and a certain translation, gives the same ground
state, for any state in the ground-state manifold. The
only two-tensors with a three-fold rotation symmetry are
isotropic, hence we have the form Kq„=K(P)5&„. How-
ever, now we must extract K(P), for example, by solving
the eigenvalue equation for the matrix (3.4a) since the
lowest root is

QE(P)q

to 0 (q ). The result is

3. Strong di-lution e+ects

In this case both kinds of selected states are affected by
effective random axes. Thus, neither of the phases P& and

P2 in Fig. 3 possess long-range order. Consequently,
there are no true phase transitions off the T=O and

5p =0 axes; we still expect a crossover in the nature of
the local order along the line that is given by (7. 11')
above.

As we observed in Sec. VII C 1 above, along the 6p =0
axis for the honeycomb lattice, there will be a "floating"
phase for T~) T) T . Thus, here a small amount of
disorder would properly be described by adding random
fields to an XY model rather than to a discrete model.
For this part of the phase diagram, from arguments of
Goldschmidt and Schaub, ' we expect that any small di-

lution would disorder the system.

VIII. DISCUSSION

E ( P ) =Ko +IC6cos6$

The equation of the transition line between the two
kinds of selected ground states /=0 and n. /6 is given by

5Fr(0)+5FD(0) =5Fr(n. /6)+5FD(n /6) . (7.10')

Again, from (3.6') and (5.7c') we get, for small 5p,

5Fr(P) = — (0. 11)cos6$,
&3T
4m

5FD($) = (0. 13)cos6$,&3J6p

and thus Eq. (7.10') reduces to

T—=2 46pJ (7.11')

This transition line is shown in the phase diagram (Fig.
3).

at T =0, where Eo =v'3J/2. The K6 term is less
relevant than the h6 term so we will ignore it from here
on.

Taking the approximation of bare stiffness values,
Kz =Ko, we would have a Kosterlitz-Thouless transition
at T~ =&3~J/4, from (7.2). For the thermal selection in
the honeycomb case we found h6 —10 from (3.6' ) so it
has a negligible effect in renormalizing Tz. On the other
hand, the vortex core energy should be especially low on
this lattice since the vortex core can sit in the middle of a
hexagon; this will renormalize Tz well below our esti-
mate from the bare stiffness.

In the same approximation using Kz =Ko, we expect
T6 -- ,4Tir from (7.4). Between T6 and Tz (for 5p =0), we

expect a "floating" phase with algebraically decaying
correlations, and below T6 a locked phase with six
discrete clock states and true long-range order.

In the presence of a finite field, Sec. IV B gave a three-
fold selection and so we expect the critical behavior at
the Neel temperature crosses over to the three-state Potts
model.

2. Competition between thermal and dilution selection

We conclude from Secs. IIIA and VA that for the
square system, both thermal fluctuations and dilution are
found to reduce the continuous degeneracy of the ground
state to a discrete fourfold symmetry while for the honey-
comb system, from Secs. III B and V B, both reduce it to
a discrete sixfold symmetry. For both systems, tempera-
ture and dilution are found to select opposite kinds of
ground states, as was also observed for exchange-coupled
XY and Heisenberg systems. ' ' Moreover, we conclude
that the selection effects due to temperature and dilution
are both ten times smaller on the honeycomb lattice than
on the square lattice, which seems to corroborate intui-
tive arguments from dispersion (see Sec. III), at least for
the case of thermal fluctuations. In Sec. IV we find that
there is an additional selection effect due to the introduc-
tion of an external field even at T =0. This selection is
found to be twofold for the square lattice and threefold
for the honeycomb lattice, a result that agrees with ex-
pectations from intuitive symmetry arguments. From
Sec. VI we see that the effective random axis induced
by dilution disorders either kind of ground state by the
formation of domains of the different allowed
configurations, but the system retains a twofold symme-
try in its presence. In Sec. VII, we deduced the form of
the phase diagram for both systems by estimating the or-
dering temperature T„(5p=0) for the pure system and

by calculating the equation of the transition line between
the two kinds of selected ground states in the tempera-
ture versus dilution plane.

We need to emphasize here that this system differs
qualitatively from systems with exchange interactions
which have been found to exhibit similar selection
effects. ' ' ' ' ' ' The continuous degeneracy in this case
does not correspond to an independent rotation of
different sublattices as occurs in some systems with de-
generacies. ' More fundamentally, there is no addition-
al global rotation symmetry here.

Intuitive arguments, ' for exchange-coupled systems
predict that thermal fluctuations would select the col-
linear states and dilution the anticollinear ones. It is not
obvious what the analogs should be here. For an isolated
dipolar coupled pair of spins, it can be deduced by ex-
panding around (2.1) that fluctuations do have zero cou-
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pling when one spin is parallel and the other is perpendic-
ular to the lattice vector between them so collinearity is a
somewhat useful concept. However, in the honeycomb
lattice, the selection is frustrated in that we cannot
achieve this condition for a}1pairs at the same time. The
proper generalization of the concept of collinear state is
that it maximizes couplings between deviations of neigh-
boring spins; the generalization of "anticollinear" states
is that it maximizes torques on spins due to dilution.
This motivated our generalized measure of "collinearity"
(see Sec. II A) and this successfully identified the selected
states for the square lattice. But for the honeycomb lat-
tice all states were found to be equivalent with respect to
this measure. Thus, it is an interesting mystery why dilu-

tion and temperature compete at all on the honeycomb
lattice, since naive arguments from dispersion or col-
linearity (see Secs. IIB, III, and IV) fail to predict any
selection effect. [There is another anisotropic system
where the selection is equally mysterious, the triangular
Heisenberg or XY (Ref. 23) magnet with exchange an-

isotropy. In that case, the analog of our (3.2) gives no
selection at all, but instead a selection at O(exp( C/T) }-
seems to be found. ]

We expect similar effects for a dipolar magnet on any
two-dimensional bipartite lattice in which all sites are at
the same distance from their nearest neighbors and all
have the same environment. Therefore, we would not ex-

pect to see this on, for example, the triangular lattice
(since it is not bipartite). It would be interesting to see an

eightfold selection, which we would expect to see on an
octagonal lattice, but the only example that comes to
mind is the eightfold Penrose tiling, on which we do not
expect to see it because all sites do not have the same en-
vironment.

The study of the dipolar magnet on the honeycomb lat-
tice is relevant to recent experiments on FeC13-graphite
intercalated compounds. ' The intercalate consists of
finite-sized layers of FeC13 (with the Fe + ion arranged on

a honeycomb lattice and interacting with each other via
the dipolar interaction) forming "islands" between the
graphite layers. The finite size and random shape of
these islands could have additional random-field-like
effects: (a) DiB'erent islands of a layer, being disjoint from
each other, would, in general, independently select a
different ground-state configuration out of the various al-
lowed ones and would be affected differently by an exter-
nal magnetic field. (b) The degeneracy of the ground
state (in the bulk) is related to cancellation of
dependent terms between the various neighbors and
would not hold if we took boundary effects into account.
Moreover, since the boundary is expected, in general, to
be irregular, one can expect different configurations to be
selected at different parts of the boundary. Thus, for sites
near the boundary, one can expect random-field-like local
selection effects.

Real systems would be expected to have an exchange
interaction in addition to the dipolar interaction con-
sidered in this paper and a relevant question to ask would
be how this would affect our results. We expect our re-
sults to be unchanged with the inclusion of a small
nearest-neighbor exchange interaction. The reason for
this is that, in any of the ground states, the local fields of
the exchange interaction due to the nearest neighbors of a
spin cancel each other out, thus leaving intact the con-
tinuous degeneracy of the ground state and, we would
expect, most of the other properties.
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