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Equation of state of solid hydrogen and deuterium
from single-crystal x-ray diffraction to 26.5 GPa
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Pressure-volume equations of state of solid normal hydrogen and deuterium are determined
from single-crystal x-ray diffraction measurements to maximum pressures of 26.5 GPa (265 kbar)
at 300 K. Experimental data for deuterium are presented and used with the previously reported
results for hydrogen. The measurements for deuterium indicate that the structure remains
hexagonal closed packed to at least 14.2 GPa at 300 K. The P- V data are analyzed with
both phenomenological equation-of-state formalisms and pair-potential models. The thermal
contributions are calculated from a Mie-Gruneisen model and from lattice-dynamics calculations
using effective potentials. A P- V equation of state is determined that accurately describes
both the high-pressure diffraction data (to V/Ve ——0.2) and previous low-pressure compression
results (V/Vp = 1.0 to 0.4). There is a significant softening of the equation of state relative
to the predictions of lattice-dynamics calculations using previously reported pair potentials,
and several effective potentials are examined. Possible corrections to the equation of state at
higher pressures, above the range of the present experiments, include effects associated with
order-disorder transitions, vibron softening, and band overlap.

I. INTRODUCTION

One of the intriguing characteristics of solid hydro-

gen is its extremely high compressibility, a property that
arises from its anharmonic, quantum-solid behavior at
low pressures. r At 1 GPa (10 kbar), for example, the
molar volume is reduced by a factor of 2 relative to that
at zero pressure (V/Vo ——0.5), and a compression close
to V/Vo 0.4 is reached at pressures of 2.5 GPa. s 4 This
pressure effect is several orders of magnitude higher than
that of most common materials. As a result of its high
compressibility, studies of hydrogen as a function of pres-
sure provide useful information on the evolution of mi-

croscopic and bulk properties of solids in general with
increasing density. Measurements of the pressure-volume
equation of state (EOS) of hydrogen have therefore as-

sumed a critical role in understanding the properties of
this solid.

Diffraction measurements provide accurate determina-
tion of molar volume as well as unit-cell structure. X-ray
and neutron diffraction measurements in the low-pressure
range (( 1 GPa) have shown that structural stability in

solid hydrogen is controlled in part by the rotational state
of the molecules, which at low temperatures are forced
into even (J=O) and odd (J=l) states as a result of the
coupling of the nuclear spin and molecular rotation. It
is now established that para-H2 (J=O) and normal-H2
(ortho-para mixtures) crystallize in the hexagonal close-

packed (hcp) structure at low temperatures (4 K);s in

contrast, H2 samples with high concentration of J=l
species (o-H2 or p-D2) undergo an ordering transition to
a cubic structure (space group Pa3) at lower tempera-
tures, which in turn is a function of density. More recent

work has shown that p-H2 and 0-D~ are stable in the
hcp structure to 2.5 GPa, with no sign of order-disorder
(or other) transitions. s 7 For both the pure J=O solids
and ortho-para mixtures, the intermolecular potential is

dominated by isotropic rather than anisotropic terms.
With increasing density the anisotropic terms dominate,
and the vibrational dynamics of the solid evolve from
an anharmonic, quantum solid to a harmonic, classical
system.

Efforts to understand the properties of solid hydrogen
at higher pressures require an accurate determination of
its structure and equation of state in this regime. In
this pressure range, the determination of accurate in-
termolecular potentials for solid hydrogen has received
considerable attention, primarily because of their use in
high-temperature simulations; comparisons between ex-
perimental and theoretical equations of state have been
used as stringent tests of the form of new potentials. Ex-
perimental determinations of the EOS at pressures above
10 GPa include Brillouin scattering, optical measure-
ments of relative volume, magnetic compression, ' and
shock-wave techniques. It is important to emphasize
that these measurements provide no direct structural in-
formation; in addition, these measurements either pro-
vide only an indirect determination of molar volume or
have unacceptably large uncertainties.

Recent work has demonstrated for the first time that
x-ray diffraction can be used to determine directly struc-
tural and equation-of-state information on solid hydrogen
in a diamond-anvil cell in the gigapascal pressure range
using a conventional x-ray source. For higher-pressure
measurements, a smaller sample volume must be used. In
addition, higher pressures generally cause the hydrogen
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crystal to fragment under compression, thereby reduc-

ing the intensity of the diffraction peaks. A solution to
this problem is afforded by the higher x-ray intensities
and narrow beam collimation of synchrotron radiation.
A new experimental method was designed based on a
combination of single-crystal methods and the energy-
dispersive scattering technique. With this technique 3

the lattice parameters and P Vre-lations for hydrogen
were measured to a pressure of 26.5 GPa at 300 K.i

Accurate structural and EOS measurements in this
higher-pressure range are also relevant to understanding
the behavior of hydrogen at ultrahigh pressures (above
100 GPa) where significant changes in electronic prop-
erties (metallization) are predicted to occur. ' These
changes are expected to occur at V/Vs 0.1. Phase
transitions at ultrahigh pressure have been observed in
hydrogeni7 and deuteriumis at these densities (begin-
ning at 150 GPa), and recent optical measurements indi-

cate that metallization by band overlap occurs at these
pressures. is The EOS in this pressure range has not yet
been examined by experimental techniques. At these
pressures one must rely on the extrapolations of lower-

pressure EOS and on the predictions of theoretical calcu-
lations. In fact, EOS calculations have been performed20
based on effective intermolecular potentials parametrized
using poorly constrained experimental P- V data; the re-
finement of such potentials in view of the new experi-
mental data is therefore of interest. During the past few

years, the EOS has also been calculated by the use of
electronic structure techniques based on a variety of dif-
ferent approximations. Considerable differences in

the predicted equations of state are evident. Detailed
comparisons with the accurate experimental data pro-
vide a test of the accuracy of these theoretical methods.

In this paper we present single-crystal x-ray diffraction
results for ri Dz to -14.2 GPa together with an analysis
of the data for both n-H2 and n-D2 using phenomeno-
logical EOS formalisms and effective pair-potential mod-
els. The accurate P- V data now available over a large
range of compression (V/Vc to 0.21) allow us to exam-
ine critically the validity of phenomenological equations
of state parametrized by low-pressure elastic properties.
The volume dependence of the thermal pressure is calcu-
lated from the Mie-Gruneisen model. Equations of state
are calculated from a variety of effective pair potentials
developed for dense hydrogen. From the pair potentials,
lattice-dynamics calculations can be performed to pro-
vide an additional check on the calculation of the thermal
pressure. We examine the accuracy of extrapolating the
calculated EOS to high compression. These comparisons
are useful for estimating the stability of the molecular
phase relative to the predicted metallic phases at very
high pressures.

The remainder of the paper is organized as follows.
The experimental technique is reviewed in Sec. II, and
the experimental results for D~ are presented in Sec. III.
The thermal pressure as a function of pressure is con-
sidered in Sec. IV. In Sec. V the phenomenological

EOS treatment is given. The results of the pair-potential
calculations of the equation of state, including a discus-
sion of the lattice dynamics, are presented in Sec. VI.
Comparisons with the results of previous experimental
equation-of-state studies are described in Sec. VII. Sec-
tion VIII contains a discussion, including comparisons
with theoretical results and implications for the equation
of state at higher pressures.

II. EXPERIMENTAL METHODS

The x-ray diffraction measur ements reported here
for deuterium were performed on beam line X13A
(now X7A) at the National Synchrotron Light Source,
Brookhaven National Laboratory. The experimental
technique has been outlined previously, i4zs z7 so it is
reviewed only briefiy here. The collimation of the x-
ray beam is accomplished with a pair of adjustable slits,
which result in a beam size down to 10—30 pmz. zs The
x rays are incident on the sample in the diamond cell
which is mounted on a translation stage which is in turn
mounted on a goniometer head. The diffracted x rays are
detected by a Ge solid-state detector at a fixed 20 angle
from the incident beam. Along with the higher intensity,
however, the background radiation (primarily from the
diamond) also increases. Improved collimation of the re-
ceiving slits enhanced the sensitivity for measurement of
diffraction from the sample.

The solid hydrogen was pressurized using a diamond-
anvil pressure cell designed for x-ray diffraction. The
cell was loaded in a pressure vessel containing fiuid deu-
terium at 0.2 GPa and 300 K. s The sample was confined

by a stainless steel gasket having a hole diameter of 50—
150 pm and a thickness of 50 pm. The smaller sample
size was used for the higher-pressure measurements. The
pressure in the diamond cell was increased to 6.3 GPa,
which is above the 300 K freezing point to form a sin-

gle crystal of deuterium. Orientation of the sample and
searching for reflections were accomplished by mounting
the single-crystal cell in a rotation stage (for the y cir-
cle rotation), which was then mounted on the goniometer
head of the diffractometer on the beamline (for the ~ cir-
cle rotation). A given reflection was found as a peak in
the energy-dispersive spectrum when the diffraction con-
dition was satisfied for a specific combination of y and
~ 14,26

The pressure was determined by ruby fluorescence
with an optical system consisting of a microscope, 0.18
m spectrometer, and optical multichannel analyzer; the
measured ruby fluorescence was induced directly by the
incident x-ray beam. The quasihydrostatic ruby pres-
sure scale is used to calculate the pressure from the wave-

length shift of the ruby Rq band. 3

III. X-RAY DIFFRACTION OF DEUTERIUM

Diffraction patterns measured for deuterium at high
pressure are shown in Fig. 1. Diffraction patterns at
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six pressures up to 14.2 GPa were measured. The angu-
lar relationships between the diA'raction peaks indicated
that the structure is hexagonal close packed, consis-
tent with lower-pressure measurements for deuterium5
and low- and high-pressure results for hydrogen. The
orientation of the crystal was found to shift slightly with
increasing pressure in the lower-pressure range. Signif-
icantly larger shifts were observed at higher pressures.
There was no evidence of any major phase transitions
having occurred (for example, to an orientationally or-
dered cubic structure). i 2 At the highest pressures the
reflections weakened as a result of breakup of the sin-

gle crystal. Nevertheless, the number of reflections mea-
sured was sufficient to calculate a volume on the basis of
a hexagonal cell. With pressures measured by x-ray in-

duced ruby fluorescence, the pressure dependence of the
lattice parameters and molar volume from 6.5 to 14.2
GPa at 300 K were directly determined. The results are
tabulated in Table I.

The pressure dependence of the c/a ratio for D2 is plot-
ted in Fig. 2. No systematic change in the c/a ratio with
pressure is evident, within the experimental uncertainty,
to 14.2 GPa. Previous measurements for n-Hq carried
out to 26.5 GPa indicated a systematic decrease in the
axial ratio c/c with pressure; this change becomes par-
ticularly pronounced above 15 GPa. i4 A cja ratio close
to the ideal value of 1.633 is observed for both isotopes
near ambient pressure and low temperature.

Recently Glazkov ef al.ss have reported neutron
diffraction measurements for n-D2 to 30.9 GPa at 300
K. They report that c/c remains constant at 1.62 over
this pressure range, which is consistent with our re-
sults. There is thus evidence that hydrogen and deu-
terium show different behavior in the 15—30 GPa pres-
sure range. Although these differences could arise from
intrinsic structural differences between the two isotopes
at high pressure, it is necessary to confirm these results
with further measurements. The measured deviation in
c/a from ideal in hydrogen could be associated with non-
hydrostatic strains; these may differ from one sample to
the next due to different states of annealing at high pres-
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FIG. 1. Examples of diR'raction patterns for n-Dq at
9.2(+0.1) GPa. (a) 100 class reSection. (b) 101 class re-

flection. The intensity scale is total counts; the spectra were
collected over 2-3 min of exposure time.

TABLE I. Lattice parameters and molar volume of ra-Dq (300 K). Uncertainties are given in

parentheses. The principal source of error in the absolute values in the lattice parameters (and molar
volumes) is that due to uncertainty in the angle calibration for the energy-dispersive measurements.
This uncertainty was largest for the measurements at the first three pressures ( 0.8%). The error
in pressures is that due to the wavelength calibration of the monochromator used in the ruby
fluorescence measurements.

a (A)

2.623(22)
2.574(20)
2.512(21)
2.493(2)
2.442(5)
2.406(5)

c (A)

4.252(35)
4.201(33)
4.108(35)
4.050(5)
3.963(7)
3.894(8)

c/a

1.621(3)
1.632(3)
1.635(5)
1.625(5)
1.623(2)
1.618(3)

V (cm /mol)

7.63(11)
7.26(10)
6.76(10)
6.56(1)
6.16(2)
5.88(2)

P (GPa)

6.5(1)
7.3(1)
9.2(1)

10.2(1)
12.3(1)
14.2(2)



42 EQUATION OF STATE OF SOLID H2 AND D2 6461

1.660

1.640
CI ~ O1.620

1.600
Deuterium, 300 K

1.580

15.0

12.5
g$

U

2.5 5.0 7.5 10.0 12.5 15.0 17.5

Pressure (GPa)

FIG. 2. Pressure dependence of the c/s ratio in n-D2 (300
K). The ideal value (1.633) is shown by the dashed line. 5.0

+
+

sure, different sample sizes, and differences in the mate-
rials used in the diamond-anvil cell. It is also possible
that this behavior reflects differences in ortho-para con-
tent in normal hydrogen and deuterium at 300 K. Under
equilibrium conditions, there is a higher concentration of
molecules in odd (e.g. , J=1) relative to even (e.g. , J=O)
states in n-Hz than in n-Dz at 300 K (75%—25% and
33%—67%, respectively, at zero pressure). z This differ-
ence could result in a more anisotropic structure for Hz
at a similar compression; such a possibility can be tested
by x-ray diffraction measurements of the temperature de-

pendence of the lattice parameters at high pressure.
The observed pressure dependence of the c/a ratio in

rt-Hz may be indicative of continuous partial alignment
of the Hz molecules in the hcp structure at high pressure,
with the rotation axis parallel to c. Recent density func-
tional calculations by Barbee et al. predict a continuous
ordering of Hz molecules in the hcp structure, instead of
a first-order orientational ordering transition. They
predict that the c/a ratio reaches a limiting value of 1.56
under pressure for the fully ordered solid. On the other
hand, the Hartree-Fock calculations of Raynorzs predict
an increase in c/a with pressure (&1.78). These calcula-
tions were performed for the static lattice with a frozen
molecular bond (i.e., zero-point motion was neglected),
and no distinction is made for ortho or para species. It is
also important to emphasize that the calculations of Bar-
bee et al predict met.allization by band overlap to occur
at a very low pressure (40 GPa), in poor agreement with

experiment.
We wish to point out that on the basis of current x-ray

diffraction data for hydrogen and deuterium, we cannot
rule out the possibility of mixed layer polytype struc-
tures based on hexagonal close-packed layers. The x-
ray intensities for the supercell diffractions would be too
small to be observed. There is evidence for the persis-
tence of such metastable structures in hydrogen at low

pressures. Moreover, we have documented the existence
of such intermediate structures of close-packed materials
at high pressure by diamond-anvil cell x-ray diffraction
techniques. s7 On the other hand, the volumes of such
structures are expected to be close to that of the hcp
solid, so the existence of such intermediates should not
have a large effect on the calculated equations of state

5.0 6.0 7.0 8.0

Volume (cm /mol)

FIG. 3. Pressure-volume data and equation of state of
deuterium at 300 K. ——,Vinet et al. , fit to the present data;

., van Straaten and Silvera (Ref. 9); —. —,Shimizu
et al. (Ref. 8); + + + +, extrapolation of Anderson and
Swenson Birch-Murnaghan EOS (Ref. 4); ———,extrapolation
of Anderson and Swenson data using the Vinet et al. EOS.

IV. THERMAL PRESSURE

In order to compare our results with equation of state
determined at low temperatures and with theoretical
models, a thermal pressure term Pth for 300 K must be
subtracted from our measured pressures. In this calcula-
tion, we use the Mie-Gruneisen approximation, a model
that has been applied to dense solid hydrogen in a num-

ber of previous studies (see Ref. 2). The results are also
compared with lattice-dynamics calculations using inter-
molecular potentials.

The pressure P(V, T) is given as the volume derivative
of the Helmholtz free energy I". In the Mie-Gruneisen
model, the total pressure is written

(e.g. , Ref. 37), which is the central focus of the present
study.

In Fig. 3 we compare the present data for Dz with pre-
viously determined equations of state plotted in the same
P- V range at room temperature. The lower curve is the
room-temperature EOS given by Shimizu et al. ,

s which
was calculated from the pressure dependence of the sound
velocity measured by Brillouin scattering. The van
Straaten et al.s EOS was based on low-temperature op-
tical measurements with a Mie-Gruneisen model used for
the thermal correction for room temperature. We also
show the results of extrapolations of the earlier EOS
data of Anderson and Swenson using EOS formalisms
described below. ss 4o The new data at higher pressures
lie between the earlier determinations. A comparison be-
tween the previously reported results for hydrogen and
earlier equations of state showed similar discrepancies.
The calculation of the EOS shown in Fig. 2 is described
in Sec. V.
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= P(V, T) = Ps(V)+Pzp(V)+Pth(V, T)
/dFI
&dV) T

where Ps(V) is the static-lattice pressure, and the second
and third terms are the zero-point and thermal pressures
given as

O. B — Ther mal Pressure
G5

o. 0.6

0.4
0

0.2

Pzp(V) = 9R8Dy/8V,

Pth(V, T) = (3RTp/V) D(8D/T).

(2) 4 5 6 7 S 9 10

Volume (cm /mol)

Here 7 is the thermal Gruneisen parameter, OD is a char-
acteristic (Debye) temperature, D(Op/T) is the Debye
function, and R is the gas constant. In this analysis we
determine the pressure at T = 0 K, Po —Ps+ Pzp, which

is a function of volume only, for each of the experimental
points.

The volume dependence of the Gruneisen parameter
has been studied by numerous investigators. Krause
and Swenson42 have determined the volume dependence
of y to 10 cm /mol from heat capacity measurements.
Wijngaarden et al. have approximated p at higher com-
pression by measurements of the mode-Gruneisen pa-
rameter for the E2& optical phonon obtained from high-
pressure Raman and infrared spectroscopy and scaling
the results of lattice-dynamics calculations. Driessen and
Silvera44 and Hemrnes ef al.4s have used these results in

their calculations of the EOS. Recently, we have obtained
measurements of the pressure dependence of the opti-
cal phonon to pressures above 100 GPa. In the present
analysis, we estimate the pressure dependence of p by
fitting the frequency shift of the phonon over this large
pressure range. In the pressure range of the present x-ray
data the result is similar to that reported previously,
although the volume dependence differs because an ex-

trapolated low-pressure EOS (Ref. 47) was used to ana-

lyze the data in that study. It is useful to point out that
for T » 8D the thermal pressure becomes

P,h
—(3RTy/V) [1 —-(8D/T) + —'(OD/T) + - j,

FIG. 4. Thermal pressure as a function of volume for
Hp. ——,Mie-Gruneisen model. We parametrize the Debye
temperature as en(V) = IIexp(Aqs ), with x = ln(V/V )
and V = 23.0 cm /mol. The Gruneisen parameter is thus

7(V) = —p& kAqs". The parameters obtained from the
fit are Ao ——4.599, Aq ———2.161, Ag ———0.3736, and

A3 ———0.02984. . . . ., Mie-Gruneisen result of Hemmes
et al. (Ref. 45). + + + +, lattice-dynamic calculation with
the Silvera-Goldman potential (see text); x x x x, lattice-
dynamics calculation with the exp-6 potential with a=10.9
(see text).

to, or in some cases less than, the uncertainty in mea-
sured pressures ( 0.1 GPa), there does not appear to be
any additional uncertainty added to the equation-of-state
calculation in the temperature reduction of the pressures
to T = 0 K. Similar thermal corrections for hydrogen in

this pressure range were obtained by Ross et al. from
lattice-dynamics calculations. The temperature-reduced
pressures obtained in this study for H2 and D2 are listed
in Table II.

The ortho-para concentration introduces some ambigu-

ity into the equation-of-state fit in the low-pressure range.
The concentration of odd- J species cq is 75% for n-H2 at
room temperature, ~hereas for T 0 K c~ ——0 at equi-
librium (the ground state for the solid at P = 0). The

TABLE II. Pressures at 300 and 0 K as functions of vol-

ume for n-Hq and n-D2.

P (Gpa) (0 K)'P (GPa) (3oo K)

Hg

5.40(3)
10.1(1)
15.0(1)
21.4(1)
26.5(1)

T » OD. (4) V (cm /mol)

7.992(1)
6.671(4)
5.799(10)
5.145(23)
4.791(22)

4.84
9.6

14.6
21.1
26.2

D2

6.5(1)
7.3(1)
9.2(1)

10.2(l)
12.3(1)
14.2(2)

7.63(11)
7.26(10)
6.76(10)
6.56(1)
6.16(2)
5.88(2)

5.7
6.5
8.5
9.5

11.6
13.5

Calculated pressure from the Mie-Gruneisen model.

The effective 8D for hydrogen at zero pressure (T ~ 0

K) is 99 K, increasing to -400 K at 1.5 GPa, and -1250
K at 20 GPa.

The volume dependence of the thermal pressure cal-
culated from the Mie-Gruneisen model in shown in Fig.
4. All models indicate a significant increase in Pzp with
applied pressure. There are significant discrepancies in

Pzp between the Mie-Gruneisen model and the lattice-
dynamics calculation with the exp-6 potential (n=10.9;
see below). On the whole, a softer potential produces a
lower Pzp at higher pressure. However, the thermal pres-
sure is less sensitive to these differences, and there is good
agreement in the calculation of volume dependence of
Pth using the effective potentials considered here and the
Mie-Gruneisen model. Since these differences are close
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presence of J=l impurities introduces a small negative
quadrupolar pressure Pq which reduces the zero pres-
sure Vo. The magnitude of the change, however, is much
less than the spread in values reported for Vo for pure
p-Hz. z Perhaps the most accurate determination of Vo is

that of Ishmaev and co-workerss 7 who reported values
of 23.00 (+0.02) cms/mol and 19.933 (+0.015) cms/mol
for p-82 and o-D2, respectively. For hydrogen, Silvera
prefers Vo

—23.14 (+0.12) cms/mol for p-Hz, with Vo

22.91 cm /mol for n-Hz (but see Kr ause and
Swenson42). In view of the uncertainties in this quan-

tity, we have adopted Vo ——23.00 cms/mol for our fit,
but also show results of using the lower value. The value

reported by Ishmaev ef al. for deuterium is close to pre-
vious determinations; Vo ——19.93 cm /mol is used in the
t.

V. EQUATION OF STATE

With the temperature-reduced P- V data, we can ana-

lyze the results by the use of phenomenological equations
of state. The Birch-Murnaghanss equation of state has
been used in a number of EOS studies of hydrogen (see
Silveraz). To fourth order in the strain energy, the equa-
tion of state is written,

P = 3I&o(Vo/V) I f(1 + af + bf ),

where f is the Eulerian strain, f = z[(Vo/V) ~ —1), and

a = sz(Ko —4),

b = z[I~oIto'+ I&o(Ito —7) + '9 ].

A fit of I" = P(v/Vo)sos f versus f can be used to ob-
tain the bulk modulus Ito and its pressure derivatives

I&o and I&o'. If the EOS is truncated at third order (lin-
ear I" fre-lation), I&o' is constrained by ItoI&o' ——(l&o)
+7I&oI —

o . Grover et al. have proposed the following
EOS for P Vd-ata at high compressions:

((V/Vo) exp[Iso(I —(V/Vo)] —1)
Kp +

This function has been shown to accurately represent
compressional data to V/Vo 0.4. More recently, Vinet
et a/. 4o have proposed an EOS of the form

P = 3I&o(V/Vo) I [1 —(V/Vo)' ]
x exp(ran[1 —(V/Vo)'I ]),

where rl = -(E&o 1). The—y have shown that this function
is capable of fitting the EOS of a wide variety of materials
to high compression. With this formulation, it is useful

to note that I&oICo' ———(It.o/2)z —(I&o/2) + ss', in the
Grover et al. EOS I&oI&o'. The Birch-Murnaghan EOS
can be represented in terms of an expansion of a 1/r"
interatomic potential such as the Lennard-Jones form

(r s—r z).4 In contrast, the latter two EOS functions
are based on a repulsive interatomic potential.

TABLE III. Equation-of-state parameters.

EOS V(& (cm /mol) Ks (GPa) Kp E()' ' Pressure range
(GPa)

Data source
and notes

Hg

Vinet et al.
Vinet et al.
Vinet et al.
Vinet et al.
Birch (3rd)
Birch (3rd)
Birch (3rd)
Grover et al.

23.00
22.91
22.91
23.00
23.00
23.00(2)
23.00
23.00

0.172(4)
0.169(4)
0.166
0.186(5)
0.170(6)
0.1857(30)
0.362(3)
0.066(2)

7.19(4) [
7.26(4) [
7.29(2) [
7.07(2) [
7.0(3) [
7.03(28)[

—16.0]
—16.3]
—16.4]
—15.5]
—15.9]
—16.1]

4.71(3) [—5.1]
8.43(1) [—8.4]

5.4—26.5
5.4—26.5

0.05—26.5
0.05—2.5
0.05—2.5

0—2.4
5.4—26.5
5.4—26.5

This
This
Ref.
Ref.
Ref.
Ref.
This
This

work n-H2
work n-H2
4 + Ref. 14 n-H2

4 n-H2
4 n-H&'

6 ~-H, d

work n-H2
work n-H2

Dg

Vinet et al.
Vinet et al.
Vinet et al.
Birch (3rd)
Birch (3rd)
Birch (3rd)
Grover et al.

19.93
19.93
19.93
19.933(15)
19.93
19.93
19.93

0.35(3)
0.336(1)
0.330(1)
0.3347(53)
0.315(6)
0.46(5)
0.22(2)

6.6(2) [—13.7]
6.78 (1) [—14.4]
7.01(1) [—15.3]
6.86 (17)[—14.9]
6.7(3) [—13.9]
5.2(2) [—6.5]
7.1(1) [—7.1]

6.5—14.2
0—14.2

0—2.5
0—2.5

0.05—2.5
6.5—14.2
6.5—14.2

This
Ref.
Ref.
Ref.
Ref.
This
This

work n2-D2
7 o-D~ + this work n-H2

7 o-D2
7 o-Dg
4 n-D, '
work n-D2
work n-D2

'Parameter is constrained by Ko according to the specific form of the EOS (see text).
A similar result was obtained by Vinet et al. (Ref. 40), who performed an unweighted fit.

'Values for Ko and Ko reported by Anderson and Swenson (Ref. 4).
Best-fit parameters reported by Ishmaev and co-workers (Refs. 6 and 7).
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We performed weighted nonlinear least-squares fits of
the temperature-reduced I'- V data listed in Table II to
each of these equation-of-state formalisms. In each case,
Vp was assumed, and Kp and Kp were adj usted. The
resulting equation-of-state parameters are listed in Ta-
ble III. Previous studies have shown that the third-order
Birch EQS is sufficient to represent the P Vd-ata for
hydrogen to pressures of 2.5 GPa.4 When combined
with the previous low-pressure results, we find that the
P V-data for both isotopes is not well represented by
a third-order Birch-Murnaghan expansion; specifically,
a distinct curvature in the F fpl-ot develops above f
= 0.6. Hence, at least a fourth-order expansion is re-
quired to adequately represent the data. With the fourth-
order parametrization, however, the F fcur-ve passes
through a maximum at f 1.0, which is unphysical;
hence the fourth-order EOS is not likely to be useful for
extrapolation to higher pressures.

We find that the Vinet et al. form is superior to
both the Birch-Murnaghan and Grover et al fits to. the
same data. When the low-pressure data of Anderson and
Swenson4 or Ishmaev and co-workerss 7 are used to con-
strain Kp and Kp, the agreement between the extrapo-
lated Vinet ef al. EOS and the new higher-pressure data
is quite close, as shown in Figs. 5 and 6. If used in
combination with the low-pressure data of Ishmaev ef al
(for p-Hz), the result is similar to the Vinet ef al fit; but.
IfoI&o' becomes more negative. On the other hand, there
is no need for higher-order terms (beyond I&0' ) in the
latter EOS. This result for Hz was suggested by prelim-
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FIG. 6. Temperature-reduced (T = 0 K) EOS for Dz. 0,
x-ray data (high-pressure); ~, neutron data of Ishmaev et al
(Ref. 7) (low pressure); x, Glazkov et al (Ref.. 35);
Vinet et al. St to the present data; ———,van Straaten and Sil-
vera (Ref. 9);. . . ., extrapolation of Anderson and Swenson
EOS (Ref. 4).

inary work reported by Vinet ef al. , who analyzed the
Anderson and Swenson P Vresults an-d the original opti-
cal EOS data of van Straaten et al. s The present analysis
indeed shows that the two-parameter Vinet e$ al. EOS
provides a better fit to Hz data over a large compres-
sional range than was suggested by the previous work of
these authors. 40

The present analysis shows that given the same values
for Ko and Ilo, the two-parameter forms of the three EOS
begin at V/Vo —0.8; this is consistent with Jeanloz's4s

general analysis of these EOS functions. It is useful to
note that the values for Ilo obtained from both the Vinet
et al and third-o. rder Birch-Murnaghan forms are sim-
ilar. Ko 7 was obtained for Hz and Dz, when I&o
= 6.76, the I&oKo' terms for the two EOS are equal.
There are currently no ultrasonic data for ICp which
could be used to assess the extent to which the values
so obtained are physically meaningful.

0 I I I . l I

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5

Volume (cm /mol)

FIG. 5. Temperature-reduced (T = 0 K) EOS for H2. &,
x-ray data (high-pressure); ~, neutron data of Ishmaev et al.
(Ref. 6) (low pressure); x, Mateev et al (Ref. 10);.
Vinet et a/. fit to the present data; ———,van Straaten and
Silvera (Ref. 9);. . . ., extrapolation of Anderson and Swen-
son EOS (Ref. 4).

VI. COMPARISONS WITH PREVIOUS
EXPERIMENTAL RESULTS

One of the tests of an equation-of-state fit such as those
described above is the accuracy in the zero-pressure pa-
rameters. Since these are merely fitting parameters in
the EOS, they may not necessarily correspond to actual
values obtained independently by low-pressure elastic-
ity measurements (e.g. , ultrasonic or Brillouin scatter-
ing). It is therefore useful to note that the values ob-
tained for Kp from the fit of the x-ray diR'raction data
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agree with those determined from ultrasonic measure-

ments by Udovidchenko and Manzhelli and by Wanner

and Meyer [Ko ——0.174 (+0.010) GPa]. For D2, we find

that the Ko obtained from the fit of the neutron- and x-

ray difFraction data from 0 to 15.5 GPa is also close to
the ultrasonic resultsi [Ko ——0.337 (+0.020) GPa]. Ul-

trasonic results for H~ are also close to those measured by
Brillouin scattering at zero pressure and 4 K by Thomas
et al. [Kos = 0.173(1)GPa (adiabatic); corrected to Koz
= 0.162 GPa (isothermal)]. sz

The quality of the equation-of-state fits to the x-ray
diffraction data can be assessed further by the compar-
ison of the results in the low-pressure region (Figs. 5

and 6). Here we compare the temperature-reduced equa-
tions of state with the P- V data of Anderson and Swen-

son, which were obtained for n-Hz and n-Dz by a pis-
ton displacement technique to 2.5 GPa at 4.2 K. These
data were not included in the present fit. The Vinet et
al. form accurately reproduces the low-pressure data.
As discussed previously, i4 very good agreement with the
present equation of state for Hz is obtained if Ko is set
equal to the original zero-pressure values reported by An-

derson and Swenson in their Birch-Murnaghan fit. For
hydrogen (Fig. 5), we also show the results of the fit that
included the Anderson and Swenson data in addition to
the high-pressure diffraction points reported in Ref. 14
(see Table III). The result is nearly indistinguishable from
the present fit.

The most accurate EOS data in the low-pressure

range appear to be the neutron-diffraction measurements
of Ishmaev et al. s These authors examined the J=O
(para-Hz and ortho-Dz) solids at 4-40 K. Anderson and
Swenson found no dependence on ci in their measured
isotherms. The effect of ortho-para concentration on the
equation of state has been studied by Driessen et al.44

For the low-density solid, increasing ortho concentration
affects the EOS by the introduction of a quadrupolar
pressure. This correction is small on the scale of the
present measurements, and decreases with applied pres-
sure above 0.05 GPa.

We recall that there is less uncertainty in the Vg for
Dz. The EOS reported by Ishmaev et al. for Dz is sig-

nificantly less compressible than the results of Anderson

and Swenson4 and Driessen et sl.44 (who used the data
of Anderson and Swenson). It is interesting to note that
when the x-ray difI'raction data alone are used in the fit,
the resulting equation of state is close to that of Ishmaev
et al. This suggests that there may be a systematic error
in the relative volume measurements reported in Ref. 4.
In support of this conjecture is the overestimate of the
compressibility predicted for D2 using the extrapolated
Vinet et a/. EOS fit to the Anderson and Swenson data
(Figs. 5 and 6); in contrast, a similar analysis of the H2

result accurately predicts the EOS in the region of the
direct x-ray diffraction measurements.

The deviations between the EOS calculated from the
present data for H~ and Dq and those determined in pre-
vious investigations are illustrated in Figs. 7 and 8. In
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0.0
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xO~n ~ ~X~$~
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~ ~ I ~ ~

—7.5 I I I I I I I I
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Volume (cm /mol)

FIG. 7. Deviation of relative vo1ume of EOS for Hq at
a given pressure. &, x-ray data (high pressure); ~, neutron
data of Ishmaev et al. (Ref. 6) (low pressure); x, Mateev
et ol. (Ref. 10);,Vinet et al. , fit to the present data;
———,van Straaten and Silvera (Ref. 9);. . . ., Anderson and
Swenson EOS (Ref. 4); x, Mateev et al. (Ref. 10).
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2.5
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FIG. 8. Deviations of relative volume of the EOS for Dq

at a given pressure. &, x-ray data (high pressure); R, neutron
data of Ishmaev et al (Ref. 7) (low p.ressure); x, Glazkov
et al. (Ref. 35); —,Vinet et ol. , fit to the present data;
———,van Straaten and Silvera (Ref. 9);. . . . , Anderson and
Swenson EOS (Ref. 4).

these figures the percent difference in volume at a given
pressure is plotted as a function of volume. For Hz we

note the revised EOS of van Straaten and Silvera9 is in
much better agreement with the x-ray diffraction results
than was the earlier version (see Ref. 14). The closeness
of the two results actually extends well outside the range
of both measurements (less than l%%uo difference at 300
GPa). This agreement is partly fortuitous since the error
in the optical technique is estimated to be on the order of

5Fo as a result of the large uncertainty in the determina-
tion of the index of refraction by this technique. It is not
surprising then that their equation of state for deuterium
differs considerably from the x-ray diffraction result, (e.g. ,

the volume is overestimated by 5% at 5 cms/mol).
The neutron diffraction result of Glazkov et al.s is

in good agreement with the present results over the
range where the two sets of measurements overlap (6—8
cms/mol); however, at higher pressures the volumes de-

termined by neutron diffraction are somewhat smaller
than that predicted by the EOS extrapolated from the
x-ray data.
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VII. LATTICE DYNAMICS AND EFFECTIVE
POTENTIALS

4.0

The determination of an accurate pair potential for
solid molecular hydrogen for the calculation of the equa-
tion of state and other thermodynamic properties has
been the subject of a large number of studies. The
isotropic potential is a pair potential obtained from low-

pressure data for the gas phase; all angular terms aver-

aged out. It is well known that a quasiharmonic treat-
ment is insufficient to describe the highly anharmonic
quantum character of low-Z solids such as helium and
hydrogen at low densities. i z ss Although the quasihar-
monic treatment is insufficient to describe the dynamics
of low-Z solids at low pressure (where they are quantum
solids), it is well known that the harmonic expansion be-
comes accurate at higher pressures (e.g. , Ref. 54). If
the intramolecular dynamics are neglected, at the mod-
erate range of compressions of interest here, hydrogen
may be considered a nonquantum solid. z Hence we use
a quasiharmonic approximation to estimate the thermal
correction to the static equation of state. The Helmholtz
free energy is given as

F(V, T) = 4(V) + ~z) h~;(V)
t

+ItztT ) In(1 —exp[—hu;(V)/kziT]),

where the static-lattice energy 4(V) and harmonic nor-
mal mode frequencies u; are determined from the pair
potentials and are summed over the Brillouin zone. To
obtain the total vibrational pressure P»b = Pzp + Pth,
we calculate the volume derivative of the vibrational
free-energy calculated from the lattice dynamics, P„;b

(dI";b/dV). —The individual terms are written

Pzp = —~z) p;(V)h~;(V), (9)

Pth = kItT ) P;(V—)h~;(V), (10)

where y; is the mode-Gruneisen parameter of the ith vi-
brational mode, —d in~;/din V. The components of the
pressure were calculated by differentiation of polynomial
fits to the free-energy terms as a function of volume. We
use several potentials constructed for Hz (Fig. 9). Calcu-
lations were performed for the hcp solid. Since spherical
potentials are used, the minimum energy configuration at
a given volume will occur at the ideal c/a ratio (1.633);
all calculations were therefore performed with this con-
straint. The results of lattice-dynamics calculations of
the EOS using a variety of pair potentials for hydrogen
and deuterium are shown in Figs. 10 and 11.

Isotopic pair potentials for H2 have been obtained from
fitting gas-phase data and from ab initio calculations.
These potentials may be considered pure two-body in-
teraction potentials; that is, they do not include possi-
ble many-body effects associated with molecules in con-
densed phase. A large number of such pair potentials
have been proposed for hydrogen over the years (see Ref.
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FIG. 9. Comparison of effective pair potentials for hy-
drogen. —,modified potential (this work); ———,exp-6
with n=ll. l (this work);. . . ., Silvera-Goldman (Ref. 47);
x x x x, exp-6 of Ross et al. (Ref. 20) (n=ll. l); + + +
+, Young-Ross (Ref. 20).

2 for a review); the potential of Ahlrichs et al.ss is repre-
sentative of this class. Both this potential and the ab ini-
tio result of Ree and Bender s overestimate the volumes
at high pressure. Similar conclusions were reached by
Ross et sl. zs in comparing the results of lattice-dynamics
calculations with the previous, less accurate equation-of-
state data for the solid.
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FIG. 10. Comparison of 300 K equations of state for hy-

drogen calculated from efFective pair potentials. —,mod-
ified potential (this work); ———, exp-6 with n=ll. l (this
work);. . . ., Silvera-Goldman (Ref. 47); x x x x, exp-6 of
Ross et al. (Ref. 20) (n=ll. l); + + + +, Young-Ross (Ref.
20).
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Early potentials for hydrogen were of the Lennard-
Jones type. Such potentials, however, were found to be
far too inflexible in fitting both low- and high-pressure
data. z A particularly useful form has been the modified
Buckingham, or exp-6, potential,

Ve„p s(r) = {6exp[a(1 —r/r ')] —a(r'/r) ),

This potential has been shown to be more flexible in fit-

ting condensed phase data. The calculation with the
isotropic pair potential for hydrogen shows large devi-
ations with the experimental data for the solid. Such a
discrepancy was first shown in earlier calculations of the
EOS measured to 2 GPa. z The potential developed by
Silvera and Goldman4 was shown to fit the experimen-
tal data to 2 GPa. This potential is written

Vsc(r) = exp(a —Pr —yr2)

where f(r) is a damping function,

exp[—(1.28r /r —1)z], r & rr
1)

(13)

The parameters have the following values (atomic units):
cr = 1.713, P = 1.5671, y = 0.00993) Cs ——12.14, Cs
= 215.2, Cg = 143.1, Cio = 4813.9, and r' = 6.444 bohr.
They used self-consisent phonon methods for the low-

density solid where anharmonic effects are particularly
large. ~

FIG. 11. Comparison of 300 K equations of state for deu-

terium calculated from eR'ective pair potentials. , mod-

ified potential (this work); ———,exp-6 with a=ll. l (this
work);. . . ., Silvera-Goldman (Ref. 47); x x x x, exp-6 of
Ross et al (Ref. 20. ) (e=ll. l).

Ross et al. calculated the equation of state of hydro-
gen and deuterium with lattice-dynamics models with a
variety of pair potentials. They compared the results
with the equation-of-state data available at that time,
including both indirect static results s and shock-wave
data. ii They showed that the equation of state of hydro-
gen predicted by previously proposed pair potentials for
solid hydrogen causes a significant overestimation of the
pressure at high compression. This discrepancy indicates
that attractive many-body forces become significant in

hydrogen at high densities. To account for this effect,
they modified efFective potentials that fit low-density
data by softening the potential at short range. This in-

cluded a modified exp-6-type potentialzo parametrized
to fit shock-wave data for hydrogen to 10 GPa and deu-
terium to 76 GPa; for this potential e/k~ = 36.4 K,
r' = 3.42 A. , and cr = 11.1. Ross et al. also modified
the Silvera-Goldman potential for static pressure cal-
culations (Young-Ross potential VYn). The potential at
short range (below 2.55 A.) has a softer repulsive expo-
nential term; i.e. ,

VYp.(r) = VsG(r), r ) r,
= A exp[—B(r —r, ) —C(r —r, ) —D(r —r, )

E(r ——r, ) (r —ri)], & r„(14)
where A = 3.98823 x 10 erg, B = 4.76940 A.

C = 2.254 5? A. D = 0.955 189 A. , E
= 0.248 158 A. , r i ——1.2 A. , and r, = 2.55 A. The re-
sults obtained with these potentials were in good agree-
ment with the earlier EOS of van Straaten et al. , which is

significantly stiffer than their revised equations and the
synchrotron x-ray difFraction results (see also Ref. 14).
The comparison with the present data for the two iso-
topes is shown in Figs. 10 and 11.

Because of the inadequacy of these effective potentials
to fit the high-pressure data for both hydrogen and deu-
terium, we have obtained a new effective potential for
hydrogen. In the spirit of previous work we propose a
new modification of the potential of Silvera and Gold-
man at short range. We simply add to the SG potential
an ad hoc short-range term VsR of the form

This correction term is similar to that proposed by Kim
et al in the.ir study of the high-pressure EOS of xenon
and krypton. We find that such a correction with a~
= —4.287 x 10 z hartree/bohrs and az —6.718 x 10
hartree/bohrs, with r, = 5.291 bohr, accurately repre-
sents the room-temperature x-ray diffraction data for
both isotopes. The results are shown in Figs. 10 and
11.

VIII. DISCUSSION

We have obtained an EOS for H2 and D2 that fits
the accurate compression data for the two solids over
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a wide compression range (V/Vo 0.2). We find that
two-parameter EOS functional forms based on exponen-
tial repulsive interactions may be superior to those based
on I/r" interactions (e.g. , Lennard-Jones form). In fact,
the two-parameter Vinet et al. EOS is capable of rep-
resenting both the low- and high-compression data as
successfully as the low-compression data alone with the
same parametrization. The values for the bulk modulus
that are obtained from such an analysis are in excellent
agreement with the best experimental estimates based on
cryogenic sound velocity measurements performed near
zero pressure. The extent to which the higher-order pa-
rameters obtained from such a fit, (I&a and E&o ) are close
to physically meaningful elasticity parameters measured
at zero pressure remains to be tested by further zero-
pressure measurements. In spite of uncertainties asso-
ciated with effects of variable ortho-para ratios and the
zero-pressure reference volume, our analysis has permit-
ted us to assess the accuracy of previous I'- V measure-
ments carried out to V/Vo 0.4 (2.5 GPa).

The overestimation of the pressure (or volume) in the
pair-potential calculations in comparison with the new

high-pressure data is a general feature of the results pre-
sented above. These discrepancies reflect inadequacies
of the form of the repulsive part of the potential. Sim-
ilar results have been noted for helium, neon, @ and
xenon. It has been proposed that at high densities
many-body exchange terms soften the repulsive forces in
the solid, causing a decrease in the pressure. An alter-
native approach is based on the concept that the charge
density of the component atoms contract in the crystal,
thereby softening nearest-neighbor repulsive interactions
(see Ref. 34). We emphasize that the effective poten-
tials may not be useful for describing properties other
than the equation of state; use of the modified SG or
exp-6 potentials to calculate the pressure dependence Eqz
hcp phonon, for example, significantly underestimates
the frequency at high compression (e.g. , by as much as
45Fo at 6 cm /mol); similar results have been obtained
by Wijngaarden et al. 4 with the SG potential. An ad-
ditional complication for the use of effective potentials
arises from the observed softening of the Raman-active
vibron, ~ ~s s which indicates that the intermolecular in-

teractions become more complex at high densities. The
inadequacy of a pairwise description of the forces in po-
larizable systems in general at high compression, of which
dense solid hydrogen is an excellent example, has been
analyzed by Maggs and Ashcroft. 59

The potentials obtained by Ross et al. fit shock-wave
data for hydrogen up to 10 GPa and for deuterium
to 76 GPa. At the highest pressures reached on deu-

terium, however, the errors in the pressure are consid-
erable; hence, the effective potential is actually rather
poorly constrained by these data. It is useful to note
that even the Young-Ross potential appears to overes-
timate the pressure slightly for the highest compression
points on the Hugoniot. It is likely that the effective po-
tentials proposed will fit the shock-wave points within the
uncertainty of the measurements, although this must be

tested by a direct calculation. At highest pressures along
the Hugoniot, where the high temperatures reach a max-
imum of 7100 K, the efFect of the weakened intramolecu-
lar bond may be appreciable; this bond-weakening effect
should be included in the EOS calculation.

The large differences in the EOS of hydrogen and deu-
terium at low pressures ((I GPa) arise from quantum
effects. z It is useful to investigate whether or not there are
differences in the EQS at higher pressures. The observed
differences in the pressure of the phase transition at
150—170 GPa (Refs. 17 and 18) and the pressure depen-
dence of the vibron frequencyss for hydrogen and deu-
terium indicate that there are significant isotope efFects
on the energetics at very high compressions. Within the
accuracy of the present x-ray data we cannot currently re-
solve any differences in the I- V curve of the two isotopes
over the pressure range of our measurements. On the
other hand, comparison of the x-ray diffraction results
for hydrogen with the neutron-diffraction data for deu-
terium of Glazkov et al.s suggests a higher compressibil-
ity for the heavier isotope. This difference is systematic
and outside the error limits of the two studies. Differ-
ences in ortho-para concentration could also contribute,
as discussed above in regard to the pressure dependence
of axial ratios. Moreover, since the results were obtained
using two different techniques, further measurements are
required to examine this question.

Although a large number of electronic structure calcu-
lations for the high-density monatomic phase have been
performed over the years, ~ ~s it is only fairly recently
that comparable calculations have been done for the
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FIG. 12. Comparison between the theoretical and experi-
mentally determined equations of state for hydrogen at ultra-
high pressures. , extrapolation of present EOS; ———,
extrapolation of van Straaten and Silvera (Ref. 9) EOS;
—. —,Min et al (Ref. 22) (cubic .Pa3 structure); x, Ceperley
and Alder (Ref. 23) (cubic Pa3 structure &100 GPa; rota-
tionally disordered fcc &100 GPa); . . . ., Raynor (Ref. 24)
(ordered hcp structure); +, Barbee et al. (Ref. 25) (ordered
hcp structure).
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molecular phase. Min ef al. ~z and Barbee et al.25 have

performed density functional calculations for the molec-

ular solid in the orientationally ordered structures, and

Ceperley and Alder2s have examined ordered and disor-

dered molecular phases by Monte Carlo techniques (at
T= 0 K). Raynor investigated the phase stability, vi-

brational properties, and equation of state with Hartree-

Fock self-consistent field methods. The equations of state
calculated from these models are compared with the ex-

perimentally constrained T = 0 K equations of state in

Fig. 12. In the extrapolation to higher pressure, we ne-

glect the effect of possible band overlap, as well as vibron

softening, both of which could cause a softening of the
compression (negative pressure term) at high pressure.
There are considerable diR'erences among the calculations
and between theory and experiment, at low pressures, but
the discrepancies tend to decrease in the higher-pressure
range () 100 GPa). The Min et al.2z and Barbee et sl.~s

calculations tend to give smaller volumes than does the
extrapolated Vinet ef al. EOS at high pressure. Other
theoretical calculations are found to give larger volumes
at high pressure, as are the EOS calculated from the pre-
viously proposed pair-potential models. 20

Recently, we showed that there is a gradual increase
in optical absorption in the molecular solid above 200
GPa. We proposed that this represents decreasing en-

ergy of the direct band gap, with the indirect gap closing
at lower pressures. In view of the possibility of structural

and order-disorder transitions outside the P T-range of
the present measurements, and the possible softening of
the equation of state associated with vibron shifts and
band overlap, we emphasize that the present EOS mea-
surements are strictly valid only in the moderate-pressure
range (to 30 GPa). In addition, although we have calcu-
lated the eA'ect of temperature reduction to T = 0 K, we

cannot rule out the possibility of such transitions at lower

temperatures within the pressure range of our measure-
ments. Low-temperature Raman studies suggest that a
transition of this type occurs in Dq at 28 GPa (10 K).
Direct structural investigation by x-ray diffraction is re-

quired for definitive study of these transitions. Such vari-
able P Tmea-surements are now possible with diamond-
anvil cell and synchrotron x-ray de'raction techniques.
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