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Static-hole energies in the t Jmodel and a t-J-e model of the high-temperature superconductors
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We present Monte Carlo results for the energies of static holes in the t-J model. We consider the
cases of zero, one, two, and four holes on square lattices of side L=4, 6, and 8 and extrapolate these
results to give estimates for the bulk limit. We And that the hole energies and finite-size effects are
in good agreement with spin-wave theory. Our results are consistent with phase separation in the
static limit of the t-J model, but indicate that the incorporation of long-range Coulomb repulsion
between holes prevents phase separation. We find that hole pairs alone are bound for a certain
range of dielectric constant e, which is 52&@&104 in the static limit of a t-J-e model with 1/r
Coulomb repulsion, given the currently accepted value of J. The large observed value of the in-

plane dielectric constant of LazCu04, a=30+3, is not far from the lower limit of this theoretical
pairing range, so the t-J-e model may provide a useful approximate description of the mechanism of
hole pairing in the high-temperature superconductors. Hole Cooper pairs that act as mediators of
high-temperature superconductivity may thus arise from a competition between the large antiferro-
magnetic coupling J, which encourages hole clustering, and the e-suppressed hole Coulomb repul-
sion, which restricts hole binding to pairs.

I. INTRODUCTION: THE t-J MODEL,
SPIN-%AVE THEORY, AND PHASE SEPARATION

The search for the mechanism of high-temperature su-
perconductivity' has motivated many recent investiga-
tions of the behavior of holes in quantum antiferromag-
nets, due to experimental indications of an association be-
tween the onset of superconductivity and the disruption
of long-range antiferromagnetic order as hole doping is
increased. If this association is not accidental, a model
Hamiltonian that incorporates both hole hopping and
long-range spin antialignment on a two-dimensional lat-
tice may implicitly describe the mechanism of high-T, su-
perconductivity. Several models of these effects have
been proposed, including the two-dimensional Hubbard
model and the closely related t-J model. The t-J model,
which is the subject of this study, is described by the
Hamiltonian

H= t g (c; c +—H c )+J g. (.S; S —,'n;n ) . —
(ij),o (ij )

Numerical studies of this Hamiltonian on small lattices
using exact diagonalization techniques have appeared in
the literature (for a review see Dagotto ), but it is unfor-
tunately very diScult to simulate these dynamical fer-
mion models using Monte Carlo methods due to the
"minus-sign problem. " Although the t-J model has not
been studied numerically on large lattices, various ap-
proximate methods have been applied to this system. Bu-
lut, Hone, Scalapino, and Loh used spin-wave theory in
the static hole (t =0) limit to estimate hole energies and
hole-pair binding energies on finite lattices and in the
bulk limit. They actually quote results for static holes in

the Heisenberg model

H=J gS, St,
&ij}

(2)

which is equivalent to the static limit of the t-J model
once the energy of each hole sector is decreased by
Jg(, )n, n /4. The eigenstates of (1) and (2) are trivially
identical in the static limit. This spin-wave calculation
finds large finite-size effects, which is not encouraging for
small-lattice studies. However they also indicate that the
asymptotic finite-size energy dependences are simple
powers of the lattice size, with relatively small nonleading
corrections on a 4 X 4 lattice, so that extrapolation to the
bulk limit may be straightforward. It is clearly of interest
to test these predictions of finite-size effects, since accu-
rate numerical studies of high-T, models are currently re-
stricted to small lattices.

There is another more fundamental problem encoun-
tered in studies of the t-J model; although it is widely dis-
cussed as a model of high-T, superconductors, it is also
believed to predict phase separation in the hole-doped
system. ' This prediction can be motivated by simple en-
ergy arguments in the static-hole limit. An isolated hole
in a Heisenberg spin background breaks four antifer-
romagnetically ordered spin-pair bonds, with a corre-
sponding increase in the energy of the system. To mini-
mize the increase in energy for a given number of holes
we must minimize the number of broken bonds, which is
accomplished by arranging the holes in a compact clus-
ter. This phenomenon of hole phase separation is not ob-
served in the high-T, superconductors and is thus an un-
physical feature of the t Jmodel. (To-avoid possible con-
fusion we emphasize that the hole phase separation con-
sidered here is distinct from the separation of an oxygen-
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rich phase of LazCu04+s reported by Jorgensen et al. )

In this paper we use a Monte Carlo method to deter-
mine the ground-state energies of static holes in the t-J
model, which allows a direct comparison with the spin-
wave theory of Bulut et al. and also allows us to estimate
the energies associated with phase separation. In Sec. II
we briefly describe the Monte Carlo algorithm and give
more complete references to related applications. Section
III gives our results for hole energies and compares them
to previous numerical and spin-wave results, and shows
that they lead to a simple approximate result for hole en-
ergies which supports phase separation in the t-J model.
As an indicator of phase separation we measure a two-
pair condensation energy in addition to the usual hole-
pair binding energy. In Sec. IV we discuss the effect of
introducing the Coulomb interaction between holes in a
"t-J-e" model. We argue that phase separation is
prevented by the incorporation of any amount of I/r
Coulomb repulsion between holes, and that Coulomb
repulsion with a dielectric constant near the value ob-
served in LazCu04 may lead to hole pairing as is suggest-
ed experimentally. Finally, Sec. V gives a summary and
conclusions.

II. METHOD: THE DGRW ALGORITHM

Our results were obtained using the discrete guided
random walk (DGRW) Monte Carlo algorithm, ' which
simulates the evolution of a given initial state in Euclide-
an time ~ by running random walks in the configuration
space of the system. The ground-state energy and matrix
elements can be extracted from the averages of certain
weight factors, which depend on the path followed by
each walk in configuration space and on a trial ground-
state wave function fp"" used to guide the walks. For
this study we used

gp"'" ~ exp( —(V„;„s/J),
where V„;„equals the z terms of (2) and the optimum
guiding parameter (=0.25 was estimated by minimizing
the variance of the weight factors. In the DGRW algo-
rithm the choice of gp"" affects the rate of convergence to
ground-state matrix elements and energies but does not
bias their limiting values. The initial configuration was
chosen to be a "dimer state"" with appropriate vacancies
for the first walk in each simulation, and successive walks
were "bootstrapped" by using the final configuration of
the nth walk as the starting point for the (n +1)th walk.
This procedure was chosen because it gave the best con-
vergence in tests on 4X4 lattices; we confirmed that oth-
er initialization procedures gave consistent energies. The
random-walk program was implemented on a 128-node
iPSC/860 Intel hypercube sited at Oak Ridge National
Laboratory. Each node was used to generate weight fac-
tors for a large number of random walks and the com-
bined results were averaged in eight subsets to generate
statistical errors. As the program has very modest
memory requirements no internode communication was

required, so programming was straightforward. We
determined a ~-dependent effective energy for a range of ~
values from measurements of the mean weight factor at

two Euclidean times, ~, and ~2=~, +1. We typically
chose ~, =1—6 in steps of 1, which was a sufficiently large
range to confirm that the energies had converged to
within our statistical errors. (For a more detailed
description of the algorithm in this type of application
see Barnes et al. "). In this study each energy measure-
ment at each Euclidean time v., represents an average
over 2 random walks. We also tested for bias due to the
use of a finite Euclidean time step size, which was usually
taken to be h, =0.1/L; a correction of —0.00008(3) in
the ground-state energy per spin was found in the 4X4
simulations and is incorporated in our result for Ep/L,
but no significant h, bias was observed on the larger lat-
tices.

III. RESULTS AND DISCUSSION

Ep
lim

z
= —0.669 23(13), (3)

which may be compared to the —0.669 18(10)of Carlson
and the —0.6692(2) of Trivedi and Ceperley. '~'5 Since
Carlson fits a larger range of L values, his estimate
Ep /L 0 669 18+2.086/L may have a smaller sys-
tematic error than our result and in any case is consistent
with our numbers; for this reason we used his fit to deter-
mine hole energies relative to Ep.

The single-hole energy ez for L =4, 6, and 8 is also
given in Table I; we did not extend these measurements

We used the Monte Carlo algorithm described above to
measure static-hole energies in the t-J model for compar-
ison with the spin-wave calculations of Bulut et al. and
to determine the energies involved in phase separation.
The quantities measured were the ground-state energy
per site Ep/L, the ground-state energy of a single hole
relative to the no-hole state (eg =Et, Ep), and similarly
for two nearest-neighbor holes (e2t, =Ept, Ep) and four
adjacent holes in a square (e4& =E4„Ep). Th—ese ener-
gies were measured on square lattices of side L =4, 6,
and 8. Our choice for the initial spin configuration re-
stricted the algorithm to subspaces with S'„,=0 for an
even number of holes and S'„,=—,

' for a single hole, but as
this does not constrain S„, we expect the algorithm to
find the energy of the true ground state independent of its
Stot'

Our results for Ep/L, et„e2&, and e4h are presented in
Table I in units of J. (A factor of J is implicit in the ener-
gies in the following discussion as well. ) The t Jvalues-of
Ep/L have been increased by —,

' for comparison with

more familiar Heisenberg numbers. The 4X4 Monte
Carlo result for Ep/L reproduces the Lanczos number
quite accurately, within 1cr of the total estimated error of
3X10 . The 6X6 and 8X8 values are consistent with
the most accurate previous results for these lattices,
which are due to Trivedi and Ceperley, ' and at least
equal their statistical accuracy. To estimate the bulk lim-
it energy we extrapolate using the spin-wave form'
Ep/L =cp+c, /L, which Carlson' found to be very
accurate on lattices of size 4X4 to 32X32. Fitting this
form to our data gives c, =2.083(8) and
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TABLE I. Ground-state energies for zero, one, two, and four static holes on square lattices with
L =4, 6, and 8 and their extrapolated bulk limit values.

(E0/L')'
—0.701 780 201'
—0.701 78(3)
—0.6789(1)
—0.6732(2)
—0.669 23(13)

2.348 5631
2.3486(6)
2.263(5}
2.226(13)
2.193(7}

( SWT)b

2.3270
2.2332
2.2000
2.1552

3.882 7352
3.8825(4)
3.838{5)
3.814(19)
3.801(8)

{e SWT)b

3.8872
3.8332
3.8172
3.7936

6.698 3460d

6.6973(6)
6.645(7)
6.626(26)
6.602(12}

'The t-J Ep/L' has been increased by 0.5 in this table to correspond to Heisenberg conventions.
Spin-wave result of Bulut et al. (Ref. 6).

'Lanczos result of Gross et al. (Ref. 20).
Lanczos result, this reference.

to larger lattices because the statistical errors were found
to grow rapidly with L, and the smaller lattices sulced to
determine bulk limit values to our required accuracy.
For comparison we have also tabulated the spin-wave re-
sults of Bulut et al. with conventions changed to corre-
spond to the t-J Hamiltonian. The t-J hole energy is J
larger than the Heisenberg results quoted by Bulut et al.
due to the Jg—(,, ) n, n /4 term in (1). Similarly the stat-
ic t-J e2& and e4& are larger than Heisenberg energies by
7J/4 and 3J, respectively. To compare our Monte Carlo
results with spin-wave theory (SWT) we also fitted both
sets of numbers to the asymptotic form co+c, /L which
Bulut et al. found empirically in their spin-wave calcula-
tion. For the spin-wave energies we estimated these
coeScients from the 8 X 8 and bulk limit results. This fit

to the spin-wave energy of a static hole in the t-J model
gives

e =6.602(12)+
L2

Note that the finite-size corrections to the 2h and 4h en-
ergies are smaller than for the single hole; this is presum-
ably due to the unpaired spin in the single-hole state.

Our bulk limit results show that the hole energies are
approximately linear in the total number of broken spin-
pair bonds Nz. If this were exact, the ratio of energies
would equal the ratio of broken bonds, and for illustra-
tion the actual ratios in the 2h and 4h cases are

and

Ns(4h)

Ns(2h)
12

7
= 1.714. . . (9)

Lanczos results for e4& agree to within 20. A fit of our
data to co+c, /L gives

eswT 2. 155+
22

(4) e4S = 1.736(7), (10)

and the fit to our Monte Carlo (MC) data gives

Mc 2. 193(7)+ 2.49(13)
L2

In Fig. 1 we display the Monte Carlo and spin-wave re-

sults for this hole energy versus 1/L Evidently t.here is

quite good agreement, the most important discrepancy
being an underestimate of the hole energy in the spin-

wave calculation by =0.03.
Fitting the two-hole energies in Table I to the spin-

wave form gives

which is good agreement for such a simple estimate. This

2.5

2.4-

2.3-

1.31(14)
e2I L 2

(6)

I

d
II

22-

which is in good agreement with the approximate spin-
wave formula

e swT ~ 3 794+ 1.51
2h L 2

(7)
2.1

and with the numerical spin-wave results, which are also

given in Table I. The four-hole energy was not calculated

by Bulut et al. nor has it been determined elsewhere us-

ing Lanczos techniques. As a check we determined this
and the other hole energies using a Lanczos method, and
these are given in Table I as well. The Monte Carlo and

2.0
0.00 0.02 0.04

1/L

0 06 0.08 0.10

FIG. 1. Spin-wave theory and Monte Carlo results for the
static-hole energy in the t-J model. + indicates Lanczos and
Monte Carlo data; &, Monte Carlo data; X, spin-wave theory.
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suggests that the bulk limit ground-state energy of a state
of N& closely associated static holes is approximately
0.55N~. This number compares well with the ground-
state energy of the t-J model in the no-hole sector, which
is —0.5846N~.

As we wish to test for hole pairing and phase separa-
tion, we introduce a two-hole binding energy relative to
the energy of two separate holes,

and a condensation energy for a four-hole square cluster
relative to two separate hole pairs,

~4 2 4h 2e2h (12)

If A2
&

2 & 0 but Ag 22 & 0, hole pairs would form but fur-
7

ther condensation to four-hole clusters would not occur;
this is the situation we expect to find in a realistic model
of hole-doped high-T, superconductors such as
La2 „Sr„Cu04. If both energy differences are positive,
the hole clusters are not bound; if both are negative,
four-hole clusters are energetically favorable, and holes
will presumably condense into larger clusters and phase
separation will result unless additional effects arise.

Our results for A, 2 and 6 ~ are given in Table II,
7

and as both are negative, hole pairing and continued con-
densation to phase separation is indicated. Note that the
pair binding energy b 2 has a relatively large finite-size

7

dependence, which is primarily driven by the finite-size
dependence of ez. We find the bulk limit of the pair bind-
ing energy to be 0.72(2) of the 4X4 result. Bulut et al.
quote a rather larger finite-size effect in their spin-wave
calculation, due to their use of the Heisenberg Hamiltoni-
an; on incorporating the additional t-J energy shifts due
to the —Jg (, )n; n /4 term in (1), their expected de-
crease in binding energy becomes

,~(L = ~ ) =0.676,2(L =4),
which is close to our Monte Carlo result. Note that the
four-hole condensation energy shows a much smaller
dependence on lattice size,

2(L = ~ )=0.94(2)b, ,(L =4) .

This suggests that small-lattice results may more closely
resemble the bulk limit when applied to bound even-hole
states, as these do not have the large finite-size effects as-
sociated with an unpaired spin.

—0.814 3910
—0.8147(12)
—0.688(11)
—0.638(32)
—0.584(15)

—0.7668
—0.6332
—0.5828
—0.5168

—1.067 1244b
—1.0677(10)
—1.031(12)
—1.002(46)
—1.000(20)

'Spin-wave result of Bulut et al.
Lanczos result, this reference.

'These numbers follow from the
Table I.

(Ref. 6).

bulk limits of ei„e&z, and e4q in

TABLE II. The static-hole pair binding energy 5 2 and

two-pair condensation energy 6 2 for L =4, 6, and 8 and their

extrapolated bulk limit values.

( gSWT)a
2, 12

IV. COULOMB HOLE REPULSION,
PHASE SEPARATION, AND HOLE PAIRING

In Sec. III we presented numerical results for the ener-
gies of static holes in the t-J model and noted that these
results were consistent with phase separation, at least in
the static-hole limit. In summary, we found that the en-

ergy of of closely associated static holes is approximately
0.55N&J, where N~ is the number of broken spin-pair
bonds. To minimize this energy for a given number of
holes one must pack the holes as closely as possible,
which corresponds to phase separation.

There are obvious objections to applying these t-J mod-
el results to high-temperature superconductors. One ob-
jection is that the static limit may overestimate binding
energies in the t-J model; this is difficult to test on large
lattices at present. Our results given above suggest, how-
ever, that small lattices may suffice to study the t depen-
dence of these energies, and we shall argue that binding
energies may actually increase with t in a more realistic
"t-J-e" model. A second objection, which has been raised
in a number of theoretical studies, ' ' ' is that the
neglect of the hole Coulomb interaction may be an
unwarranted approximation and that phase separation
probably does not occur when long-range Coulomb repul-
sion is incorporated. The Coulomb energy is certainly
not negligible relative to the spin-spin interaction; the en-

ergy scale of the nearest-neighbor spin-spin interaction is
J= 125 meV (from a fit to neutron scattering data' ),
whereas the Coulomb energy of two holes separated by
the mean Cu02 spacing of 3.8 A is also =125 meV, as-

suming a dielectric constant of e= 30 (an in-plane value
of e= 30+3 has been reported' for undoped LazCuO~).
We shall show that 1/r hole Coulomb repulsion does
indeed prevent phase separation in a simple model of the
separated hole system, and even the formation of hole
pairs appears marginal given current experimental values
for Jand e.

The absence of phase separation may be illustrated by
considering the ground state of a large number Nh of
static holes in a "t-J-e" model with 1/r Coulomb repul-
sion,

H= —t g (c; c~ +H. c. )+J g (S, S —
—,'n, n )

(ij),~ (ij )

e 1+ g (1 n) (1—nj) . — (13)
(ij& ij

This Hamiltonian models the hole Coulomb repulsion us-
ing the pure dielectric form E /er, which is most ap-
propriate for light doping and small t in the insulating
phase. A e ler Coulomb energy —was previously used
by Chen et al. ' to model the acceptor-hole bound state
in LazCu04+ . As the Coulomb interaction in the CuOz
planes becomes better understood it may prove appropri-
ate to generalize the e ler term in (13) accordingly. First
assume that the Coulomb repulsion is totally screened
(e= 00 ), so that we recover the t Jmodel. From our ear--
lier results the static-hole energy relative to the no-hole
state is approximately c~N~ J, where cz =0.55 and N~ is
the number of broken spin-pair bonds. To minimize the
energy of the N&-hole state, we arrange the holes in a



42 STATIC-HOLE ENERGIES IN THE t-J MODEL AND A t-J-. . . 6163

EJ =c~Ntt J=(Nq+&nN~ )2cttJ . (14)

Now suppose we introduce the Coulomb repulsion; ap-
proxirnating the charged-hole disc as a smooth charge
distribution gives a Coulomb energy of

gyp 2&77 e
C h

compact cluster; approximating this cluster by a disc of
radius R =a+Nh/m. , we have N, =2vrR/a "surface"
holes that break approximately three bonds each and
Nz —N, "volume" holes that break two bonds each. (We
emphasize that this is only a simple estimate, and that the
determination of the actual lowest-energy state as a func-
tion of J and e is a complicated problem. ) The magnetic
energy of this disc of holes is the sum of a volume term
( ~ Nz ) and a surface term ( ~ Nl,

'
),

0.2 ~
~

r
~ / ~
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and the total energy is the sum of these contributions.
Since the Coulomb contribution grows as NI, , for a
sufficiently large number of holes it will dominate the
magnetic N& surface term, and it will be energetically
favorable to divide the N&-hole disc into smaller clusters.
We can estimate this critical number by determining the
Nf,

""for which two discs of Nl, /2 holes have the same to-
tal energy as a single Nz-hole disc, which is

CBJNcrit
e /ea

(16)

2

b~ p=b p(0)+(2+&2) (18)

These binding energies are shown in Fig. 2 in units ofJ as
0

a function of 1/e for a =3.8 A. For completely screened
charges and J = 125 meV, a static-hole pair is bound by
about 73 meV and a four-hole cluster is favored over two
pairs by 125 meV. As we decrease the dielectric constant
and thereby unscreen the Coulomb repulsion, the four-
hole cluster becomes less deeply bound, and for @&104
the hole pair alone is bound. The hole pair remains
bound until e =52, below which it is unstable with
respect to dissociation. Since the observed in-plane
dielectric constant of La2Cu04 is a= 30+3, the static lim-
it of this simple t-J-e model does not support hole-pair
formation given currently accepted values of J and e.

Thus, any arbitrarily large but finite e will stop phase sep-
aration in an infinite system with a finite hole density (for
which Nh = oo & NI', "'), and we will instead find a ground
state consisting of finite hole clusters of approximately

oles.
As the electrostatic repulsion e /ea is comparable to

c~J in LazCuO~, the estimate (16) leads one to expect that
only small hole clusters may be bound in the high-T, ma-

terials; indeed, the observed parameters lead to an esti-
mate of Nh"'=2. 3 for La2Cu04. In the specific cases of
hole pairs and four-hole clusters considered in this paper,
the Coulomb term changes the binding energies to

2

b,g=b, 2(0)+
t 7 ea

and

FIG. 2. Static-hole pairing and condensation energies divided

by J vs dielectric constant. The solid line indicates the binding
threshold; dotted line, the hole-pair binding energy 6(2, 1 );
dashed line, the four-hole condensation energy 6(4,2 ).

However, in view of the unusually large dielectric con-
stant of La2Cu04, we suggest that this hole-pairing mech-
anism may actually be correct and that the discrepancy
between the theoretical pairing limit of @=52 and the ob-
served value of 30+3 is due to the simplifications of the
t-J-e model. We note in passing that it may also be possi-
ble to describe electron pairing in the electronlike high-
temperature superconductors such as Ndz „Ce„Cu04
using a similar mechanism in the t-J-e model; if excess
electrons in the Cu02 lattice pair with the Cu + spins,
they would cancel the local spin-spin interaction just as a
vacancy does, and additional electrons would experience
Coulomb forces comparable to those between holes.

We suggest that the t-J-e model should be explored in
more detail as an approximate description of the inter-
play between magnetic effects and hole Coulomb repul-
sion in the high-temperature superconductors. One can
study the t-J-e ground state in the hole-pair binding re-
gime using Lanczos techniques, for example, on 4 X 4 lat-
tices, and the results in this paper indicate that these
small lattices can give binding energies which are quite
close to the bulk limit for an even number of holes, at
least for small values of the hopping parameter. One
question of immediate interest is the behavior of binding
energies and the hole-pair wave function as the hopping
parameter t is increased. As the coherence length go in
the high-temperature superconductors is typically es-
tirnated to be =10—20 A, localized hopping, for example,
to next-nearest-neighbor sites, may be an important
effect; it is certainly required to disrupt long-range anti-
ferromagnetic order in the presence of light hole doping.
The inclusion of the hopping term may significantly
modify our results because t is believed to be rather large
compared to J (t/J=3) and one would naively expect
the binding energy to decrease as the hopping parameter
is increased. Note, however, that a single hop in a
nearest-neighbor hole pair will greatly decrease the
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Coulomb repulsion, so that a nonzero hopping parameter
may actually increase the hole-pair binding energy and
hence decrease the dielectric constant required to bind
pairs. This question can easily be studied numerically for
small t.

Interesting experimental questions related to this mod-
el involve the determination of the sites actually occupied
by paired holes and measurements of the dielectric con-
stants of La2Cu04 and the "precursor insulators" of the
other high-temperature superconductors such as
YBa2Cu&0». The hole sites are of interest because a
hole-pair bound state with a larger expected separation
than 3.8-A could bind given a smaller e than we estimat-
ed using the t-J-e model. Since it is known that holes
preferentially occupy oxygen sites, the dielectric constant
required for hole-pair formation may be somewhat lower
in a more realistic model, for example, in one that incorp-
orates distinct Cu and 0 sites as well as the screened
Coulomb repulsion. The dielectric constant itself is of in-
terest because this parameter specifies the amount of
screening of the hole Coulomb repulsion, and hence
determines whether or not hole pairing is energetically
favored. Note also that there has been some disagree-
ment in the literature regarding the value of the dielectric
constant of La2Cu04. ' '

V. SUMMARY AND CONCLUSIONS

We have used a Monte Carlo method to determine the
binding and phase separation energies of holes and hole
clusters in the static limit of the t-J model. These ener-

gies are found to be in good agreement with spin-wave
theory. We also discussed the e8'ect of hole Coulomb
repulsion in the static limit of the t-J-e model and noted
that phase separation of holes is prevented by any
amount of Coulomb repulsion. We found that the range
of e which allows the formation of hole pairs only in the
static limit of this model is 52 & e & 104 given the current-
ly accepted value of J. As the lower limit is not far from
the large observed dielectric constant of La2Cu04
(@=30), we suggest that the same mechanism of hole
pairing may also operate in the high-temperature super-
conductors. Specifically, hole pairing may be the result
of a competition between antiferromagnetism, which
favors hole phase separation, and hole Coulomb repul-
sion, which dissociates large hole clusters preferentially.

Note added in proof. After completion of this work we
learned of spin-wave calculations of the properties of an
additional spin in a Heisenberg background ' that are
closely related to the calculations of Ref. 6.
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