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Local chiral symmetry and charge-density waves in one-dimensional conductors
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Symmetry-related features of charge-density-wave transport phenomena are studied using a non-
mean-field effective Lagrangian approach. It is pointed out that a local chiral symmetry (based on
the Kac-Moody algebra) emerges in the low-energy structure of one-dimensional electron-phonon
systems. From this symmetry follow directly power-law correlations of both electrons and phonons.
The Peierls instability is suppressed owing to one-dimensional fluctuations. Still the charge-density
wave arises and the chiral anomaly can account for acceleration of a sliding charge-density wave
along with a phonon-drag effect. The problem of pinning of charge-density waves is discussed in re-
lation to explicit breakings of the chiral symmetry.

I. INTRODUCTION

Symmetries are an important concept in condensed-
matter physics, as well as particle physics, especially in
describing collective phenomena such as superconductivi-
ty and superfluidity. Charge-density waves' (CDW) in
some low-dimensional organic alloys, being electron-
phonon collective modes, are also deeply tied to the sym-
metries of microscopic electron-phonon systems. It is
only recently, however, that such a connection has been
clearly recognized. Notable among various theoreti-
cal attempts' to explain the CDW is an effective-
Lagrangian approach ' which interprets the formation
and acceleration of the incommensurate charge-density
wave (ICDW) in terms of a chiral symmetry and the
chiral anomaly of the one-dimensional electron-phonon
system.

Early investigations of CDW systems rely mostly on
mean-field treatments, which presuppose long-range or-
der via a vacuum expectation value of the phonon field
($(x))WO. Mean-field treatments, however, are known
to be inappropriate for one-dimensional systems for
which fluctuations are generally important. Further, the
nonzero expectation value ( P(x ) )WO, which drives spon-
taneous breakdown of chiral symmetry, appears to be in
conflict with Coleman's theorem known for (relativistic)
quantum field theory in (1+1)dimensions.

The purpose of this paper is to present a new non-
mean-field effective Lagrangian approach to one-
dimensional ICDW systems. Special emphasis is placed
on clarifying the symmetry-related features of the CDW
transport phenomenon. The present paper is a (self-
contained) continuation of our previous paper. It is
shown by combined use of bosonization and an operator-
product expansion that the low-energy structure of the
one-dimensional electron-phonon system is effectively de-
scribed by a modified version of the Thirring model,
which is exactly solvable. Characteristic to this low-
energy theory are a local chiral symmetry (Kac-Moody

symmetry) and conformal symmetry, which imply the ex-
istence of a massless mode, the phason. Correspondingly,
in sharp contrast to the mean-field result, both electrons
and phonons show long-range power-law correlations and
the electron spectrum has no gap at the Fermi energy;
the chiral symmetry turns out to be unbroken for zero
and finite temperatures. Still the CDW arises as an
electron-phonon collective mode, and the chiral anomaly
can account for the sliding of the CDW along with a pho-
non drag effect. We discuss the problem of pinning of the
CDW in connection with explicit breakings of chiral
symmetry.

In Sec. II we relate the ICDW system to a solvable
model and point out the emergence of a local chiral sym-
metry in the long-wavelength structure of the electron-
phonon system. In Sec. III we derive power-law correla-
tions of electrons and phonons, and study the symmetry
features underlying them. In Sec. IV we show that both
sliding of the ICDW and a plasma mode in the ICDW
system are naturally understood in terms of the chiral
anomaly. Temperature and pinning effects are discussed
in Secs. V and VI, respectively. Section VII is devoted to
concluding remarks.

II. ONE-DIMENSIONAL ELECTRON-PHONON
SYSTEM AND A LOW-ENERGY

EFFECTIVE LAGRANGIAN

A one-dimensional electron-phonon system bears a for-
mal resemblance to a (1+ 1)-dimensional relativistic
quantum field theory. The left- and right-moving
modes Pt and Ptt of the nonrelativistic electron field near
the Fermi surface may be regarded as the chiral com-
ponents of the Dirac fermion g=(itL, Q„)', with the La-
grangian

(2.1)

where UF=pF/m is the Fermi velocity; we set e =%=1.
The Fermi momentum pz is assumed to be incommensu-

42 5586 1990 The American Physical Society



42 LOCAL CHIRAL SYMMETRY AND CHARGE-DENSITY WAVES. . . 5587

Go(01.4~0'+ A %LA), (2.2)

where Gp is the electron-phonon coupling constant. The
phonon Lagrangian is

rate with the lattice. The 2fil and gz, whose energies and
momenta are measured relative to I2F/(2m) aiid +pF, re-

spectively, are slowly varying. They are scattered by the
lattice phonon modes p and p of momenta +2I2F, via the
interaction

Since we use the free-field bosonization rules, we
are working in the interaction picture and treat the
phonon-g coupling as a perturbation. Appendix A sum-
marizes some basic commutation relations of free fields in
two dimensions.

Let us now eliminate the phonon field and write the
phonon-exchange interaction in the form

'2
Gp
2K

g2+ v
2 g2 2)y (2.3)

d 2 D ~ . i +477yj(x +e/2). . —i +4m yj(x —e/2).

where ohio denotes the optical-phonon frequency co(Q) at

Q =2pF and v~ =
—,'[o2 (Q =2pF)] '.

The sum of Eqs. (2.1)—(2.3) can be cast into the "rela-
tivistic" form

where the phonon propagator

D(e)=(e ( ohio Bo—+a 8( iO—) '~0)

(2.7)

L',ir'= giy"(3„+ieA„)lfi

+(G/+2)(41 A'+i02A'5W)+L pb (2 4)

where f=(gl, fs )' and g=p y =(fit, gL ); and
p=(1/&2)(p, +i/2) in terms of real fields p, and $2.
Our "relativistic" (two-vector) notation is x"
=( x, 'x)=(t, /xv ), r) =(B,B, )—=8/Bx", y"=(y, y')
=(r„i~2), and ys—= —

y y'=r& in terms of the Pauli ma-
trices r;. The Dirac matrices obey [y",y'] =2g"" and
y"y =e""y„with the "metric" g""=diag(1, —1) and the
antisymmetric tensor 6' E' =E'&p=1. To take full ad-
vantage of relativistic notation, we write the action as

Jd x L', fr' with d x =dx dx' (1/vF)dt dx; according-

ly, the rescaling QvFQ~Q, QvFitp~p, Go/+vF =G is
understood in passing from Eqs. (2.1)—(2.3) to Eq. (2.4).

The charge p and current J of the electron form the
"relativistic" (rescaled) current j"=py" t'ai= (j,j ')
=(vFp, J). Its coupling to an external electric potential
(4, A ) has been introduced in Eq. (2.4), with
A"=(A, A ')—:(4&, vF A). As noted earlier, L',&' is in-

variant under the chiral transformations

P(x)~e ' P(x) and i'(x)~e '~P(x) Our main.
task is to study how this chiral symmetry is realized in
this model, especially for low-lying excitations.

Using the well-known bosonization rules ' for a
massless free fermion,

1 e"'a.n 6 "y~W-

is given by

D (e) =i (2na) 'ICo(ohio( E+—iO')' ), (2.&)

X:exp[i &4n[rl(x + —,'e) —21(x —
—,'e)] ]:

G2 e"e=const+ f d eD(e) (8 21)(B„rl)+
277 ~2 P

(2.9)

The constant term is logarithmically (ultraviolet) diver-
gent. The omitted terms contain four derivatives or
more, and are not important for long wavelengths. In the
"Lorentz invariant" case, ' a =1, fd e(e"e"/e )D(e)

i ,'g"'/—
ohio—For a. &1 this integral measures the

difference in the temporal and spatial variations of D (e).
Carrying out the integral gives'

[g, (a,q)' —g, (a,q)']+1
(2.10)

where

where a = v&/vF and F"=(e,—e'/a). The modified Bessel
function Ko(z) = —y —ln(z/2)+0 (z ), where y is
Euler's constant. The operator product in Eq. (2.7) is
rewritten as

2

L~"= J d e[D(e)le ]
G
2'

:cos(&4~g):, Py5g~i:sin(04vn) ):,

we write Eq. (2.4) in the equivalent bosonic form

(2.5) go ——2a(1+a) 'g =2[vg/(vg+vF)]g,

g, =2(1+a) 'g =2[vF/(v&+vF)]g,

g—:G /(2coo) Go/(2o2ovF ) 0

(2.1 1)

L boson i (g ~2+ f2
(y . i 4vrsg. +yt . —&s 4nq.

)2 ." 2K

+(e/&vr) A "e„„d'g+L b, (2.6)

where 21(x) is a massless (pseudoscalar) boson field with
the chiral transformation law 21(x)~21(x)+pl&~.
Here, p is an infrared cutoff defining the massless propa-
gator ( '7[21(x)21(0)]) = —(4n. ) 'In[@ (

—x +i 0)] with
x =x x =xp —x, . The normal ordering:: is defined
with respect to the positive- and negative-frequency parts

The phonon exchange at short distances has yielded the
long-wavelength effective interaction (2.10), which, in
terms of 1', is rewritten as a four-fermion interaction.
Thus the long-wavelength feature of the original La-
grangian I.', ff' is effectively described by a modified Thir-
ring model, with the Lagrangian

L,ir= gi y"(ci„+ie A„)p—
—,'(gojo

gled

&) . — '
(2.12)

(The Thirring model corresponds to the a =1 case, where

go =g, .) The bosonic counterpart of this is given by
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L,r'r"" =
—,'Z(Bard) —

—,'X(B,g) +(e/v'rr) 3 "e„„Brl,

(2.13)

with Z =1+g, /m and X =1+g0/m.
Both Lagrangians are chiral invariant. Remarkably,

larger symmetries arise for e =0. To see this, let us intro-
duce some notation. Along with the rescaled coordinates
x"=(x,x'&Z/X ) and 5 =8/Bx"=(B0,&X/Z 8, ), the
rescaled field g(x)=(ZX) g(x) recovers the standard
normalization, with the action

Id x L;„""(e =0)= 1 d x —,
' (f~g)($'g), (2.14)

where d x =&Z/Xd x. Now the conformal symmetry
of the action is manifest. Still a larger symmetry exists:
The g(x), obeying the two-dimensional massless field
equation fP'g(x)=0, can be written as a superposition
of left- and right-moving modes. As usual, one can intro-
duce the dual field g(x ) by d„g =e„„f'g or
g(x)=&Z/X f" „dz' g(x, z'). Then g(x)+g(x) re-

present the left- and right-moving modes of g(x) (depend-
ing only on x —=x +&Z/Xx', respectively). This clear
separation of left- and right-moving modes is understood
as a local chiral symmetry peculiar to two dimensions,
known as the Kac-Moody (KM) symmetry. ' The action
(2.14) is invariant under the transformations

g(x) ~g(x)+ f+ (x+ ) f (x )—, (2.15)

where f+ are arbitrary functions of x —. Note that the
(global) chiral and conformal transformations are only
part of these (infinite-dimensional) Kac-Moody transfor-
mations.

The fermion Lagrangian (2.12) (with e =0) of course
shares the same KM symmetry, though not very ap-
parent. One can verify that I.,z is invariant under the
following transformations of the fields and current:

The current algebra plays a central role in solving the
Thirring model. ' ' Let us therefore begin with the
definition of the current j„=gy„g. Charge conservation
implies BJ"=0;hence one can write j" as a curl. Note
that the KM transformation laws (2.15) and (2.16) are
compatible if the vector current j„=py„g of the full

theory takes the same form as the free-field current; we
thus take'

j„(x)= —
( I /&m )e„,B'g(x)

= —
( 1/ Y)( I //7r )e„„d'g(x), (3.1)

with g(x)= Yg(x). We remark that, although the
current j" remains unmodified, the current algebra gets
rescaled by factor 1/Z in the full theory, i.e. ,

[j0(x),j~(0)]=i(1/Z)(1/a)5'(x') for x =0 The. chiral
symmetry of the modified Thirring model implies another
conserved current, the axial current j~5 =py"y~lb, which
we shall study later.

One can reconstruct the fermion field f out of the
free-boson field g. We quote the result first:

g(x) =:exp I i &m [Yg(x)+(1/Y)g(x)ys]]: u, (3.2)

where u =(uz, uz)' is a two-component constant. The
normal ordering:: is defined with respect to the positive-
and negative-frequency parts g'*' and P*'. It is immedi-
ately verifiable that, with the current identification in Eq.
(3.1), this g(x) obeys the (properly normal-ordered) equa-
tion of motion following from the four-fermion Lagrang-
ian (2.12).

The operator solution lt(x) in Eq. (3.2) satisfies the fol-
lowing operator product expansion:

Pr (x)gl (y) =pr (x —y):exp( i &mIY[g(x. ) —g(y)]

+ (I/Y)[g(x) —g(y)] I
).

(3.3)

(2.16) pl (z)=(~uz
~

/ip)(z+ iO) 'h—(z),

h (z) = 1/[ —p (z+ —iO)(z i 0)]— (3.4)

(3.5)

Y—:(ZX)' =[(1+g,/7r)(1+g0/m. )]'r (2.18)

This KM symmetry is a new symmetry of the low-energy
effective theory; it is not present in the original Lagrang-
ian (2.4).

III. LONG-WAVELENGTH FEATURES
OF THE ELECTRON-PHONON SYSTEM

In this section we set A"=0 in Eq. (2.12), and study
the long-wavelength features of the (pure) electron-
phonon system by solving this modified Thirring model.
The a&1 case turns out solvable in much the same
(though more complicated) way as the a =1 case.

with the local phases fz „ofthe form

fi =&a[(Y+ Y ')f+(x+)+( Y —Y ')f (x )],
(2.17)

fs =&a[(Y —Y ')f+(x+)+( Y+ Y ')f (x )],
where

~ui ~
=~u„~ =[@/2mb(e))(1+ah )/(a +X) . (3.7)

with A,:——,'(Y —Y '); z +—=x ——y
—=x —y

+&Z/X(x' —y'), etc. Note that A, )0 and Y) 1 for
g )0. For pz(x)1(z(y), replace 1/Y~ —1/Yin Eq. (3.3)
and pi (z)~p~(z) =(~u„~ /ip)(z iO) 'h—(z).

The overall normalization of P is fixed so as to repro-
duce Eq. (3.1). We employ the split-point regularization
of the vector current, j„(x;e)=—g(x+ ,'e)y„g(x ——

—,'e).
Some care is needed in taking the limit e"~0: To obtain
the "Lorentz" covariant bosonic expression (3.1), we have
to regularize j„(x;e) in a noncovariant way. We first
average over the directions of e and e' with their disper-
sions kept so that

(e0)'= —(b'/a)(e, )',
where b = &Z/X, and th—en let (e0) =(1+a/
b ~) 'ei"e ~ 0. This reproduces Eq. (3.1) and fixes

~I., R &
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With this choice, pL R (z) are independent of the infrared
cutoff p.

The operator g is transformed correctly under chiral
transformations. The j generates the vector-U(1) trans-
formations

[jo(x), 1i(y) ]= —g(y)5(x ' —y '), for x =y

while j, generates the axial transformations

[A (x» W(y) ]= —(1/»7'4(y)5(x ' —
y '),

[j,(x), g(y)]= (—i/&~)( Y/Z)5(x' —y'),

(3.8)

(3.9)

for x =y . (3.10)

This suggests the identification j5=Zj, of the axial
current j~&. The conservation law 8 '~ =0 is consistent
with Eq. (3.1) and the field equation P'(=0 only when

j5 =(j„j,')~(Zj„Xjo)—. Therefore the duality rela-
tion j5 =e""j,now gets modified for a%1; and the axial
current has to be regularized in a way different from the
vector current. We define the axial current as j~5(x;e)
=p(x + ,'pe)y"7 5$(x—,'p—e),—and take this time the
dispersions of e" so that

(eo) = ab (e—, )' .

The regularized current then takes the form

(3.1 1)

{j&(x),j&(x))=(p ' +"/Y')(Zj, (x), —Xj,(x))

=(Zj, (x), —Xjo(x)), (3.12)

d [f]=—,'+ —,'( Y —Y ') (3.14)

The g(x) anticommutes, {P(x),g(0)}=0 for x =0,
while the anomalous dimension of g makes [ g, g ) non-
canonical, e.g. , [PL(x), QL(0))%5(x'). This noncanoni-
cal structure poses no problem because our operator solu-
tion P represents only the long-wavelength features of the
electron exactly. Since the original electron-phonon in-
teraction is super-renormalizable, the electron and the
phonon would be free particles at short distances, recov-
ering their canonical nature.

It is illuminating to check the exact result (3.13) in
low-order perturbation theory. A direct calculation
shows that the O(g) correction to the electron propaga-
tor depicted in Fig. 1 has the structure
~ (6 /coo)(1+a) '(y po+ay'p, ) for p"~0. This leads
to the inverse propagator of the form &Z y po
+&X y'p, to 0(g), which is consistent with Eq. (3.13).
This simple check would be a justification of the some-
what formal procedure reducing Eq. (2.6) to Eq. (2.12).

The power-law correlation of electrons shows that the

h 2

upon adjusting the scale factor p
Equation (3.3) reveals the power-law behavior of the

(long-wavelength) electron correlation functions

(Q ( L)xP (0L)) ~(x —i0) '(x ) (3.13)

for ( gz (x)Pz (0) ) set x + ~x in the above. Thus the
scaling dimension of the electron field P is given by

FIG. 1. O(g) self-energy correction to the electron propaga-
tor. Solid lines denote electrons while the dashed line denotes a
phonon.

I(x):QL(x +——,'e)P„(x —
—,'E)

a( 1/g2)e . —iv 4nf(x)/Y. as &P (3.16)

where x =1/Y and 0 =
—,'(1 —v). Therefore, {P(x) )

~ {I( x)) vanishes if we let the infrared cutoff' p~O
keeping the ultraviolet cutoff' e"WO Althou. gh (I ) =0,
I (x) has a nonvanishing correlation (for p~O):

{I(x)I(0)) ~( —1/e ) (
—1/x )', (3.17)

where P'=(E", &Z/X e'). This entails a drastic change
in the phonon correlation: The free-phonon correlation
falls off exponentially for large separations. The ex-
ponential falloff, however, is overtaken by the power-law
behavior of the quantum correction in Eq. (3.17). Thus
the phonons have a power-law long-range correlation
with the scaling dimension d [P]=a = 1/Y .

Let us here recall the mean-field result: ' The
phonon-field expectation value {P(x))%0,which drives
spontaneous breakdown of chiral symmetry, opens up a
gap in the electron energy spectrum, leading to a short-
range correlation of electrons. The ICDW is attributed
to a massless mode, the Narnbu-Goldstone mode, carried
by the phase of the phonon field; this apparently associ-
ates the ICDW to the phonon sector.

Our picture of the ICDW, which emerges from the ex-
act solution to the eff'ective Lagrangian (2.12), is funda-
mentally different from the mean-field result. The elec-
trons have a long-range power-law correlation and no
Peierls s energy gap arises. One-dimensional fluctuations
make (P(x)) vanish and suppress Peierls's instability.
The ICDW is associated with the current j",or with the
boson field ((x), which naturally is identified with the
phason. ' ' The phason g is a massless mode propaga-
ting with velocity v h„,„=vF &X/Z. Although the
phason appears to originate primarily from the electron
sector, the phonon sector also contributes via the
effective low-energy interaction in Eq. (2.12). The collec-
tive nature of the phason or the ICDW is clearly seen
from the fact that both the electron and the phonon
correlation functions in Eqs. (3.13) and (3.17) depend on
the common arguments x —=x +&Z/Lx '.

electron spectrum has no gap at the Fermi energy. Con-
sequently, the phonon field must have a vanishing vacu-
um expectation value {P(x) ) =0. It is possible to see this
more directly. The equation of motion of P,

( —8,&+ a 8, —coo)$(x )+G QL (x )gR (x ) =0,
relates {P(x)) to the vacuum condensate (PL/„). Con-
sider the corresponding regularized quantity
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In the present model, the chiral symmetry is manifest,
as characterized by ( P ) =0 and ( PP )%0. One can
show by counting of scaling dimensions that any local
operators 0 of nonzero chiral charge, composed of 1( and

P, have a vanishing vacuum expectation value for p~O.
Hence ( [Q5, 0] ) =0, where Q~ is the axial charge, and
the chiral symmetry is unbroken.

The pattern of symmetry realization, however, looks
different in the equivalent bosonic (i.e., the phason-
phonon) representation of the model. There the phason g
fails to commute with the axial charge, [Qs, g]%0; see

Eq. (3.10). Thus the axial symmetry is spontaneously
broken and the phason is an associated Nambu-
Goldstone (NG) boson. This situation, though puzzling,
is not a contradiction for the following reason: In the
original electron-phonon representation of the model, the
phason g is a massless collective mode carried by the
current, and it can never be isolated as an elementary
massless boson. [Note that (-cos '(mug/p) is not a
well-defined operator for p~O. ] There is no contradic-
tion with Coleman's theorem here. The unbroken chiral
symmetry of the fermion theory appears spontaneously
broken in its bosonized version where g arises as an ele-
mentaIy NG boson.

That the g is a NG boson in the bosonized version pro-
vides a reason why a massless mode arises in the
electron-phonon system with unbroken chiral symmetry.
The more direct and fundamental reason, we emphasize,
is the Kac-Moody symmetry, which implies the presence
of massless modes in the currents.

Recent developments' in conformal field theory have
revealed that the conformal (and KM) algebra in two di-
mensions is so restrictive that a wide class of conformal
models turns out solvable. As a matter of fact, the
power-law behavior of the correlation functions in Eqs.
(3.13}and (3.17) directly follows from the KM symmetry.
Instead of using the representation theory of the KM and
conformal algebras, however, we have chosen to use bo-
sonization here, which can handle the complications due
to "noncovariance" (for a%1) and which gives rise to a
clear physical picture of the phason.

An alternative derivation of the axial anomaly is given in
Appendix B.

For a spatially homogeneous field E(ai)e ' ', Eq. (4.2)
reproduces the low-frequency form of the conductivity
derived by Lee, Rice, and Anderson, cr(co)
=eJ(cv)IE(cu)=ie n /( m*co), where n =pF/m. is the
number density of electrons (per spin). In our ease the
eff'ective electron mass is given by

m*=Zm =[1+2(g/n. )vFI(vF+v&)]m )m . (4.3)

Our solution therefore contains the phonon-drag efFect,
which depends simply on the electron-phonon coupling

g =
—,'G /aio and v&/vF.

Not only the sliding of the ICDW but also a plasma
mode in the ICDW medium can be understood in terms
of the axial anomaly. Let us add the Maxwell term

,'vFE t—o L,ff"" in Eq. (2.13) and study the electric field

induced by a displacement of the phason mode. The
Maxwell equation now reads E =

(evF
—Iv'n )ri, yielding

the equation

(8, —v ph„,„B,)E = (e n—ImZ)E . (4.4)

Thus the plasina frequency is asap=(e nlm*)' while

the charge screening length is characterized by

~sc v phason I~p '

V. TEMPERATURE EFFECTS

We have so far studied the electron-phonon system at
zero temperature. It is not difficult to extend our analysis
to finite temperature. To a free massless propagator in
Minkowski space

( 'T[ri(x)i)(0)] ) = —
( I/4m )1n[p'( x+i—O)] (5.1)

corresponds the temperature Green's function

(g(x)ri(0) )&= —(1/4n)ln (ip) (P. /ir) sinh —x+

7T
Xsinh —x

IV. SLIDING OF CHARGE-DENSITY WAVES
IN AN ELECTRIC FIELD

(8, —v ph„,„B„)(=(YIZ)(e/&m)vFE. (4.1)

with v ph, „=v &FXI Z, shows that an applied electric
field E =(1/vF)e" B„A„accelerates the phason, giving
rise to a sliding CDW, as noted earlier.

As is well known, in the presence of the electric po-
tential A" the axial-current conservation Bp~& becomes
anomalous while the vector current j" continues to be
conserved. The anomalous axial-current conservation
law is equivalent to the phason equation (4.1). Indeed,
Eq. (4.1) is combined with Eq. (3.12) to yield

In this section we study how the ICDW responds to an
applied electric field. The equation of motion of the
phason following from Eq. (2.13),

1 sinh —x 1 sinh —x

where p= 1/(k~T} denotes the inverse temperature; p is

an infrared cutoff. (They coincide at short distances
x+x =x ~ —0. ) Accordingly, the D(e)le in Eq.
(2.9) is replaced by

D (e)&/I(P/n) sinh[(~IP)e+]sinh[(m IP)e ]],
where D(e)& stands for the free-phonon temperature
Green's function. The go and g, in Eq. (2.11) will deviate
from their zero-temperature values. Fortunately the ex-
plicit evaluation of go(p) and gi(p) is not needed for the
derivation of the correlation functions. The operator
solution (3.2) is also valid at finite temperature, and the
electron correlation function takes the form

( QL(x )QL(0))p
A.

2

ZB(j) XB)JO= ( /&e) 8e (4.2) (5.3)
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analogously for ( gR Pz )&. The exponent A, = —'( Y
—1/Y) will depend on T through go(P} and g, (P). Thus
the electron correlation function falls off exponentially at
finite temperature, with the correlation length
—u h„,J3/vr growing like I /T for T~O. Its exponential
falloff turns into a power-law falloff at T=0. This is in

accord with a general theorem that one-dimensional
systems undergo no phase transitions for T & 0.

As in the zero-temperature case, one can argue that the
order parameter (P(x))& vanishes as p~O; hence the
chiral symmetry continues to be unbroken at finite tem-
perature.

The anomalous axial-current conservation law (4.2) is
unmodified at finite temperature, except that Z and X be-
come T dependent. Again it implies the occurrence of a
sliding ICDW; the conductivity cr(co)=ie n/( m' ru) de-

pends on T through m*=Zm.

VI. PINNING OF CHARGE-DENSITY WAVES

In the foregoing sections we have seen that the chiral
symmetry hardly gets broken spontaneously in one di-
mension and that purely one-dimensional systems with
chiral symmetry generally support a superconducting
ICDW for T~0. The metal-to-insulator transitions of
real quasi-one-dimensional conductors should thus be at-
tributed to the formation of an explicit chiral breaking
below the critical temperature. Interactions among
CDW chains are considered to form three-dimensional
order that triggers the phase transition; such order can
be regarded as a chiral breaking. Formation of an
effective chiral breaking through interchain interactions
has been discussed using mean-field methods. For the
description of the CDW dynamics as well as phase transi-
tions in real materials it is necessary to take into account
pinning of the CDW via impurities, commensurability, or
interchain interactions. In this section we present a very
simplified treatment of impurity pinning of the ICDW to
emphasize the importance of chiral symmetry in under-
standing pinning phenomena.

The interaction of the charge density with the impurity
potential V; (x}is written as

V; ~(x)[jo+cos(2pFx)tttg i sin(2p—Fx)atty, 1(] . (6.1)

The first forward-scattering term maintains chiral syrn-

metry; it is clear that 8 t/'; acts like an electric field
(discussed in Sec. IV) that accelerates or decelerates the
ICDW locally. The second and third terms, which
represent backward scattering, break the axial symme-
try. For simplicity, let us suppose that impurities
are both randomly and densely distributed; i.e., we
consider the case of weak pinning. ' Then replace
V, (x)cos(2pFx) by the coarse-grained average
M = ( V; z(x)cos(2pFx) ),„, where the averaging is made
over some characteristic distance over which (slowly
varying) gP changes its sign. For the ICDW of long
wavelengths the impurity effect is now represented as an
effective "relativistic" mass term M1tg. The 1tg is the
simplest of chiral breaking terms of positive parity, com-
posed of the electron fields alone. One practical way to

simulate the pinning effects (due to impurities, commen-
surability, or interchain interactions) is to introduce such
low-energy chiral-breaking effective interactions. The
1(j1(, being the lowest-dimensional operator of such, will
describe the leading pinning effect in the long-wavelength
behavior of the ICDW.

Let us draw some consequences of pinning by includ-
ing an effective "mass" term to the original Lagrangian
(2.4), L',&' ~L', s' Mg—g. The mass term drastically
changes the long-wavelength features of the model: The
electron spectrum has a gap ~ 2M about the Fermi level.
A simple perturbation calculation shows that the phonon
field p(x)=—~p(x)~e'r'"' develops a vacuum expectation
value ( ~P(x)~ ) of 0((G/coo)M lnM) and that its phase
g(x) acquires a mass of 0(M). Thus the pinning effect
overtakes one-dimensional fluctuations, leading to the
gap ~ 2M and the order (P)%0.

As before, one can construct, via bosonization, the
low-energy effective theory, which is the (modified) mas-
sive Thirring model,

L a
=f(i Y"Bq™)P(go J o

—g t J 1 )

or its bosonic equivalent, the sine-Gordon model,

(6.2)

L ba"" =
—,'Z(()o~) —~X(~~7)) —(M~/n }:cos(+4

(6.3)

The (tree-level) mass m& of g is given by m
&
= —4pM/Z.

From the short-distance behavior of the g propagator
[note Eq. (2.8)], one finds that p= —

—,'elm&. Thus the p,
which previously was an infrared cutoff, is now
non zero,

q=e ~Mr'Z . (6.4)

= ( Y/Z)(e /&~)uF E . (6.5)

This is easily seen to be equivalent to the anomalous con-
servation law of the axial current

The coupling constants go and g, are functions of M/coo
now. For M/co0&&1, one may use the values in Eq.
(2.11); the next corrections to go and g, are of the form

g (M/coo) [in(M/coo)+const].
The equivalence of the massive Thirring model and the

sine-Gordon model has been studied extensively. ' " For
a =1, our fermion operator (3.2) and Eq. (6.4) correctly
reproduce Mandelstam's result. "

It is clear from Eq. (6.3) that the mass term breaks the
Kac-Moody symmetry (hence both axial and conformal
symmetries as well) explicitly and that there remains no
massless (long-range) mode in the theory. Both electrons
and phonons have only short-range correlations. The
correlation lengths, however, grow up indefinitely as
M~O, and the M =0 limit realizes the previous chira1-
and conformal-symmetric case of Sec. III; the spontane-
ously broken chiral symmetry of the mean-field treatment
is thereby never realized.

In the presence of an applied electric field, the phason
equation reads

(0, —u „„,„8„)(+m(( Y/&4')sin(&4m//Y)



5592 B. SAKITA AND K. SHIZUYA 42

()p", =2iMgy5$ —(e/m)e. 4'd„A, . (6.6)

The conductivity now reads cr(co) =i (e n /m *)co/(~
—m &) for weak E. The sliding of the ICDW is
suppressed owing to pinning, resulting in a vanishing
static conductivity. It is also clear from Eq. (6.5) that
pinning makes the plasma frequency of the ICDW medi-
um higher, co =[(e n /m*) +m&]'

VII. CONCLUDING REMARKS
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APPENDIX A

(Al)

~here x +—=x +x', q denotes the dual field defined by
Bpf7=6p 8 7f.

The 7)(x) (normalized according to the action

f d x —,'B4g (34') obeys the commutation relation

[g(x), g(0)]=iD( x)= i)—e(x )0(x ) . (A2)

The g and g are decomposed into the positive- and
negative-frequency parts (g=q(+'+ri( ', etc.) in the usu-

al way. One has to introduce an infrared cutoff p (or the
size of the system -1/tu) to define the commutation rela-
tions of ri' —' and q' —"'. They are neatly written in terms
of X'*'=&m.(ri' +—'+g' ') and X' —'=&a.(ri( —' —ri( —') as

[X(x+)'—), X(0)' ]=+In[(+ip)(x++i0)], (A3)

[X(+) X(k)]—[X(+) X(+)]—0

[x"-',x'='] = [x'-",x'+ '] = —) ~/4 .

(A4)

(A5)

For [X'—'(x ), X( '(0)], replace x+ ~x in Eq. (A3).

APPENDIX B

In this Appendix we derive the axial anomaly in Eq.
(4.2) by an operator method of Jackiw and Johnson.
The external potential A" is treated as a perturbation to
the modified Thirring Lagrangian (2.12). We regularize
both the vector and axial currents in a gauge-invariant
way:

j "(x;e)=p(x + —,'e)y"I [ 3;e]g(x —
—,'e),

(Bl)
j "(x;e)=p(x + ,'pe)y"y—,I [ A;pe]g(x —,'pe), —

where I [A, e]=exp( ie f dz"—A„) with the line integral
connecting g and g. Formally the duality relation
j4~(x;e)=e"'j (x;pe) holds. Note, however, that the
j„(x;pe) here is regularized according to the prescription
(3.11); it differs from the vector current defined by the
prescription (3.6).

Using the equation of motion of )tj following from Eq.
(2.12), one can cast the axial-current divergence in the
form

0J5(x;e)=ipe [eF 4+g„(()j 4)]j„(x;e) as e" 0,
(B2)

where g„=(go,g, ); the sum over p, though somewhat
unusual in notation, is implied in the usual sense. We
substitute for j4~(x;e) on the right-hand side its vacuum

In this Appendix we summarize some basic commuta-
tion relations of a massless field in two dimensions. ' A
massless scalar field g(x), obeying the equation ()„()4g=O,
is decomposed into the left- and right-moving modes,

X(x+)=&n[ri(x. )+g(x)], X(x ) =&~[g(x)—g(x)],
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expectation value

(j"(;&))=(p ' +"/ )

&&(1+ah )/(a +X)e" e„/e (B3)

and let e"~0, noting Eqs. (3.11) and (3.12). Some alge-
bra then leads to the axial-current conservation law (4.2).
In the same way one can verify the vector-current conser-
vation t)J"(x;e)=0.

For reviews, see G. Gruner and A. Zettl, Phys. Rep. 119, 117
(1985); H. Fukuyama and H. Takayama, in Electronic Proper-
ties of Inorganic Quasi One D-ime-nsional Materials I, edited

by P. Monceau (Reidel, Dordrecht, 1985), p. 41.
2S. Barnes and A. Zawadowski, Phys. Rev. Lett. 51, 1003 (1983).
I. V. Krive and A. S. Rozhavsky, Phys. Lett. A113, 313 (1985).

4Z.-b. Su and B. Sakita, Phys. Rev. Lett. 56, 780 (1986); Phys.
Rev. B 38, 7421 (1988); B. Sakita and Z.-b. Su, Progr. Theor.
Phys. Suppl. 86, 238 (1986).

5M. Ishikawa and H. Takayama, Progr. Theor. Phys. 79, 359
(1988).

D. J. Scalapino, Y. Imry, and P. Pincus, Phys. Rev. B 11, 2042
(1975); K. B.Efetov and A. I. Larkin, Zh. Eksp. Teor. Fiz. 66,
2290 (1974) [Sov. Phys. —JETP 39, 1129 {1974)].

7S. Coleman, Comm. Math. Phys. 31, 259 (1973).
B. Sakita and K. Shizuya, Phys. Lett. A145, 209 (1990).
B. Klaiber, Boulder Lectures in Theoretical Physics (Gordon

and Breach, New York, 1967), Vol. XA, p. 141.
S. Coleman, Phys. Rev. D 11, 2088 (1975).

"S.Mandelstam, Phys. Rev. D 11, 3026 (1975).
' V. J. Emery, in Highly-Conducting One-Dimensional Solids

(Plenum, New York, 1979), p. 247.
' Our previous paper, Ref. 8, where the phonon dispersion and

energy transfer are ignored, deals with the a = 1 case.
'4To evaluate an integral like I = f d e{e0/e')KQ(~0{ —Z')' '),

Wick rotate it and integrate first over the radius to get

I= —{i/co0)f d8cos'8/[cos28+(1/a')sin'8]

= —
& (2m/co0)a/(1+a) .

For a review on Kac-Moody and conformal algebras, see P.
Goddard and D. Olive, Int. J. Mod. Phys. A 1, 303 (1986).

' K. Johnson, Nuovo Cimento 20, 773 (1961).
' N. Nakanishi, Progr. Theor. Phys. 57, 580 (1977).
' G. F. Dell'Antonio, Y. Frishman, and D. Zwanziger, Phys.

Rev. D 6, 988 (1972); R. Dashen and Y. Frishman, ibid. 11,
2781 (1975).

' Alternatively one may use a self-consistency argument: If one
defines the current by j„=—(r/&~)e„B'g here, the ex-
ponent of the operator solution in Eq. (3.2) is multiplied by
the same factor r. To reproduce this current expression, how-

ever, it becomes necessary for pL(z) and pz(z) in Eq. (3.4) to
have the structure (z+ —i 0) 'h (z) and (z —i0) 'h (z), re-

spectively; this yields r =1.
P. A. Lee, T. M. Rice, and P. W. Anderson, Solid State Com-
mun. 14, 703 (1974); Phys. Rev. Lett. 31, 462 (1973).

'H. Fukuyama, J. Phys. Soc. Jpn. 41, 513 (1976); H. Fukuyama
and P. A. Lee, Phys. Rev. B 17, 535 (1978).
For a review on anomalies, see R. Jackiw, in Relativity,
Groups and Topology II, edited by B. DeWitt and R. Stora
(North-Holland, Amsterdam, 1984).
L. D. Landau and E. M. Lifschitz, Statistical Physics (Per-
gamon, New York, 1958).
P. Bak and V. J. Emery, Phys. Rev. Lett. 36, 978 (1976); S.
Nakajima and Y. Okabe, J. Phys. Soc. Jpn. 42, 1151 (1977);J.
Yamauchi, K. Sato, S. Iwabuchi, and Y. Nagaoka, ibid. 44,
460 (1978).

25The M will be replaced by a renormalized mass M„„beyond
the tree level.
For the calculation of such corrections one may use a mas-

sive expression for the g propagator. The result
is —2g (m &/co0)'t ln[ —,

' (1+a)m &/co0]+ c ] for g, and
—2a 'g {m,-/co0)'[ln[ —,

' (1+a)m &/co0] —c I for g0, where c
21 (1—a)/(1+ a).

H. Frohlich, Proc. R. Soc. London Ser. A 223, 296 (1954); R.
E. Peierls, Quantum Theory of Soiids (Oxford University
Press, Oxford, 1955).
A. Luther and V. J. Emery, Phys. Rev. Lett. 33, 589 (1974); F.
Haldane, J. Phys. C 14, 2585 (1981).
R. Jackiw and K. Johnson, Phys. Rev. 182, 1459 (1969).


