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Impurity-induced grain-boundary embrittlement: A simple three-dimensional model
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The impurity-induced grain-boundary decohesion is investigated on the basis of a three-

dimensional-model calculation. The grain boundary is simulated by self-consistently modifying the

hopping integrals between two neighboring grains and the impurities segregated there. We find

that, for a wide range of parameter values, grain-boundary decohesion does occur.

I. INTRODUCTION

Abundant experimental evidence' indicates that a
certain class of impurity atoms tends to segregate to the
vicinity of the grain boundaries (GB) of metals. This
segregation generates a decrease of the cohesive strength
and causes the boundary to be the lowest path for crack
propagation, a phenomenon known as temper embrittle
ment.

This phenomenon has received much attention from
the engineering point of view. The embrittling elements
are well known and the effects they induce upon alloying
with most of the relevant metals have been well estab-
lished. The major outstanding task, from the applica-
tions point of view, is to find ways to effectively eliminate,
or at least control, the problem.

Obviously embrittlement is a complex phenomenon,
with at least two major possible origins, electronic
charge rearrangement in the neighborhood of GB's and
the presence of interlocking dislocations in interaction
with it. It is generally accepted that impurity segregation
embrittles GB s if the interfacial surface energy is de-
creased (see Ref. 5 and papers cited therein), by reduction
of both the cohesive energy and the plastic work that ac-
companies fracture. The relative importance of these fac-
tors is still open to debate.

On the other hand, an explanation for intergranular
fracture based on the blocking of dislocations by platelike
carbide precipitates, which produce large pileups, has

also been put forward. Since the boundaries are weak-

ened by the segregated impurities, the pileups initiate an

intergranular crack before yielding occurs in the next
grain. However, in this paper we restrict our efforts to
the investigation of the electronic contribution to the em-

brittlement phenomenon.
From a more basic materials-science point of view, the

problem is just now being studied in detail. In fact, only
recently several fully quantum-mechanical models to ex-

plain this harmful phenomenon have been put forward.
Using the local electron density functional Smith and
Ferrante evaluated quite accurately the energy of a pure
GB. Lanoo showed that is it possible to calculate the

atomic relaxations in the vicinity of a GB, which is im-
portant in the determination of the interface topology.

An alternative approach is to use a finite cluster model,
which includes grain boundaries, both with and without
segregated impurities. Using this technique Briant and
Messmer, ' in a pioneer work, were able to show that
when a strong embrittler is added to a metallic cluster (in
their case, eight atoms forming a regular polyhedron),
electric charge is always drawn from the metal atoms
onto the impurity. Thus, the metal-impurity bond can be
characterized as rather heterpolar of ionic. As a result of
this feature of the bond, and its consequent charge
transfer, less charge remains available for the neighboring
metal-metal bonds, which weakens them considerably.

Along this line Eberhart and Vvedensky" established
that the appearance of localized electronic states on the
GB provides a reliable indication of intergranular temper
embrittlernent in polycrystalline materials. Goodwin
et al. ,

' in a very recent contribution, reported on a
total-energy pseudopotential calculation of a large super
cell (eighteen atoms arranged in six layers). They evalu-
ated the energy required to fracture a sample along a GB
with impurities, and also the energy necessary to separate
two consecutive metallic layers in the vicinity of a GB.
Finally, they compared these results with the energy re-
quired to fracture a pure metal, to find that in both cases
the interlayer cohesion is enhanced by the presence of im-
purities.

However, there is still much to be learned from simple
infinite models of the GB, treated within the tight-
binding approximation. Gonqalvez da Silva' computed
the electronic band structure of an infinite GB, without

impurities, but allowed the position of the atoms on the
GB to relax. He found that a band of localized states
formed above the Fermi level. Along similar lines we re-
cently' used a one-dimensional model to show that, for a
wide range of values of the parameter space, localized
states also form below the Fermi level. The existence of
these localized levels implies, for some parameter values,
a reduction of the cohesive strength between metal layers
adjacent to the GB. This is in agreement with the conjec-
ture of Briant and Messmer' and with a semiqualitative
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model by I.osch, ' based on cohesive energy arguments of
small molecules. Villasenor et al. ' also studied a one-
dimensional GB, from the energetics point of view, em-

ploying the Hellman-Feynman theorem. They found lo-
calized states on the GB and possible GB decohesion.

Thus, it is clear from both experiment and theory that
the segregation of impurities to the grain boundaries in-
duces important changes of the physical behavior of met-
als and of the electronic density in the GB neighborhood.
Thus, a systematic study of the electronic properties of
the GB, and its interaction with the rest of the solid, may
provide a better understanding of several phenomena and
the underlying mechanisms which drive them.

This paper is organized as follows. In Sec. II we for-
mulate a simplified three-dimensional model of the GB,
which nevertheless incorporates the main ingredients re-
quired to properly characterize it. In Sec. III we derive
and analyze the electronic density of states and the
charge rearrangement in the neighborhood of the GB. In
Sec. IV the technique to evaluate the interlayer cohesion
energy is presented and implemented, and finally in Sec.
V conclusions are drawn.

II. THE MODEL

A planar GB breaks the translational invariance along
the direction perpendicular to it. This gives rise to
strongly localized electronic states in the neighborhood of
the GB, especially when segregated impurities are also
present. On the other hand, a fair amount of information
on the topology of the GB itself, and on the positions
adopted by the GB impurities, does exist. ' We can sum-
marize this information as follows: (a) The GB is always

quite narrow, and most of the time just a single atomic
layer thick; (b) while the exact atomic positions in the GB
are unknown, the interface retains crystal structure even
at nonzero temperatures. However, according to
molecular-dynamics results, ' the melting temperature of
the GB is lower than the bulk one; and (c) for a wide

variety of GB s the two-dimensional periodicity is com-
mensurate (in fact, most of the time identical) on both
sides of the boundary; these are called symmetric tilt
boundaries.

The most embrittling, or harmful, impurities that
segregate towards the GB are phosphorus and antimony
in commercial steels and sulfur in nickel and nickel al-

loys. The outer unfilled shells of these impurities adopt
similar electronic configurations and have a strong ten-
dency towards forming covalent bonds with transition-
metal atoms. From chemisorption model calculations' a
tendency of this type of impurity to form bridges between
two metal atoms is inferred. However, it is also possible
that the 3p impurity electrons hybridize with the 3d rnet-

al states, to form a special band localized on the GB. In
both the above-mentioned cases the electronic states on
the GB generate bands which differ from the pure metal
ones. This difference will, of course, depend on the im-

purity concentration and on its spatial distribution.
Our model intends to incorporate all the above-

mentioned features, while at the same time using as few
parameters as possible. Thus, we start adopting a high-

(2.2)

where L are vectors in the plane perpendicular to the z
direction, i.e., R=L+ lk, K are pseudomomentum vec-
tors defined by K=k„i+k j which lie in the first square
Brillouin zone (FSBZ). A straightforward calculation al-
lows us to cast the original Hamiltonian into a sum of
K-dependent ones:

Ho= g Ho(K), (2.3a)
K

where

Ho(K) = ( so+ Att ) g ~ K, I ) ( K, l
~

I

—grl, g+ )(IK, I ) (K, 1+1(+H.c. ) .
I

(2.3b)

Above, tI, +, is the hopping between sites belonging to
two contiguous layers, which for the unperturbed system
are assumed to be all the same, independent of site. We
will refer to this as the metal-metal MM hopping matrix
element tMM. This way AK becomes

A~= 2tMM [co—s(k„a )+cos(k a )], (2.4)

where a is the transition-metal interatomic distance. The
K-dependent Hamiltonian (2.3b) is isomorphic with a

symmetry system, with a well-known solution, and intro-
duce the GB as a local perturbation. This way, standard
Green's function and perturbation theory techniques can
be used to compute the relevant quantities.

Due to the severe complications associated with a real-
istic GB we model it, in close analogy to Goodwin
et al. ,

' as a layer on which the translational invariance
of the lattice is broken. The segregated impurities distri-
bute themselves on this layer, either forming a super-
structure or at random. While this constitutes drastic
simplifications, it rescues the essential elements of the in-
terface and allows us to derive qualitative results.

To define the model analytically we assume a simple
cubic lattice, to represent the pure transition metal, and
incorporate the GB as a local perturbation. The cohesive
energy of transition metals strongly depends on the de-
gree of 3d-band filling. On the other hand, their electron-
ic structure is quite similar over the whole series; only the
Fermi energy varies from element to element. Thus, in
order to simplify the calculations we just retain a single
s-like orbital per atom. The unperturbed Hamiltonian
can consequently be written as

Ho=/ so~ j)( j~
—y y r, , +h(~j)( j+g ~+

~

j+h )( j~),
i h

(2.1)

where eo is the energy of the Wannier orbital ~i ), cen-
tered on site R, , t," is the hopping integral between sites
R; and R, and h runs over nearest-neighbor sites only.
The two-dimensional translational invariance allows us to
use the mixed Bloch-Wannier representation
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pure infinite one-dimensional chain Hamiltonian.
Starting from the Greenian operator

g(z, K)=[z —Ho(K)] (2.5)

it is easy to obtain the Green's functions for each K as
the fo11owing matrix element:

g& (z, K)=
& K, l l[z —Ho(K)] 'lK, m &, (2.6}

G(z, K)=I[z —Ho(K) —Vb (K)]]

we obtain

Goo(z, K)= 1

[ZK+t 1k(ZK } El]

Go (z, K)=A. ' '(zK)t, GOO(ZK),

(2.13)

(2.14)

(2.15)

which leads to

sgn(E A—K/2tww )

glt(z, K) =go(z, K)=
(zK —1}'

and

(2.7)

G (z, K) =go(ZK )[1 gl l(zK)]

+t, A,
' (zK )Goo(ZK ),

G +, (Z, K)=A(ZK)G (z, K),

(2.16)

(2.17)

gt (z K) goA
—

l(z, K},
where

A(z, K)= —zK+sgn(E —AK/2t~~)(z K
—1)'

and

zK =E —AK/2tMM+iO+ .

(2.8)

(2.9)

(2. 10)

From now on, and throughout this paper, we choose
2tMM =1 as our unit of energy.

To obtain the Green's function in real space, it is
necessary to integrate over the FSBZ. To do so we have
used the method developed by Cunningham, details of
which will be discussed in the next section.

We represent the presence of impurities in the GB as
an M, „I„two-dimensional substitutional alloy, of im-

purity concentration x, and assume that the GB retains
the translational symmetry of the pure metal. All elec-
tronic effects induced in the GB will refiect on its egectiue
electronic band structure. Choosing a (100) monolayer
perpendicular to the z direction, and using the already-
defined mixed Bloch-Wannier basis for the electron
states, we introduce a GB in the pure crystal by means of
the following local perturbation:

v„(K)=e, (K)IK,0&&K,ol

+«)(IK,0&&K, 11+1K,O&&K, —ll+H. c.},
(2.1 1)

where At, =(1 tt~/t~~ )/2, an—d

1 —trr «MM
et(K) =e, —AK

2tMM
(2. 12)

The first term in Eq. (2.11) changes the host metal or-
bital energy by the impurity effective orbital energy, and
also changes the lopping matrix elements tMM by the
effective II hoppings, trr, for all the atoms belonging to
the layer (our GB). The second term alters the MM hop-
pings, which connect layer 0 to layers 1 and -1, replacing
them by new IM hoppings.

To find the perturbed Green's functions we use a
method developed previously, ' which is based on the
transfer-matrix technique. If we define the Greenian
operator for the perturbed Hamiltonian as

where

10f po(E)dE =Z~ (2.19)

defines the Fermi level for a pure host with ZM d elec-

for m =+1,+2, +3, . . . Above t, = trM /tMM.
From the Green's functions of Eqs. (2.14)—(2.17) the

local density of electronic states (LDOS) and the elec-
tronic occupancy, denoted by pi(E) and nt, respectively,
are readily obtained. This way we evaluate the charge
profiles around the interface, for different GB and host
parameter values.

The measured impurity concentration on the GB de-
pends both on the host and impurity chemical species. It
lies in the range between 10 and 45%. This is 10 times
larger than the host impurity concentration, and
sufficient to change significantly the electron density in
the GB region. The magnitude and sign of the change
depend, in addition to the impurity concentration, on the
spatial impurity distribution, which may be random or
ordered.

The random impurity distribution is described by the
Lloyd model for Lorentzian diagonal disorder. It im-
plies a distribution of the energy eigenvalues of the GB
atoms, which are used in the evaluation of the corre-
sponding Green's functions, the center of which is ob-
tained self-consistently. For the mean width we adopt
the difference between this self-consistent level and the
host one.

For ordered impurity distributions we assume an
egectiue pseudoatom for all sites on the GB layer. This
pseudoatom is characterized by an effective atomic level
plus an effective hopping. From now on we will simply
call this pseudoatom, impurity. Its atomic level is evalu-
ated self-consistently by imposing the condition of total
charge neutrality. Finally, for the II hopping we adopt,
in our numerical calculations, values which reproduce
the two-dimensional bandwidth in two perfectly ordered
cases: the binary superstructure and the fully segregated
configuration of the GB. They correspond to attractive
and repulsive interactions between the metallic and insu-
lating ions of the GB, respectively.

To evaluate the impurity atomic level, cr, we use
Friedel's sum rule, which for this case takes the form

F.F
1O ap ~„EdE=SZ, (2.18)
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III. GRAIN-BOUNDARY LDOS
AND CHARGE TRANSFER

The LDOS for an atom belonging to the layer labeled
by the index l and with a component K of the momentum
parallel to the GB can be evaluated as

1
pi(E, K)= ——ImGlt(z, K), z+;0 .

7T
(3.1)

trons per atom. Above, po(E) is the pure atom LDOS
and bp(E) is the global DOS difference per atom, be-
tween the pure and the perturbed system. AZ is the con-
duction electron difference per GB atom due to the pres-
ence of impurities. The factor of 10 in Eqs. (19) and (20)
takes into account the d-band degeneracy.

The self-consistency requirement on E.I, imposed
through Eq. (18), assures global charge neutrality, while
allowing charge oscillations in the neighborhood of the
impurity layer. These Friedel oscillations have a wave-
length determined mainly by the degree of band filling,
and an amplitude which decays to negligible values a few
atomic lattice parameters away from the GB. The
LDOS, charge transfer, and the existence of localized
states in the GB will be discussed in the next section. Fi-
nally, the GB cohesion energy will be computed introduc-
ing an additional perturbation that cleaves the crystal be-
tween two consecutive layers.

V)
O
Cl

0.50

0.25

given by the poles of GB Green's function. If we denote
these poles by Z&, we obtain

4+ 2 1/2

ZK= —Etw+sgn(Et) ftw +L — 2 2 1 I
2ti —1

where

(3.3)

FIG. 1. Local density of electron states (LDOS) for atoms be-
longing to layer I. The 2D character of the GB band of local-
ized states (layer 0) can be appreciated. Here
3

tJl 2 tfM 2t~~ = 1 and cI = —2.0. Energies are measured in
5 1

units of 2t~~ = 1 throughout this paper.

To obtain the K-averaged LDOS, it is necessary to in-
tegrate pt(E, K) over the FSBZ to obtain

1 —t
1

2t) —1
(3.4)

p, (E)= J J p, (E,K)dK . (3.2)

However, in practice, and depending both on the smooth-
ness of pI(E, K) and the precision required, it is possible
to obtain accurate results for the integral in Eq. (3.2)
summing over representative high-symmetry points of
the FSBZ. In particular, we use a variable number of
points which depends on the energy range that is being
considered. For example, in the vicinity of Van Hove
singularities a large number of K vectors is needed to ob-
tain the required precision.

The LDOS for a pure bulk atom is known, the band
edges are at +6tMM, and it has Van Hove singularities at
+2tMM. When the perturbation described by Eq. (2.11) is
considered, the LDOS changes principally in the metallic
layers close to the GB. The magnitude of the change,
and the number of neighboring layers affected, depends
strongly on the GB parameters. This is especially notice-
able when the latter lead to formation of band states lo-
calized on a specific layer, but which do not propagate in
the direction perpendicular to the GB. This is clearly il-
lustrated in Fig. 1, where we display the LDOS for atoms
that belong to the GB (layer 0) and to the metallic layers
labelled by l =1,2, and 3. Practically all states which are
not pure metal states fade two layers away from the GB.
These localized band states have, as expected, a two-
dimensional character and, depending on the impurity
level and the II hopping, they can split off from the band.

For each K value, the energy of the localized states is

The summation over the FSBZ K vectors spreads the
localized states of Eq. (3.3) into a band, whose width is
strongly determined by the tri hopping parameter of Eq.
(2.12). An impurity with st &0 (electronegative impurity)
and with a large II hopping favors electron localization
in the GB layer. The IM hopping instead controls the
propagation of this states into the adjacent metallic lay-
ers.

The self-consistent evaluation of the impurity energy
level cl is based on the generalized Friedel sum rule.
Starting from the following generalized phase shift g,

rt(z, K) =arg det[g —VGB(z, K)go(z, K )],
we obtain

(3.5)

b,N(EF, K ) = ——g(EF, K),1
(3.6)

where b,N(EF, K) is the total difference in occupied states
induced by the peturbation. In Eq. (3.5), the perturbation
and the initial Green's function are represented by the
matrices Uos and go, respectively. To obtain the total
difference ANGB, due to the presence of the GB, we sum
Eq. (3.6) over a set of K values, as described above. Fi-
nally, the EI value was varied until Eq. (2.19) holds. This
way, the screening of the electric potential due to the
charge How towards the GB is achieved at least in the GB
itself where the charge transfer is largest.

For practically all parameter values that are different
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from the pure metal ones, charge oscillations are induced
in the vicinity of the GB. We define these oscillations by

an, —=n( —Z a (3.7)

where nr is the occupation number of an atom belonging
to the 1th layer and Z is the corresponding atomic
valence. a=M for all the metallic layers and I for the
GB layer. For ZI we assume an effective value given by

ZI = ( I —x )ZM +xnl, (3 &)

where x is the impurity concentration and nl is the num-
ber of electrons contributed by each impurity to the rnet-
al band. However, we have no a priori knowledge about
the values of nr and thus we limit ourselves to the ex-
ploration of two extreme alternatives: metallic and co-
valent bonding between impurity and metal atoms.

In the first case we assume that the 3p electrons of the
impurity hybridize with the 3d electrons of the metal,
thus forming a single band; consequently, n~ is the num-
ber of 3p electrons of the impurity. In the second alterna-
tive we assume a covalent MI bond formation; hence, the
valence of the impurity is set equal to —nr. For both
these alternatives, if ZM & nr, the two-dimensional GB
band holds a smaller number of electrons than the host
band.

From an analytic point of view metallic and covalent
bonding are closely related. In fact, all physical results
that apply to the covalent case can be obtained by chang-
ing the value of Zxr to ZM =ZM+2xnl I( I —x).

In Fig. 2 we show the self-consistent impurity orbital
energy level c& for the crystalline metallic model and for
several values of nr=2, 3,4, 5, 6. The impurity concentra-
tion x was fixed at 30% and the parameters tI~ and tIM
were chosen to be equal to tM~, the parent crystal hop-
ping parameter. This way, we start with a simple model
that can be compared with the realistic supercell solution
of Goodwin et a/. ' They modeled the GB by the substi-
tution of a percentage of metallic atoms by impurities,
forming a two-dimensional superstructure on a particular
layer. All the remaining parameters were kept fixed, at
the parent crystal values. It is seen in Fig. 2 that el=0

0.24 (a)

012

c 0

only for ZM =nr, i.e., when no impurity is present. Two
additional features can be observed in Fig. 2: The c,l
values are bound both from above and below, over the
whole range of ZM, and for all the nI values used these
curves have basically the same form, differing only in an
additive constant. This is in sharp contrast with the re-
sults of by Desjonqueres and Spanjard, who treated the
one-impurity case in a bulk fcc transition metal and
found diverging EI values for large ~ZM

—ZI ~.

The charge oscil1ations hnI versus Z~, for l =0, 1, and
2, are displayed in Figs. 3(a) and 3(b). It is observed that
for all values of nr, except for nI=ZM, which corre-
sponds to the pure crystal case, there is a charge rear-
rangement in which the GB and the metallic layer closest
to it become oppositely charged. This implies decohesion
of the system. An appreciable difference between Friedel
charge oscillations induced by a single impurity and those
generated by a 2D impurity layer emerges from the previ-
ous result. In particular, the wavelength of the latter
seems to be of one lattice spacing in all the cases we have
studied. Thus, a strong tendency to compensate the
charge excess (or deficit) on the GB layer is observed,
which gives rise to an opposite charge in the two layers
closest to it.

The LDOS for atoms belonging to the layers l =0, 1,2,
and 3 for ZM =8 and nr =2 is shown in Fig. 4. The local
character of the perturbation is discerned, since only the
GB and its two closest metallic layers are notoriously
modified relative to the pure bulk DOS. The GB LDOS
shows a peak below but quite close to the Fermi level,
which is clear evidence of a high cohesion energy. In
contrast, the neighboring layer LDOS has a smooth max-
imum farther below the Fermi level. These trends are
confirmed in Sec. IV, in which the energy required to

—0. 12

—0.24

0.24

0.12

(b)

—0.12

2.5 5.0 7.5 10.0
2.5

I

5.0
I

7.5 10.0

ZM

FIG. 2. Self-consistent energy levels cl of the GB atoms vs
d band occupation of the pure metal ZM. For all curves
2t» =2t,~ =2t~~. The upper one corresponds to nI =2 and the
rest in descending order to n& =3,4, 5, and 6.

FIG. 3. Deviation from the d-electron pure metal occupation
of the charge of an atom on layer 1, hn~ vs Z~. (a) nr =2 and (b)
nI =5. The solid curve corresponds to 1=0, the dashed one to
1=1, and the dotted line to 1=2. All other parameters are the
same as in Fig. 2.
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O
O

0.35

0.17

0.7

0.7

2.5
I

5.0 7.5 10.0

E/2 t

0.3

FIG. 4. LDOS for atoms on layer 1. Here, ZM=8. 0 and
n&=2. 0, which implies that the Fermi level is at EF=1.9, in

units of 2tM~ =1. All other parameters are the same as in Fig.
2. —0.15

fracture the solid is explicitly evaluated.
Varying the hopping parameter tiM to study the conse-

quences of different overlaps between the effective impur-
ity and metallic orbitals induces significant changes in the
self-consistent values of ei [Figs. 5(a) and 5(b)], and in the

charge transfer An&, as displayed in Figs. 6(a) and 6(b).
For ti~&t~M the GB repels electrons if 0&ZM &6, and

—0.30
2.5 5.0

Z

7.5 10.0

FIG. 6. Deviation from the d-electron pure metal occupation
of the charge of an atom on layer I, hnI vs ZM. nI=2. The
solid curve corresponds to I =0, the dashed one to I = 1 and the
dotted line to 1=2. All other parameters are the same as in
Figs. 5(a) and 5(b), respectively.

2.5 5.0 7.5 10.0

2.5 5.0 7.5 10.0

FIG. 5. Self-consistent energy levels Ei of the GB atoms vs

d-band occupation of the pure metal Z~. The hopping parame-
ters are (a) 2t» =tl~ =2t~~, (b) 2t» =4tl~ =2tM~. The upper
curve corresponds to ni =2 and the rest in descending order to
ni =3,4, 5, and 6.

traps them if 6 & ZM & 10; the layer next to the GB shows
the opposite behavior. However, the transfer in the latter
case is anomalously large, particularly for energies close
to the pure crystal Van Hove singularities.

This tIM ) t~~ case is of special interest, since it is re-
lated to a well-known conjecture, namely that the
cohesion between the GB and its nearest-neighbor layer
increases at the expense of diminishing the cohesion be-
tween other parallel layers in the neighborhood of the
GB.' ' Our results show [see Fig. 6(a)] that for ZM )6
(ZM ) 8), an appreciable charge transfer, from the nearby
metallic layers, towards the GB does occur. On the other
hand, in the LDOS of Fig. 7(a) the appearance of local-
ized states below the extended state band is quite ap-
parent; these localized states propagate only a few layers
away from the GB and are the main cause of the
decohesion phenomenon. As we shall see later on, for a
large region of parameter space they induce an enhance-
ment of the cohesion between layers 0 - 1, in conjunction
with a significant decrease of the 1 - 2 cohesion.

When the GB electron states are not so strongly cou-
pled with the adjacent metallic layers, i.e., when

ti~ &t~~~, the LDOS on the GB adopts a strongly 2D
character [see Fig. 7(b)]. This implies an enhancement of
the self-consistent shift of the band center and conse-
quently the value of cl is larger than the one that holds in
the tl~ =tM~ case. However, the charge transfer exhibits
two well-defined regimes: For Z~ &5 (ZM &7) the GB
traps charge at the expense of the adjacent metallic lay-
ers; for larger values of ZM charge is repelled by the GB.



42 IMPURITY-INDUCED GRAIN-BOUNDARY EMBRITTLEMENT: 5533

0.29

0.15

0.43

O
O

0.21

order. A remarkable equivalence with the charge oscilla-
tions An, of the 4tIM =2tMM case is obtained, as can be
seen when Figs. 6(b) and 8(a) are compared. On the other
hand, the self-consistent energy cz and the LDOS are
equivalent to the tlM=2tMM results. The 3D LDOS
shows localized states below the bulk band, but contrary
to the tl~ =2tMM case of Fig. 7(a), the neighboring layers
recover pure bulk characteristics faster, as can be seen in
Fig. 9(a).

Analogously, for 10t»=2tMM, i.e., for a narrow GB
band, an equivalence with the 4tIM =2tMM case does hold
for Zi and the LDOS, and with tlM =2tMM for hnl, as can
be concluded from the comparison of Figs. 6(a) and 8(b).
As shown in Fig. 9(b), the LDOS exhibits 1D features
which are due to the spatial anisotropy the GB electrons
are subject to. The equivalences we have thus established
will become relevant when the energy required to frac-
ture the metal is evaluated, in the next section.

We now turn our attention to effects due to diagonal
disorder. Following Lloyd's model we assume that the
GB local self-energies c

&
are distributed according to

&(& ()=
n[(e i

—si) +I j
(3.9)

E/2t
where m is a site index on the GB layer, l is the layer in-
dex, and ci and I are the center and the half-width of the

FIG. 7. LDOS for atoms on layer 1. Here, ZM=8. 0 and

n, =2, which implies that the Fermi level is at EF=1.9. The
hopping parameters are (a) 2t» = trM =2t~', (b)

2trr =4trM =2tMM

A. GB disorder

As mentioned previously, impurities segregate towards
the GB where they reach a significant concentration (up
to 40%), thus substantially modifying the electronic
properties of the GB neighborhood. Up to this point we
have modeled these changes through the self-consistent
shift of the 2D GB band center and through variations of
the hopping parameter between the GB and the adjacent
metal layers.

However, there are additional effects due to this large
impurity concentration, mainly because of topological
disorder, since impurities may locate themselves on the
GB in several different ways. In fact, they may generate
2D superstructures, or segregate forming clusters, or sta-
tion themselves at random. If superstructures are
present, gaps will open in the alloy band structure, which
are awkward to incorporate in our formalism. However,
clusters or random impurity distributions induce both a
broadening (or narrowing) of the 2D GB band structure
and a shift of the band center. The first can be incor-
porated by varying tll and the latter by means of Lloyd' s
model for diagonal disorder.

We have carried out numerical calculations of the
LDOS and An&, in the broad GB band limit tri =2tMM, in
order to understand the consequences of off-diagonal dis-
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FIG. 8. Deviation from the d-electron pure metal occupation
of the charge of an atom on layer 1, An i vs Z~. (a)
trr = 2trM =2t~~, nr =2, and (b) 10trr = 2trM =2t~~, nr =2. The
solid curve corresponds to 1=0, the dashed one to 1=1,and the
dotted line to 1=2.
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FIG. 11. LDOS for atoms on layer l. Lorentzian disorder of
the energy eigenvalues of each site is assumed, centered at
c,1=0.25 and with a half-width I =0.5. The hopping parame-
ters are 2t»=2t&M=2t~, n1=2, and the Fermi level is at
EF=1.9.

self-energy, that is

ez (k) =el(k) —I I (3.10)

E/2 t

distribution, respectively. The above expression for the
distribution allows us to obtain an average Green's func-
tion of the whole crystal, including a disordered GB.
Rodriguez and Weisz found that the only effect of this
disorder is to add an imaginary part to the k-dependent
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FIG. 10. Deviation from the d-electron pure metal occupa-
tion of the charge of an atom on layer I, hnI vs Z~, for
2t» =2tI~ =2t~~ and n, =2. The solid curve corresponds to
I =0, the dashed one to 1=1, and the dotted line to 1=2. The
charge differences b, nI were evaluated by integration of the
LDOS obtained from Lloyd's model.

2.50

FIG. 9. LDOS for atoms on layer I. Here, Z&=8.0 and
n&=2, which implies that the Fermi level is at EF=1.9. The
hopping parameters are (a) t» =2t,M

=2t~M, (b)
10t»=2tm =2tMM

where the superscript D denotes disorder.
To illustrate this point we carried out numerical com-

putations of the LDOS and b ni for the case
2ti1=2t1~=2t~M, I =0.5, and taking for the center of
the distribution 'El/2. This value of c~/2 corresponds to
one-half of the equivalent ordered case value. As shown
in Fig. 10, a trapping of charge by the GB is observed
over the whole range of va1ues of Z~. On the other
hand, the LDOS of Fig. 11 shows, for the same values
and Z~ =8, a smoothing of the singularities as a conse-
quence of disorder, which propagates to the adjacent me-
tallic layers.

IV. THE COHESION ENERGY

The principal objective of this contribution is the eval-
uation of the intergranular cohesion energy. The bulk
cohesion energy of transition metals is related principally
to the d orbitals, which form a narrow band of extended
states in the solid. The degree of band filling determines,
with few exceptions, like Mn, the degree of cohesion of
the particular transition metal. Thus, we assume that
the GB decohesion phenomenon is mainly induced by
changes in the d-band structure, which in turn originate
in the presence of impurities segregated to the GB. To
obtain the interlayer cohesion we evaluate the energy re-
quired to cleave the crystal between two consecutive lay-
ers, located an arbitrary distance away from the GB.

Analytically, the cleavage process is represented by the
addition of a perturbation to the total Hamiltonian of the
crystal, which reads

V~I'«) =
rI, I+ &

( I K, I ) ( K I + 1
I
+

I K, I + 1 ) ( K, I
I ) .

(4.1)

This way all the hopping terms between the layers l and
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l+1 are eliminated, thus dividing the original infinite
crystal into two semi-infinite ones, each of them with a
free surface.

Using the generalized phase-shift technique introduced
in Eq. (3.5)

0.10

0.08
O

UJ
CI

0.05

riel (z, K) =arg det(1 —
Volvo)

we obtain the cleavage energy for each K as'

E
bE,',"(E„,K)=—J ri,",'(E+iO, K)dE .

(4.2)

(4.3)

0.03

0.00
0.00 2.50 5.00 7.50 10.00

Finally, K is averaged using the method of Cunning-
ham to obtain b,E,'I"(EF). For the special case of a pure
cubic crystal we obtain

M

FIG. 12. Energy required to fracture a pure simple cubic
crystal EE,I 0 vs the number of d electrons Z~.

2K
ri, l o(z, K)=arg 1+

(
2 1)1/2

(4.4)

which for ~zz ~

~ 1 yields

i o(E K)= tan
EK

(1 E2 )1/2
(4.5)

where EK =E+AK and the subscript 0 denotes the pure
cubic crystal. A straightforward calculation then pro-
vides the result

(4.6)

with the following definition of EF:

&E,i o(EF,K)= —— EFsin '(—EF ) —(1 EF)'/2—
7r

5Eo i (EF )—:b E,I ' AE, I o, —

5E, 2(EF )—:hE,'," b,E„o . —
(4.9a)

(4.9b)

These differences are evaluated for the same parameter

0.025

tegral of Eq (4.3) has to be carried out numerically, which
can be efBciently performed using Cunningham's method.
hE,'&'(EF) and b,E,'I' (EF), are the energies required to
cleave the system between the GB and its nearest metallic
layer (0-1 cleavage), and to cleave between the two con-
secutive layers closest to the GB (1-2 cleavage). To com-
pare with the cohesion of the pure system it is convenient
to define the differences

+1 if EF+AK) 1

EF= —1 if EF+AK& 1

EF+AK otherwise.

(4.7)

To obtain the K-averaged d-band contribution to the
cohesion energy, we sum (4.6) over the special set of
points on the FSBZ. The resultant b,E,I o(EF) is a sym-
metric curve with a maximum at EF =0 (half-filled band)
and minima at the band edges, as displayed in Fig. 12. It
is important to recall that only the d-band contribution
to the cohesion energy is evaluated in the context of our
model. Certainly s-band effects exist and do become in-
creasingly relevant when the d-band is either nearly emp-
ty or almost full. On the other hand, the s band, and oth-
er contributions, remain nearly constant for all the
transition-metal series. Consequently, the curve of Fig.
12 plus a constant term provides an adequate description
of the transition-metal series cohesion energy, if magnetic
effects are ignored.

When impurities are present, the generalized phase
shift is given by

0.018
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I
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0.0 03

-0.005
0.025

0,018

0.010

0.00 3

-0.00 5
0.00 2.50 5.00 7.50 10.00

rl I+iGii(z K)A(z K)
g', I'(z, K)=arg 1— (4.8)

where the Green's function G&i(z, K) and k(z, K) were
defined in Eqs. (2.7) and (2.8), respectively. The E in-

M

FIG. 13. Difference between the energy required to fracture
the alloy and the pure crystal 5EI vs the number of d elec-
trons of the metal Z~. The solid line corresponds to the 0-1 and
the dashed one to the 1-2 fracture, (a) to nr=2, (b) to n1=6.
The parameters are 2t» =2t,~ =2t~~.
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FIG. 14. Di6'erence between the energy required to fracture
the alloy and the pure crystal 5Et vs the number of d elec-
trons of the metal ZM. The solid line corresponds to the 0-1 and
the dashed one to the 1-2 fracture. The parameters are
2t»=t&M=2t&~ and n&=2. (b) provides an enlargement of
5El 2, the dashed line of (a).

values chosen in the previous sections, in order to relate
our understanding of the energy required to fracture a
sample with the LDOS calculated previously. 5E2 3 and
more distant values from the GB need not be evaluated
since they are negligible. The accuracy of our calculation
of 5EO

&
is of the order of 1 %, obtained on the basis of

dividing the FSBZ into 10000 pieces.
The first example we have analyzed corresponds to

2tll 2tIM=2tMM, both for nI 2 and nr 6. Plots of
5E

~ +, ~
versus ZM are given in Figs. 13(a) and 13(b). A

significant conclusion can be drawn from the results for
nr=2, since they show decohesion between the 0-1 layers
for 3 & ZM & 5 electrons (5 & Z~ & 7); instead, the 1-2
bond exhibits decohesion for 6 & ZM & 7(8 & ZM & 9). The

FIG. 16. 5EI vs the number of d electrons of the metal
ZM. The solid line corresponds to the 0-1 and the dashed one to
the 1-2 fracture. The parameters are 10t»=2t,M=2t~M and
nI 2.

nz=6 case shows a somewhat smaller weakening than
nz =2, and only between layers 1-2, for 3 & ZM & 4.

In Fig. 14(a) we display plots of 5EO, and 5E, z

versus ZM for 2t~~ =tl~ =2t~~ and nI =2. An enlarge-
ment of the 5E~ 2 plot is provided in Fig. 14(b), since it
illustrates an important outcome. In fact, the enhance-
ment of the 0-1 bond, over the whole range of values of
Z~, brought about by t1~=2t~NI, implies a significant
reduction of the 1-2 cohesion for 3&ZM &7 electrons.
This confirms the conjecture of Briant and Messmer'
and of Losch, ' that a large value of the IM bond implies
a weakening of the neighboring MM one. For other
values of nr the same qualitative tendency is also ob-
served, with slight shifts of the minimum value of 5E ]

Interesting equivalences with the preceding behavior
do result when the hopping matrix element between GB
atoms is adequately modified. In fact, for
tII =2tl~ =2tMM and nI =2 one obtains, as shown in Fig.
15, results which are practically identical to adopting
4tll 4tlM =2tM~ and nr 2. Analogously, for
10tII=2tlM=2t~M and nI=2 the results of Fig. 16 are
obtained; their close similarity with Fig. 14 is quite re-
markable.
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FIG. 15. 5EI vs the number of d electrons of the metal
ZM. The solid line corresponds to the 0-1 and the dashed one to
the 1-2 fracture. The parameters are t»=2t, NI=2t~~ and

nI 2.

FIG. 17. 5E& vs the number of d electrons of the metal

Z~, when diagonal disorder is present. The solid line corre-
sponds to the 0-1 and the dashed one to the 1-2 fracture. The
parameters are 2t» =2tl~ =2tM~ and nr= 2.
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Finally, in Fig. 17 we plot 5E0, and 5E& 2 versus Z~
for the case with diagonal disorder described at the end
of Sec. III. Also here a noticeable 0-1 decohesion is ob-
served, for 2 & Z~ & 6.

V. CONCLUSION

In order to be able to carry out our calculations, we
have presented a model with several shortcomings and
certain limitations. It focuses only on the electronic con-
tribution to temper embrittlement, without incorporating
effects due to dislocations. Also, both the geometry of
the GB and the electronic band structure, are consider-
ably simplified. In fact, we have treated the d band as a
tenfold-degenerate s-like band. In this way, angular
dependences of the d orbitals are left out. Therefore, a
direct comparison of our results with experiment is not
possible.

However, the calculations we were able to carry out on
the basis of our model yield stable and consistent results
over a wide range of parameter space. In this way, in-

teresting qualitative inferences, which shed some light on
the microscopic understanding of this complex
phenomenon, were obtained. They allow us to draw gen-
eral conclusions, some of which are presented below.

In order to simplify this presentation, it is convenient
to recall that, within the framework of our model, it is
equivalent to increase (reduce) the insulator-metal hop-
ping parameter, ttM, or to reduce (increase} the
impurity-impurity one, trz. Their variation induces
equivalent changes on the electronic structure, and conse-
quently on the intergranular cohesion energy. This
equivalence was detailed in the two previous sections and
is an important element of several models proposed to ex-
plain temper embrittlement.

For example, on the basis of semiquantiative molecular
bonding arguments, Losch' offered several possible
mechanisms to explain the intergranular embrittlement,
from an electronic point of view, two of which are
equivalent in our model. In fact, the first one suggests a
weakening of the cohesion between the next and second-
next layers to the GB (layers 1 and 2), due to the
enhancement of the bond between the GB and its first
neighboring layer (0-1 bond). The second suggests a
reduction of the 0-1 cohesion due to the reinforcement of
the bonds between the atoms on the GB, which has a
significant impurity content.

The strength of the bond is mainly determined by the
local electronic structure, which in turn can be under-
stood in terms of the local density of states (LDOS).
%'hen tl~ is enhanced relative to t~~, while tll =tM~ is

kept fixed, the LDOS becomes broader and tends to lo-
calize states in the vicinity of the GB. This gives rise to a
band of localized states below the pure metal energy
band, as illustrated in Fig. 7(a). On the other hand, the
decrease of tII relative to t~~, now keeping tlM=t~~

fixed, narrows the LDOS on the GB, with the consequent
significant increase in the number of states with energies
close to E=0. However, this enhancement is very local-
ized and decays to practically the bulk value on the
neighboring metal layers, as illustrated in Fig. 3. This
phenomenon, known as resonance, also localizes a certain
amount of states on the GB.

In the tl~ & t~~ case, a localization due to a resonance
inside the energy band is generated, which for our pur-
poses makes it equivalent to the tII ) tMM case, where the
localization is related to a band of localized states, i.e., to
a pole of the Green's function outside of the branch cut.

Consequently, our model allows for the following pos-
sible mechanisms for the electronic contribution to
temper embrittlement.

(i) A reduction of the cohesion between the first two
metallic layers (layers 1 and 2) next to the GB, caused by
an enhancement of the bonds between the GB and the
first metallic layer in its vicinity (layers 0 and 1). This
holds for metals with 3 & ZM & 7, as illustrated in Fig. 14,
and for practically any impurity with valence between 2
and 6.

(ii} A reduction of the 0-1 cohesion due to the presence
of low valence impurities (nt =2) in transition metals
with a few d electrons (between 3 and 4) per atom. Also,
a reduction of the 1-2 cohesion for the same type of im-

purities, but in metals with between 4 and 6 d electrons.
In the same context, there is a decrease of the 1-2 bond
strength for transition metals with around nine d elec-
trons per atom, independent of the impurity valence.

(iii) A reduction of the 0-1 cohesion due to a large
impurity-impurity hopping parameter. This effect is
quite pronounced for the value of tII =2tMM that we have
chosen in Fig. 15, which induces decohesion for values of
the atomic valence in the wide range 1 &ZM &8, almost
independent of the value of the impurity valence.

(iv) Finally, a reduction of the 1-2 cohesion due to the
stabilization of a disordered structure of the GB, which is
quite noticeable and takes place in metals with
2 & ZM & 6, for the parameter values of Fig. 17.

Our results yield intergranular reinforcement, as found
by Goodwin et al. ' but it is small in magnitude and hap-
pens only rarely, as can be seen in Fig. 13(b) for
1 & Z~ & 2 and in Fig. 16 for 8 & Z~ & 10, respectively.
However, in most of the cases we have studied there are
regions of parameter space which yield intergranular
weakening, on the basis of the mechanisms detailed
above.
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