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We calculate binding energies of shallow acceptors in GaAs/Ga& Al As quantum wells

(QW's) for varying well widths. Variational calculations are performed in the framework of a
multiband eR'ective-mass theory, which accounts for the mixing between heavy and light holes.
The Hamiltonian also takes into account the mismatch between the band parameters and the
dielectric constants of mell and barrier materials. The envelope function is expanded into a
basis set consisting of products of two-dimensional hydrogeniclike functions and impurity-free
QW eigenfunctions at kii = 0. QW eigenfunctions of the continuum are included till conver-
gence of the acceptor energies is reached. The present method is suited for ground as mell as
excited acceptor states of I'6 and I'7 symmetry. We do not include central-cell eR'ects, but give
the dependence of the on-center density as a function of the well width in order to estimate
these corrections. Comparison with recent experiments, which determine the 1s —2s energy
separation, shows very good agreement.

Impurity states in quantum wells (QW's) have ex-
tensively been studied with a variety of different tech-
niques: photoluminescence, magnetospectroscopy, 4

far-infrared absorption, and resonant Raman
scattering. 2 Recently Holtz et at. have performed
measurements on acceptor states with two different tech-
niques, two-hole transitions and Raman scattering, which

have provided a very accurate determination of the en-

ergy separation between ls and 28 acceptor states.
Early calculations of impurity states in quan-

tum wells were based on a one-band effective-mass
approximation. s This one-band approximation is par-
ticularly suited for donor states and fails in the more
complicated case of acceptor impurities, as discussed in
detail by Greene and Bajaj.i The acceptor states are
associated to the valence band, which in the bulk is four-
fold degenerate at the I' point and has a nonspherical
dispersion. Contrary to the case of donor states which

are mainly associated to one QW subband, in the case
of acceptors, because of their higher binding energy, the
full QW dispersion should be accounted for. Moreover, in

the case of acceptors, the effect of central-cell corrections
has to be considered.

The first calculations coping with the complicated
valence-band structure were performed by Masselink et
a/. , who used a four-band effective-mass Hamiltonian.
These calculations turned out to be more appropriate for
the ground state than for the excited states. ~ Sub-
sequently, Pasquarello et al. used a k-space formalism
in order to calculate excited acceptor states. However, s-

type acceptor states were given only approximatively and

it was shown that QW continuum states had to be consid-
ered in order to obtain more precise results. The validity
of the results of Masselink et at. ' was questioned for nar-
row well widths. ' Very recently calculations on acceptor
states have been performed by Einevoll and Chang using
an effective tight-binding method. This formulation is

essentially a discretized version of the effective-mass the-

ory and contains a free parameter which is fitted on ex-
perimental bulk results for the ground-state energy. The
advantage of this formulation is that it is suited for the
case of very narrow QW's in which the effective-mass ap-
proximation is expected to break down. The validity of
the effective mass approximation in the limit of narrow
wells has been examined in Refs. 15 and 16. Einevoll
and Chang claimed that usual effective-mass formula-
tions are too complicated to take properly into account
the valence-band degeneracy as well as the position de-

pendence of the material parameters.
In this paper, we present calculations in the effective-

mass approximation for s-type ground and excited accep-
tor states in GaAs/Gai Al As QW's with well widths

ranging from 50 A. to 200 A. . The effective-mass approx-
imation is expected to be valid in this range of well

widths. %e have used a four-band effective-mass for-
mulation in order to cope with the degenerate valence-
band structure. Because of the choice of a simple ba-
sis set consisting of products of two-dimensional hydro-

geniclike functions and impurity-free QW eigenfunctions
at kii

——0, it has been possible to include the effect due

to the mismatch of band parameters and dielectric con-

stants. In order to have converging binding energies for
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the acceptor states, it has been necessary to include QW
continuum functions. Despite the large set of basis func-

tions, this formulation is very eKcient because of the

important advantage that most of the integrals which

appear in the matrix elements can be carried out analyt-

ically. The same procedure has been applied successfully

in the more simple case of donor impurities.
The acceptor states in a quantum well grown along the

[001] direction (z axis) are described by the 4 x 4 matrix

operator:
Hain + Hqw + H~ (1)

where H '" represents the kinetic energy and is given

by the t,uttinger-Kohn Hamiltonian, H& is a square-
well potential which represents the confinement due to
the band discontinuity, and H' stands for the Coulomb
potential of the on-center acceptor charge as well as of
the infinite set of image charges, originated by the di-

electric mismatch. The t,uttinger parameters 8 in H"'"
correspond to those of the well material for ~z~ ( L/2 and
to those of the barrier material in the other regions. In
the Hamiltonian (1) we have neglected self-energy terms
deriving from the dielectric mismatch. The neglected
terms shift the energy levels of the hole in both the accep-
tor and the valence-subband state, and therefore binding
energies are not essentially affected. We have checked
the effect, of the neglected terms in first-order perturba-
tion theory and found that in the considered well-width

range the acceptor binding energies are changed by less
than 0.1 meV.

The symmetry of an on-center acceptor in a QW is

D2g. All the acceptor states are two-times degenerate
and transform like I's or I'7.2 However, the effective-
mass Hamiltonian has a higher symmetry. The Luttinger
Hamiltonian is taken in the axial approximation which
has been shown to be accurate in the case of calculations
of acceptor binding energies. is The acceptor states can
therefore be classified according to the z component of
angular momentum m. Degenerate states have opposite
angular momentum. Parity with respect to inversion is
another good quantum number. The acceptor states can
therefore be classified by (~m~, +). Reflection in the z = 0
plane is also a symmetry of the acceptor system, but
is related to the previous ones. A detailed symmetry
analysis can be found in Ref. 13. Acceptor states of s-

type symmetry are given by (-,+) for I's (symmetry of
heavy-hole ground states) and by ( 2,+) for I'7 (symmetry
of light-hole ground states).

The four-component envelope function E ', where s
is the spin index which runs from —

&
to 2, is developed

in the complete set, of basis functions which are separable
in pand z:

F "(~ z) = e*' '").&. '(~)~.'( )z(2)
where g„' are impurity-free QW eigenfunctions at k~~ = 0
including discrete as well as continuum QW st, ates. The
latter states are accounted for by discretizing the contin-

uum introducing sum. ciently distant infinite barriers. The
functions g„' satisfy current conserving boundary condi-

tions at the interfaces. We note that the four-component
g„' have only one nonvanishing component, which has a
different spin-index according to the QW subband it rep-
resents. In our calculations we have chosen the g„' to have
a definite parity with respect to the 4 x 4 matrix operator
which represents the reflection in the plane z = 0.~ The
radial functions R„' are developed in an expansion of
symmetry-adapted decreasing exponentials:

where the exponents o, ~ are chosen to cover the relevant

physical region, and where the A„t' are variational pa-
rameterss.

Using the standard variational method, the eigenvalue

problem can be turned into a set of coupled algebraic
equations for the A„&'. The calculation of the matrix
elements of the kinetic energy is straightforward and can
be carried out analytically. The matrix elements of the
Coulomb potential are more complicated. The calcula-
tion of the latter matrix elements can be simplified using
the following integral expression for the Coulomb poten-
tials of H' which decouples z and p coordinates:

where Jo is a Bessel function of order zero. In this
way all integrals over the coordinates can be carried out
analytically. The infinite series of image charges give
a geometric series which can be summed analytically as
well. Only the final integral of Eq. (4) is evaluated nu-

merically.
In the numerical calculations, we have used the Lut-

tinger parameters pi —6.85, p2
—2.1, ys

——2.9 and the
dielectric constant e = 12.53 for GaAs, and pi ——3.45,

0.68, p3 —— 1.29, & = 9.8 for AlAs. The pa-
rameters for Gai A1~As are obtained by linear inter-
polation. The band discontinuity is taken to be AE„
= 0.35 x 1247 x z meV, where an onset ratio between
conduction and valence band of 65:35 has been assumed.

In Fig. 1 we present acceptor energies of on-center
acceptors in GaAs/Gap 7AlosAs QW's for well widths
ranging from 50 A. to 200 A. We have reported the ac-
ceptor energies of ground and first excited s-type accep-
tor states of I'6 and I 7 symmetry. The acceptor energies
are given with respect to the top of the first heavy-hole
subband. The energies of the I'6 and I'7 ground states
increase for decreasing well width. In contrast with previ-
ous eA'ective-mass calculations, the energy of the first
excited I'6 state is almost constant and even increases
slightly for decreasing well widths. It is well known that
in a simple hydrogenic model, whereas the energy of the
ground state is enhanced by a factor of 4 going from the
three- to the two-dimensional limit, the energy of the
first excited state is only increased by a factor of
In the realistic case of finite barriers this increase is re-

duced, analogously, as found for donor impurities. On
the other hand the acceptor energy of the first excited
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FIG. 2. Comparison between the present theoretical pre-
dictions of the energy separation between 18 and 28 ac-
ceptor states of 1"6 symmetry and results from two-hole
transition (discs) and resonant Raman scattering (squares)
experiments. ' The transition energy is given as a function
of the well width in the case of GaAs/Gap 7Alo, 3As quantum
wells.
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FIG. 1. Energy levels with respect to the first heavy-hole
subband of on-center acceptors in GaAs/Gao, 7A10.3As quan-
tum wells as a function of the well width. We report s-type
ground states and first excited states of I's (solid) and 1'7

(dashed) symmetry

r7 state decreases for decreasing well width. This is un-

derstood because this state is mainly associated to the
light-hole subbands. In fact, if the acceptor energies are
given with respect to the first light-hole subband, the en-

ergy of the first excited I'7 state is found to increase for
decreasing well width. We note that not only the ground
states but also the first excited states have higher bind-

ing energies with respect to the results obtained in the
k-space formulation. The results in Fig. 1 are in good
agreement with recent calculations, obtained with an ef-

fective tight-binding method.
A comparison of the absolute ground-state energy

(with respect to the top of the bulk valence band) ob-
tained at 200 A with the theoretical bulk value in the
same axial approximation shows that our results un-

derestimate the exact binding energy of the ground states
by less than 0.2 meV. Better convergence is expected
for the excited states as their binding energy is lower.

The error due to the axial approximation is estimated to
be about 0.5 meV. We therefore believe the overall error
of our calculations to be less than 1 meV.

In Fig. 2 we compare, for varying well widths, the cal-

culated transition energies between ground and first ex-
cited s-type I'6 acceptor states with recent experimen-
tal results. The experimental data are obtained with

two different techniques, two-hole transitions and Raman
scattering, and represent the actual more accurate ex-

perimental results for the 1s-2s energy separation. The
experimental values correspond to quantum wells which
have been centrally doped with Be. Although the calcu-
lations have been performed for an ideal acceptor, i.e.,
without considering central-cell corrections, the theoret-
ical results are in very good agreement with experiment.

We discuss now the effect of central-cell corrections in
QW's. From our model we deduce a bulk binding energy
of 28.3 rneV, whereas the experimental bulk value for
the Be acceptor is 28.0+0.3 meV. Besides the aforemen-
tioned errors in our solution of the effective-mass Hamil-

tonian (1), there are other effects which are not accounted
for by Hamiltonian (1). They are due to coupling to the

split-off band, to the spatial dependent screening, and

to the chemica. l shift of the considered impurity. The
above comparison shows that there is an almost com-

plete cancellat, ion of all these effects. We expect that
this cancellation is effective also in the QW, as long as

the acceptor wave function on the impurity site is similar

to the wave function in the bulk limit. This is the case
for QW's larger than about 100 A, as can be deduced
from the absolute energy of the impurity which remains

almost constant in this well width range. A more precise

indication of the variation of the acceptor wave function
in QW's is given by the charge density on the acceptor
site. In Fig. 3, we give this density for s-type ground and
first excited states of I'6 symmetry. The densities have
been normalized with respect to the density of the ground
state at 200 A. which is the largest considered well width.

The radius of the acceptor ground state being about 20
A. , the density is expected to be constant for large well

widths. In fact Fig. 3 shows that for decreasing well

widths the density of the ground state on the acceptor
site remains almost constant till a well width of about
100 A (the small oscillations are within our numerical
accuracy). For smaller well widths the density increases
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reaching at a well width of 50 A, a value of about 150'%%uo

the bulk value. The density of the first excited I's state
is found to be almost constant in the considered well-

width range. This result compares well with the almost
constant binding energy presented in Fig. 1. We there-
fore expect that in the considered well width, from 50
to 200 A the central-cell corrections to the 1s-2s energy
separation can be considered constant to a first approxi-
mation. Larger discrepancies with respect to the present
calculations could arise for well widths less than 100 A. .

In conclusion, we have presented an eA'ective-mass for-

L(A)
FIG. 3. Charge density on the acceptor site for s-type

ground and first excited states of I'6 symmetry as a function
of the well width in the case of GaAs/Ga0, 7Ala, aAs quantum
wells. The densities have been normalized with respect to the
density of the ground state at 200 A.

mulation of acceptor states in QW's which is suited for
ground as well as excited acceptor states. We have pre-
sented binding energies of s-type acceptor states of I'g

and I'7 symmetry for well widths ranging from 50 A to
200 L. The calculated energy separation between 1s and
28 acceptor states is in very good agreement with tran-
sition energies accurately determined by two-hole transi-
tions and Raman scattering in recent experiments on Be-
doped QW's. ~ s The present theory reproduces correctly
ground as well as excited states and shows the effective-
ness of the usual effective-mass formulation for acceptors
in QW's, in contrast to what is reported. i4 The effect
of central-cell corrections, which are not accounted for
in the model, have been estimated studying the charge
density on the acceptor site. We find that for well widths
larger than about 100 A. , the overall central-cell correc-
tion can be taken equal to its bulk value. We wish to
emphasize that a distinct virtue of the present theory
lies in the use of a set of basis functions which are sepa-
rable in the r coordinates. This fact allows the theory to
be extended easily in order to cope with external pertur-
bations such as electric or magnetic fields and uniaxial
strain.
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