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We calculate the optical conductivity cr(cv) of the Hubbard and t Jm-odels on 10- and 16-site

lattices, respectively, using a Lanczos method. Results are presented for various values of the

couplings U/t, J/t, and band fillings, using free- and periodic-boundary conditions. We discuss

the behavior of the kinetic energy in the ground state, the distribution of spectral weight of cr(tv)

between low and high energies, and the sum rule. Indications of a Drude-like peak at low energy
in the one-hole subspace are observed in both models. Assuming that holes behave like indepen-

dent (mass-renormalized) particles in the normal state of the superconductors, our results also

suggest that the optical midinfrared broadband observed experimentally can be explained by hole

excitations of strongly correlated systems.

The study of the infrared properties of high-T, super-
conductors like YBa2Cu307 s gives us information about
the normal and superconducting states of these materials.
Results for the reflectivity and the optical conductivity
o(co) produced by different experimental groups are now
in reasonable agreement with one another but the theoret-
ical interpretation of the data is controversial. Of particu-
lar interest is a distinct knee' found in the reflectivity at
a frequency 435 cm ' in the normal and superconducting
states. The normal-state conductivity has a Drude-like
peak at zero energy followed by strong absorption in the
midinfrared with a broad peak centered' near co-1700
cm . There is no clear explanation for the origin of this
absorption.

How can we analyze theoretically the optical conduc-
tivity o(to)? Simple Hubbard-like models in the strong-
coupling regime may qualitatively describe the physics of
the materials, but in that region there are no widely ac-
cepted analytic techniques for their study. Then, in order
to compare experimental results with Hubbard-model pre-
dictions it is useful to perform numerical studies. In this
paper we use exact diagonalization techniques of small
clusters. The study of the dynamical properties of holes in
the t Jand Hubbard -models was recently initiated in the
subspaces of one and two holes. In this paper we extend
those numerical results to the calculation of cs(to) The.
Hamiltonian of the one-band Hubbard model has the
well-known form

H= —t $ (c; ~;+tt +H.c.)

+Up(n;
&

—
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' ),
where c; creates an electron of spin cr at site i of a two-

dimensional (2D) square lattice, n; is the number opera-
tor, and b is a unit vector connecting nearest-neighbor
sites. We have also studied the conductivity of the t-J
model defined by the Hamiltonian

H JgS; S;+s t $ (c;—,~;+tt +H.c.), (2)
i,8 i, b, cr

~here c; is a hole operator acting in the space where
there is no double occupancy, and the rest of the notation
is standard. For the t Jmodel we -worked on a 4x4 lattice
while for the Hubbard model we worked on J8&& J8 and
v10x 410 site lattices. To study the optical conductivity
in the Hubbard model we define the current operator in

the x direction at zero momentum as

tt~(c&~1+g~ ci+g~ct ~),
l, (X

while for the t-J model we simply replace c; by c;
Through the usual linear-response theory the optical ab-
sorption is now defined as

o(to)= — Im (ys, ij„j„[tls,)l l

coz e+Eg s +it —H

(3)
where

~ ys, ) is the ground state of the Hubbard or t-J
models with a given number of holes and energy Eg, ,
which we obtain with a modified Lanczos method. e is a
small parameter that moves away from the real axis poles
that otherwise would appear in Eq. (3). For a (i) finite
lattice with open boundaries and (ii) an infinite lattice, it
can be shown that the sum rule

a oo (T,)
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dco a(co) =
2
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is satisfied where (T„) represents the mean value in the
ground state of the hopping term of Eqs. (1) and (2) in

the x direction. Using Eq. (3), cr(to) can be evaluated
by a continued fraction expansion using the Lanczos
method. We will mainly concentrate on the case of zero
and one holes since we are interested in the properties of
the Hubbard model at low temperature and small doping
where the holes can be treated as independent. s

Since (T„) is related with the integrated cr(nt) it is in-
structive to analyze its behavior as a function of U/t Fo.r
a half-filled system (T„)decreases as a function of U/t as
expected and it vanishes at U ~. Thus, in this limit the
optical spectral weight goes to zero. In Fig. 1(a) we show
(T)U/(T)p vs U/t for the two-dimensional Hubbard model
on a 10-site lattice with periodic- (PBC) and free-
boundary conditions (FBC) at half filling using a Lanczos
technique (exact). (T)U is the total kinetic energy
(summed over x and y directions) at coupling U (t 1)
(we explicitly checked that for large U we reproduce the
results of the Heisenberg model). We also plot results ob-
tained from a mean-field (MF) calculation at half filling
and a Monte Carlo (MC) simulation. 7 There is a good
agreement among all the different techniques. For com-
pleteness, in the same graph we show results for the 1D
chain in the bulk limit which are similar to the two-
dimensional case. In Fig. 1(b) (T)U/(T)p obtained nu-
merically is plotted as a function of doping for different

1,0

values of U/t on an 8-site lattice with PBC ((n) 1 is half
filling). As expected for intermediate and strong cou-
pling, when the system is doped away from half filling the
kinetic energy increases and thus there is more spectral
weight in a(tu) through the sum rule [Eq. (4)]. Note that
in this region the slope of kinetic energy versus (n) curve
indicates that the carriers are holes.

In Fig. 2(a) we show tr(co) at U 8 (t 1) in the sub-

spaces of zero and one hole with FBC on a 10-site lattice.
We explicitly checked that the sum rule [Eq. (4)] is
satisfied. For this and higher values of the coupling and
one hole, there is a clear separation between the high en-

ergy (tu-U) states having charge excitations and the
low-energy excitations which are produced by the distor-
tions of the spin background when the hole moves. 4 At
half filling we only observe charge excitations located at
roughly the same position as with one hole although hav-

ing more spectral weight [region III in Fig. 2(a)]. The
threshold for charge excitations is in good agreement with

previous results for the one-hole spectrum of the Hubbard
model. It is very interesting that in the one-hole sub-

space a large peak at low energies appears [region I in

Fig. 2(a)]. It is natural to assume that this peak will be-
come a Drude-like peak at m 0 for a large system. The
FBC used in this lattice simply introduce a small shift in

its position to higher energies. This interpretation is sup-
ported by solving a one-particle problem on a lattice with
FBC of increasing size. A large peak appears accumulat-
ing spectral weight at low energy and finally becoming the
Drude peak in the bulk limit. Note also that there is addi-
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FIG. l. (a) Ratio of kinetic energies (T&U/&T&0 in the ground
state of the half-filled Hubbard model as a function of U(t I)
on a 10-site lattice with FBC and PBC (exact results). MC
(MF) denotes Monte Carlo (mean-field) results while 1D are
exact results for the one-dimensional chain. (b) (T&U/(T&p as a
function of doping (n) on an 8-site lattice for various values of
the coupling U(t I ).
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FIG. 2. (a) ct(t0) vs to for a 10-site lattice at U 8. The
dashed line corresponds to the half-filled case while the solid line

represents results when one particle is removed. We use t.

0.02, t I, and FBC. (b) Same as (a) but at U 4.
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tional spectral weight [region II in Fig. 2(a)] immediately
after that Drude peak. These states correspond to the
hole in excited states as described in Ref. 4 using a
"string" picture. We believed that it is possible to explain
the midinfrared features of the superconductors within the
context of the Hubbard model through these hole excited
states. In Fig. 2(b) we present similar results but for
U 4, which is a representative of the weak-coupling re-
gion. Here spin and charge excitations cannot be separat-
ed easily, although they can still be distinguished from
each other. 9 We have also studied two holes in the Hub-
bard model showing that the results are similar to one
hole with more spectral weight accumulating in the Drude
peak as expected.

It is important to know how the spectral weight of o(ru)
is distributed between the high- and low-energy states.
For this purpose we found it useful to define the quantity'
Z(ru) fo dru'rr(ru'). The ratio Z(cu)/Z(eo) interpolates
between 0 (ra 0) and 1 (ru eo). Typical results are
shown in Fig. 3. At U 10 and one hole the plateau ob-
served in this figure shows that the charged states contain
only -50% of the spectral weight (the rest being concen-
trated at low energies). This percentage decreases when
U increases. On the other hand, the result for U 4 shows
no clear separation between charge and spin excitations.

Now we turn to the t-J model. rr(ro) for this model was
analyzed previously in the region cu» J assuming a dif-
fusive motion for the hole and also using a self-consistent
perturbation theory. ' Since in the Hubbard model with
10 sites we found no large differences between FBC and
PBC at large U/r (where the t-J model is a good approxi-
mation to the Hubbard model) we decided to use PBC
which simplifies the numerical work. In Figs. 4(a) and
4(b) we show our numerical results for the t-J model on a
4&4 lattice. From this spectrum we subtracted the trivial
diver~ence at ru 0 due to the finite momentum of the
hole. There is a large peak at finite but small energy
resembling the results we obtained for the Hubbard mod-
el. This feature is present for all values J/t we investigat-
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FIG. 3. Z(co)/Z(~) as defined in the text as a function of rII.

The solid lines correspond to half filling while the dashed lines
denote results with one hole. U 4 and 10 (r I) are shown.
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FIG. 4. (a) Ir(ro) vs r0 for the t Jmodel -on a 4&4 lattice at
J 0.4 using e 0.1, r I, and PBC. (b) Same as (a) but at
J 1.0.

ed (0.2 ~ J~ 1.0) and it is tempting to speculate that it
will become the Drude peak in the bulk limit. Note that
after the main peak in Figs. 4(a) and 4(b) additional
structure is present. In particular, a second peak can be
clearly observed above the background. As for the Hub-
bard model, we believe that this accumulation of spectral
weight after the Drude peak may account for the midin-
frared absorption observed experimentally. What is the
meaning of this broadband? By analyzing the current
spectral function we found a strong correspondence with
the previously obtained spectral function of one hole. In
this case we also found the existence of peaks on top of a
featureless structure. These peaks were identified as ex-
cited states of a hole self-trapped in a linear potential as it
happens in the Ising limit. We believe that if the Hub-
bard or t-J models are good descriptions of the new ma-
terials, then a more careful experimental analysis of o (r0)
should show additional structure beyond the Drude peak
at low temperatures. "

Summarizing, we have studied the optical absorption
rr(ru) for both the Hubbard and t Jmodels. -In the one-
hole subspace we found a large peak at low energies which
we associate with a Drude peak. Additional spectral
weight at low energies due to hole excitations may explain
the midinfrared experimental features of the new materi-
als. We believe that our conclusions are very general and
they will appear in the analysis of other models involving
both Cu and 0 atoms. The present results, combined with
the observed shift in the antiferromagnetic peak of the t-J
model with doping leading to an incommensurate phase, '

indicate that some "abnormal" experimental results found
in the new materials may have an explanation purely
within the context of the Hubbard or t-J models.
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