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The three-band Anderson lattice model for the CuO. planes in high-T, superconductors is es-

tablished. Treating this model by perturbation theory, the eA'ective spin interactions are derived.

The antiferromagnetic superexchange integrals are calculated as functions of the direct oxygen
transfer and the hole concentration. It is found that frustration in the superexchange occurs, even

in the undoped case, which increases with oxygen transfer and decreases with hole concentration.

The phase diagram of the high-T„superconductors, '

such as Laq „(Sr,Ba)„Cu04, shows a variety of phases
depending on temperature and dopant concentration;'
e.g., the La-Sr compounds are antiferromagnetic below
Ttv(x), where Ttv drops quickly to zero at x=0.02, and
becomes superconducting in the region 0.05 & x &0.3.
This behavior suggests the existence of magnetic frustra-
tions and a possible connection between antiferromagne-
tism and superconductivity. Concerning the description of
frustration mechanisms, in the phenomenological mod-
els a static 0 hole introduced by doping generates a fer-
romagnetic coupling between neighboring Cu spins. In
the microscopic approaches, the t-J model (including
three-site terms) was shown to yield hole-induced frus-
tration due to an efective second-neighbor antiferromag-
netic coupling. In an extended Hubbard model, by nu-

I

merical cluster calculations in an Anderson impurity ap-
proximation, magnetic frustration in undoped LaqCu04
was found. The study of frustration in the realistic
many-band Hubbard models may be extended by going
beyond the impurity approximation and by calculating the
concentration dependence.

In this paper we are concerned with those problems.
Our goals are (i) to establish the three-band Anderson
lattice model for the Cu02 planes, (ii) to derive eA'ective

spin interactions by perturbation theory, and (iii) to cal-
culate the frustration in the superexchange as function of
the direct 0 transfer and the 0-hole concentration.

We start from a simple version of the Emery model
for the Cu 3d, ~,, i and 0 2p„,, orbitals in the square
Cu02 lattice and include the direct 0 transfer (hole repre-
sentation),

H=~qgd d; +Ugd1d, 1d id;1+s„gpt'pt +t, g ( —1) "'pt'p~ +V g ( —1) "(ptQ; +H.c.).

The energies sq(sz) of the Cu(0) holes contain the chem-
ical potential p. In the transfer integrals, the phases of
the orbitals are taken into account (as in the t~ =0 case ),
where the integers NI~, M;I are given in Fig. 1. Concern-
ing the parameters, we quote, e.g. , U =10 eV,
ha=a~ —sq =4 eV, V=1.38 eV, and t~ =0.33 eV.

After Fourier transforming the 0-hole operators
p;, (a =1,2; see Fig. 1) to pg, (0» k„,k, , & 2tr), we con-
struct the Wannier 0-hole basis (c1„, , v=1,2) diagonaliz-
ing the 0 part of (1) by the unitary transformation

Cko UkPko. ~

N=1 i i'M=a i 0

P;)

t[(C, -~,. )/2]
' (2)

We arrive at the model

H= Gdgd(~ad, +Used;1d;1d;id(1++ ek,ck, ~ct„
ktn

+ g (yk, e 'cq, . d, +H.c.),J~ (ki a
(3) FICJ. 1. Bonding Cu and 0 orhitais and the tv+, M, l in Eq. (1)

defined according to the phases of the orbitals.
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where

ck, =a~ —( —1)'4It~ Isin
'

sin

Ck~ —8 krak

where

Xk] fk2
8k=

j'k, )'k2 fk 1,
(4)

yk=4 sin
'" +sin ' =g

I Yk„, I~
2 2

t(k v/2) . v
Yk. =J2ie' "~ sin + ( —1) 'sin

2 2

(ki =k„, k2=ki„and JV is the number of Cu sites). This
model is the three-band Anderson lattice model with the
explicit 0 band and hybridization dispersions ak, and yk„
respectively. In contrast to heavy-fermion systems, ' the
0 bandwidth 4 I r~ I has about the magnitude of V, and
the 0 bands are slightly filled for small doping. The in-
clusion of the nonbonding 0 orbitals (perpendicular to
those shown in Fig. 1) yields additional 0 bands with

Gk3 8k' ak4 akim which are decoupled from (3).
In the limit t~ =0, it is convenient to rotate the Wan-

nier 0 basis by the unitary transformation

and yk ~ 0. Since p, , Yk~k„= Yk@ki, the orbital @k2 at
energy s is decoupled, and (3) reduces to a two-band
model. s' i

For the derivation of effective spin interactions from
(3), we take the limit U ~ by means of Hubbard
operators (Xi +g X; =1) and the replacements d;"

X;,d; L; . In our perturbation theory, we consid-
er the Kondo region (V«A8) of H=Hp+Hi, where Hy
is the hybridization term in (3), and construct an effective
Hamiltonian by the unitary transformation H =e He
with S determined from [S,Hp] = —H i . ' The exact
solution is

S= ' g '"' '"" ' X'--H.Ck vcr l .C.
ikva Aakv

(5)

Note that, unlike the perturbation ap-
proach by Zaanen and Oles, "in our theory the effects of
the 0-band terms in H p on the effective interactions in H
can be taken into account. We project H onto the sub-

space of single Cu-hole occupancy (P XP =1) and ob-

tain H, p containing only terms of even order in V. Up to
fourth order, we get H, ir Hp+Hq+H4, where

V2
H2 Z Ykv Ykv'

4 k.' 68kt, 58ki'
Ck vgCky'g V

kv ~~kv
+ Z 'Yk v Yk'v' +V2

+ ikvk'v' Aakv Aak'v'

—i(k —k')R,
e 'S; Rk, k, ,

Rkv, k't' ~ ~ Ckyg ~~~'Ck', '~'
iaa

where

V
J;,=, g Ak, ,q„(I —(ck,,~k, )p)e'

2A' kyqp

IYk I'IYq, I'
'

Ak,~v— 3 l

58qp

The superexchange integrals J;~ are functions of t~/Ac
and the 0-hole concentration b ( number of holes per ele-
mentary cell). For t~ =0 we get J~ =Jib'(; J& p, J

&

=[2V /(Aa) ][1—(b/b, „)];adding the nonbonding or-
bitals to (3), we have b,„=8. Since only the nearest-
neighbor coupling J t occurs, for t~ =0 there is no frustra-

is a generalized 0 spin. In second order there occur in-
direct 0-band and interband terms and an antiferromag-
netic exchange coupling between 0 and Cu spins (Kondo
coupling).

The fourth-order contribution contains spin-spin, spin-
spin-hole, hole-hole, and hole-hole-spin interactions and
irrelevant renormalizations of Hp, H2. Considering small
0-hole concentrations, we neglect the four-hole-operator
terms and treat the spin-spin-hole term in the mean-field
approximation (replacing the hole operators by the aver-
age with respect to Hp). Accordingly, we obtain the
Heisenberg term

H4=+ J;,S; S~,

I

«on for all &. This result is contrary to that by Entel

equal.

,
' who have found frustration for t~ =0 and 6&0.

Moreover, we have an antiferromagnetic superexchange
(Ji &0) for all b', which contradicts the result by Mu-
ramatsu, Zeyher, and Schmeltzer' showing a change in

sign of J ~ at b, [in hole representation and for U ~, J i

of Ref. 15 reads J
~

=2V /(Aa) (1 ——', 8), so that b, =
3 ].

For t„WO and 8=0, the dependences of Ji and the
second-neighbor (diagonal bond) superexchange J2 on

I t„ I/Aa are shown in Fig. 2 (all further neighbor cou-
plings are neglected). Ji increases with direct 0-band
dispersion, which is due to the decrease of the gap for vir-
tual d-p transitions. The qualitative effect of the direct 0
transfer is the appearance of the antiferromagnetic cou-
pling J2 which results in frustration measured by Jq/Ji in-
creasing with

I t~ I /Aa Taking the parameters quoted
above (I t~ I/As=0. 083), we get Ji =0.36 eV and J~/
J ] =0.05, where J ] has the correct order of magnitude
[Ji" '=0. 1 eV (Ref. 9)] and the frustration agrees with
the cluster results by Annett et al. (Jq/Ji =5-8%%uo).

In the calculation of the 8 dependences of J] and J2 we
have determined the chemical potential and the 0-hole
average in (7) at zero temperature; the results are shown
in Fig. 3. Kith increasing 8, the exchange integral J2 de-
creases faster than Ji, so that J2/Ji decreases too. From
this result we conclude that frustration in the superex-
change cannot explain the drop in T~ with doping, and
additional frustration mechanisms in H, g must be in-
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FIG. 2. Nearest-neighbor superexchange integral J~ (dashed
curve) and frustration Jq/J~ (solid curve) as functions of

I tp I/Ae for b 0.

FIG. 3. Superexchange integral J~ (dashed curve) and frus-

tration J2/J~ (solid curve) as functions of 8.

voked. Analogous to the situation in the phenomenologi-
cal frustration models, where the spin-hole coupling
creates a ferromagnetic exchange between neighboring
Cu spins, in our microscopic model the second-order
spin-hole term in (6) may create a fourth-order
Ruderman-Kittel-Kasuya- Yosida exchange superimpos-

ing the antiferromagnetic superexchange. The net effect
may be an increase of frustration upon doping. This prob-
lem remains to be studied.
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