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Hidden symmetries in the one-dimensional antiferromagnetic Heisenberg model
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Nontrivial conservation laws of the antiferromagnetic Heisenberg (AFH) model for periodic rings
are used for an efficient computation of the energy eigenstates in the SPO sector, a sector with zero
total spin and momentum. The appearance of twofold-degenerate eigenvalues is consequence of
conserved operators, which are antisymmetric under reflection.

I. INTRODUCTION

Antiferromagnetic ordering in two-dimensional planes
has been observed in La,CuO,,! which is one of the new
high-T, superconductors.”? It has been suggested® that
for undoped materials such a behavior can be described
by the two-dimensional antiferromagnetic Heisenberg
(AFH) model. This is one of the most simple but non-
trivial quantum statistical models, whose thermodynami-
cal properties are of principal interest in any case.

An exact computation of the ground state of the AFH
model has been performed first for small lattices (up to 16
sites) by Oitma and Betts.* Using a modified Lanczos al-
gorithm, the authors of Ref. 5 were able to enlarge the
size of the lattice to 24 sites. These results confirm anti-
ferromagnetic ordering in the ground state. Low-lying
energy eigenvalues have been computed for larger sys-
tems (up to 64 sites) employing Monte Carlo techniques.®
Of course, these results carry statistical errors.

For a systematic study of the AFH model, it would be
desirable to know the distribution of the energy eigenval-
ues, their degeneracies, and their dependence on the
number of lattice sites. In particular, degenerate energy
eigenvalues might help to find the “hidden” symmetries
of the model. So far, nothing is known about hidden con-
servation laws of the AFH model in two and more dimen-
sions. A whole family of conservation laws was shown to
exist for the one-dimensional XYZ model by Baxter.’
This important result could be generalized to a wide class
of one-dimensional quantum systems by means of the
quantum inverse-scattering method.® A new type of con-
servation law that does not follow from this method has
recently been discovered in the one-dimensional Hubbard
model.’ In this paper we want to demonstrate how to use
nontrivial conservation laws for an efficient computation
of the AFH energy eigenstates.

In Sec. II, we review the “obvious” conservation laws
of the AFH model, which hold in any dimension, as there
are conservation of the total spin S, the momentum P,
and the reflection symmetry R. It is convenient to divide
the Hilbert space of the energy eigenstates into sectors la-
beled by the quantum numbers s, s3, and p for S%, S5, and
P, respectively. The ground state is supposed to be in the
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SPO sector of states with zero total spin and zero respec-
tive 7 momentum. In this paper, we will be concerned
only with this sector.

In Sec. III, we present the explicit form of the higher
conservation laws,!? as they can be found in the one-
dimensional AFH model with periodic boundary condi-
tions. Most important for the construction of the SPO
sector are operators that commute with the Hamiltonian
but anticommute with the reflection operator R. Such
operators allow for a further separation of the SPO sector
into two subsectors, which we denote by SPO1 and SP02:
SPO1 contains only nondegenerate energy eigenstates,
which are symmetric under the reflection operator R.
SP02 contains twofold-degenerate energy eigenstates.
One of these states is symmetric, the other one is an-
tisymmetric under R. The SPO02 sector appears first for
periodic rings with N =12 sites.

In 1938, Hulthén'! had already computed the eigenval-
ue spectrum of the SPO sector for rings when
N =4,6,8,10. If he had gone one step further to N =12,
he would have found the degeneracy of reflection sym-
metric and antisymmetric states—a first hint of the ex-
istence of higher conservation laws.

In Sec. IV, we construct an appropriate basis for total-
spin-zero states, following a procedure first introduced by
Hulthén."" We describe how the AFH Hamiltonian and
the conserved operators act on these states.

In Secs. V and VI we diagonalize the AFH Hamiltoni-
an in the SPO1 and SP02 sectors, respectively.

In Sec. VII, we present the expectation values of the
spin-spin correlators for the lower eigenstates of the AFH
Hamiltonian.

II. THE OBVIOUS SYMMETRIES
IN THE AFH MODEL

The isotropic AFH Hamiltonian is defined by

H=1
“(xp)

(x,y) . (2.1)

The sum extends over the spin-1-coupling operators,

(x,p)=(o(x)a(y)), (2.2)

between nearest-neighbor points (x,y). For periodic
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boundary conditions, H is invariant under translations,
rotations, and reflections on the lattice. Moreover, the
total spin,

$=3 S(x), [H,S]=0, (2.3)

is conserved as well. H ,Sz,S3 and the momentum opera-
tors P as generators of the translations can be diagonal-
ized simultanuously. The corresponding set of eigen-
states is labeled by

|E,s,s5,p,A) (2.4)

where A stands for further possible degeneracies.
For a periodic ring with an even-number N of sites the
reflection operator R,

RS(N+1—x)R=S8S(x), x=12,...,N, (2.5)

commutes with H, S%, and S, but anticommutes with P:

[R,H]=[R,S]=0, {R,P}=0. (2.6)

Therefore, the reflection operator transforms states with
momentum p into states with momentum —p. The ener-
gy eigenvalues corresponding to these states are degen-
erate. In the subspace of states with momentum p =0, ,
we can diagonalize the reflection operator R as well:

R|E,s,s5,...,p=0,m,r,A)=r|E,s,s5,...,p

=0,m,r,A) . 2.7

III. HIDDEN SYMMETRIES IN THE
ONE-DIMENSIONAL AFH MODEL

It was first observed by Baxter,’ that the traces of the
transfer matrix Ty (A) in the one-dimensional XYZ model
commute for different values of the spectral parameter A.
Expanding the logarithm of Ty (A) around A =i /2 yields
“local” conservation laws,'© where only neighboring
spins are coupled. In case of the one-dimensional AFH
model, the lowest terms have the following form:

F;=3 elx,x+1,x+2), (3.1)
F,=>[(x,x +3)(x +1,x +2)
—(x,x +2)(x +1,x +3)—(x,x +2)] . (3.2)

In the definition of F, and F;, we introduced the ab-
breviations (2.2) and

€(x1,%,%3) = €458, (xS, (x,)S.(x3) . (3.3)

If we expand Ty (A) in a power series of A we are led to a
set of nonlocal translation-invariant operators G, which
commute with the AFH Hamiltonian (2.1) and the total-
spin operator S [Eq. (2.3)]:

[Gy,H]=[G,,S]=0. (3.4)

G, is constructed from the spin operators S,(x) on an or-
dered set of sites on the ring x; <x, <xj3 *** <xg:
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G, = > Sal(xl)---Sak(xk)Tal...ak , (3.9)
X|<X2" <Xk
where
T, .. ,=tro, "0, . (3.6)
1 k 1 k

A derivation of these conservation laws is found in the
Appendix.

The operator G, is related to the total spin S%. The
operator G;,

G3=i 2

XI <X2 <X3

€lx,x5,x3), (3.7

looks like a nonlocal version of F; [Eq. (3.1)].
F; and G, anticommute with the reflection operator R:

{R,Fi}={R,G;}=0. (3.8)

This property of F; and G, leads to certain degeneracies
of energy eigenvalues. To see this, let us consider the
zero-momentum eigenstates of H and R:

|E,s,s;,p=0,r) . (3.9)

The commutation and anticommutation rules of F; (G;)
allow for two possibilities.

(a) F; (G4) transforms reflection-symmetric eigenstates
(r =1) of H into antisymmetric states (»=—1) and vice
versa. The corresponding eigenvalues of H are degen-
erate.

(b) F; (G;) annihilates reflection-symmetric (antisym-
metric) eigenstates of H. Of course in this case there is
no degeneracy of eigenvalues due to reflection symmetry.

The ground state of the Heisenberg Hamiltonian is
supposed to have zero total spin, zero () momentum,
and to be symmetric (antisymmetric) under reflection for
N=4n, n=123,... (N=2n, n=13,5,...). If a
zero-momentum state, as the ground state, is nondegen-
erate, it will be annihilated by the operators F; and G;.

This property allows us to separate the SPO sector of
the zero-spin and zero-momentum states into the subsec-
tors SPO1 and SP02 of nondegenerate and twofold-
degenerate energy eigenstates. It will play an important
role in our approach for constructing the ground state of
the AFH Hamiltonian.

IV. SPIN-ZERO STATES

In this section, we will construct an appropriate basis
in the sector with zero total spin S=0.!" This construc-
tion can be performed on hypercubical lattices in any di-
mension.

We first associate to each site x on the odd lattice L _,

(=1Y=-—1 forx€L_ , 4.1)
in a unique way a site y on the even lattice L .,

(—1Y=+1 foryeL . 4.2)
Each of these one-to-one mappings,

M. xeL_—-»y€eL,, (4.3)
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defines a state of total spin zero,

Xp X3 X3 o
Vi Y2 3 _.>=[x1,y1][x2,y2]~--, (4.4)

if we couple the spins n(x),n(y) of all pairs x,y(x) to
zero,

[xy]1=1/V2[In(x)=1,n(y)=—1)
—lnx)=—1,n(y»)=1)].

Anderson’s resonating-valence-bond (RVB) state!? is a su-
perposition of such states, where the pairing is restricted
to nearest-neighbor points (x,y). On a ring with an
even number N of sites, there are just two states with

nearest-neighbor pairings:
2 4 6 "‘)"b)_N24 >

The basis of spin-zero states, defined in Eq. (4.4), is not
orthogonal and linear independent.

Note, that two spin-zero couplings between the odd
sites x;,x, €L _ and the even sites y,,y, EL , can be ex-
pressed in terms of the basis (4.4):

(4.5)

la)=

1
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(x50 ny2 1= p X,y 1 =[x 1,y X000 ] -
(4.6)

To see, how the Heisenberg Hamiltonian acts, we start
with the operation of the spin-coupling operators (x,y)
[cf. Eq. (2.2)] on states with all spins quantized in z direc-
tion:

n(y),...)
=[—142P(x, )], ...

. ..,nx), ...
np),...).
4.7)

,n(x),...

P(x,y) interchanges spins n (x) and n(y) at sites x and y.
The operator,

O(x,y)=1—P(x,y), (4.8)
acts on the total-spin-zero state as follows:
O(x,y)[x,y1=2[x,y],
4.9

O(x,y ) )[x 1,y %202 1= [x 1592 ][ %0011 -

The conserved quantities F; and G; on periodic rings
[Egs. (3.1) and (3.6)] are built from operators of the type
(3.2). Their action on the spin-zero states is found to be

de(x,xy,x3)[x 1,01 %29, 1[x3,¥3 1= [x 1,y x x5 1y sy I =[x s x0 x5, 01 12 ys ] s

(4.10)

de(x,xy,x3)[x1, %, ][x3,93]1= =[x, x5 ][x,y3 ] =[x %3] x2,05] -

V. THE SP01 SECTOR OF NONDEGENERATE SPIN
AND MOMENTUM-ZERO STATES

In this section we will diagonalize the AFH Hamiltoni-
an for periodic rings with N =4n sites in the SP01 sector.
The latter contains the ground state.

In terms of the nearest-neighbor operators O(x,x +1),
defined in Eq. (4.8), the Hamiltonian reads

N
H=1LN—-20), 0=TF O(x,x +1). (5.1)

x=1

We start from an initial state |1) with zero total spin and
zero momentum. This initial state is symmetric under
reflection and is annihilated by the operators F; and G;

[Eq. (3.1) and (3.6)]. The one-dimensional analog of the
RVB state [the sum of the two states in Eq. (4.5)] is an ex-

|1>:

1 2 3 4 S 6 7 8
12> = —

1 2 3 4 5 6 7 8
13> = —

FIG. 1. Graphical representation of spin-zero couplings in
the three states of Eq. (5.4) for N =8.

[
ample for such a state:
[1)=la)+]|b) . (5.2)

Application of the operator O on the initial state |1)
creates a new state |2 ),

2)= 3 Plx,x+2)[1), (5.3)
x=24,...
which is obtained from [1) by the permutations

P(x,x +2) of even sites.

A graphic representation of these states, known in the
literature as “valence-bond graphs,”!? is quite instructive.
We connect each pair of even-odd sites with a spin-zero
coupling using a straight line. Then the initial state (5.2)
only contains nearest-neighbor spin-zero couplings, as
shown in Fig. 1(a). The second state (5.3) can be seen

in Fig. 1(b). It contains one new ‘“spin-coupling
O) —_—

12 3 4
b) N —

" 2 3 4 5 6 1 2 3 L 5 6
c) _ —

FIG. 2. Spin-zero couplings, as they appear in the new states
generated by successive application of the operator O on the ini-
tial state (5.2).
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TABLE I. Energy eigenvalues (divided by the number of sites ) in the SPO1 sector for a periodic
ring with N =16. The corresponding eigenstates are nondegenerate and symmetric under the reflection
operator R.
—0.8927870 —0.4274789 —0.188502 1 —0.0324050 0.1249102
—0.6989113 —0.3510357 —0.181594 6 0.008 665 6 0.2094182
—0.6017805 —0.347946 1 —0.1329808 0.009 1934 0.2168383
—0.5707235 —0.2924745 —0.129844 6 0.027 506 8 0.2469191
—0.4962437 —0.2815944 —0.1083350 0.092 624 6 0.3274027
—0.4863906 —0.2333533 —0.0809289 0.109061 3 0.3607029
—0.439402 8 —0.2113794 —0.0613233 0.119779 8 0.394 3930
configuration.” to the ground-state energy per site:
We now proceed and apply O successively to |2) and _ _
all new states. In this way more and more complicated Eo/8=1/2(1—1/44)=—=0.912775 . (5.7)

coupling configurations are created. Some of them are
shown in Fig. 2.

For illustration, let us consider a ring with eight sites,
which has been treated already by Hulthén.!! In this
case, there are only three linear-independent states,
which span the SP01 sector:

1 357 1 357
|1)_2468>+8246>’
1 357
[2)= 4 6 8>+translations, (5.4)
1 357
13)= 4 2 8 6>+translations.

Following the rules of Eq. (4.9), the action of O on these
three states is found to be

ol|1)=8[2)+[2),
02)=8|1)+8|2)+2|3),
0|3)=4[1)+2[2)+4|3) .

(5.5)

Eigenvalues and right-handed eigenstates of O in the
SPO1 sector turn out to be

O|r)Y=AlL)

A =11.3022, |A;)=[1)+0.363]2)+0.099(3) ,
A,=5.45222, |A,)=[1)—0.189/2)—0.26/3) ,
A,=3.24559, |A,)=[1)+1.826]2) —4.84|3) .

According to Eq. (5.1), the largest eigenvalue A is related

TABLE II. The dimensions of the sectors SPO1 and SP02
and the number of states with zero momentum and zero total
spin in the z direction for periodic rings with N =8, ...,24.
The numbers marked with an asterix were computed by means
of the approximate formula of Ref. 14.

N 8 12 16 20 24
D(SPO1) 3 10 35 126 462
D(SP02) 0 4 60 728 8252
D(s;=0,p=0) 7 44 415  4620* 56 366*

Note, that the corresponding ground-state vector is not a
pure RVB-like state with only nearest-neighbor spin-zero
couplings. The more complicated spin-zero-coupling
configurations, as they appear in the states |2) and |3)
[cf. Figs. 1(a)-1(c)], contribute as well.

In Table I, we present the energy eigenvalues of the
AFH Hamiltonian in the SPO1 sector for a periodic ring
with N =16 sites. They are obtained by diagonalizing a
matrix of dimension D(SPO1), which is just the dimen-
sion of the SPO1 sector. It is quite instructive to see how
D(SPO1) increases with the number of sites N, which can
be seen from Table II. This number tells us what effort is
needed to compute the ground state for large rings. For
comparison, we also quote the dimension D(SP02) of the
second sector of twofold-degenerate energy eigenstates
with zero total spin and momentum, which will be inves-
tigated in the next section. As explained at the end of
Sec. III, one of these states is symmetric, the other one
antisymmetric under the reflection operator R. There-
fore, D(SP02) is just twice the number of states with zero
spin and momentum, which are antisymmetric under R,
whereas D(SPO1) is the difference of the numbers of sym-
metric and antisymmetric states. We get these numbers
by simply counting the R symmetric and antisymmetric
valence-bond graphs (cf. Fig. 1 for N =8 and Fig. 3 for
N =12). Note, that for large N, D(SP02) increases ap-
proximately as O(2%), whereas the increase of D(SPO1)
seems to be much slower:

D(SPO1)=0(2""?) .

Previous computations of the ground state'* were per-

11, r=-1> =

3 <7e g 101112 78 9101112>
1 2 34 56 <789101-‘I_12_;—8 9101112>

FIG. 3. Spin-zero couplings in the r=—1 states (6.1) for
N=12.




4660

formed in the space of states with zero total spin in the z
direction and zero momentum. The dimension of this
space is given in the fourth line of Table II.

Finally, it should be mentioned that the sectors with
zero total spin, but nonvanishing momentum, can be
treated in a completely analogous way. The only
difference is that we start from an initial state, which

is a momentum eigenstate with p=2wn/N,
n=0,1,2,...,N—1.

J

5 7 9 11 13579

ILr==D=1l¢ 5 4 10 8 12>_ 624 8 12

5 7 9 11 1357 9

2r==D=1s 4 2 10 8 12>— 6428 12
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V1. THE SP02 SECTOR OF DEGENERATE SPIN
AND MOMENTUM-ZERO STATES

For periodic rings with N =4n sites, states with zero
momentum and total spin, which are antisymmetric un-
der the reflection operator R [Eq. (2.5)], appear first for
N =12. In this case, we have two such states, which look
in the graphic representation of the preceding section as
shown in Fig. 3:

The action of the operator O [Eq. (5.1)] on these states is found to be

Oll,r=—1)=8/1,r=—1)+[2,r=—1),
Ol2,r=—1)=2[1,r=—1)+5]2,r=—1) .

Eigenvalues and eigenvectors of O in this two-dimensional subspace turn out to be

OA)Y=AlL)

AM=17203+ V1), A =ILr=—1)+1(V17=3)[2,r=—1),

A, =1(13—=V17), X)) =l,r=—1)—

s s
2 4

The operator F, transforms these eigenstates of the AFH
Hamiltonian into states

Fy: A, r=—1)—|A,r=1), j=1,2, (6.4)

which are symmetric under the reflection operator R.
This means that the energy eigenvalues,

E;=6—1;, (6.5)
are twofold degenerate, one eigenstate is symmetric and
the other one antisymmetric. In Table III we present the
energy eigenvalues in the SP02 sector for a periodic ring
with 16 sites. The connection (6.4) between symmetric
and antisymmetric eigenstates has been verified explicitly.

VII. SPIN-SPIN CORRELATIONS IN THE SP0 SECTOR

The approach outlined in Secs. V and VI provides us
with the complete information on all the energy eigen-

> +translations ,
(6.1)
> +translations .
(6.2)
(6.3)

(V17+3)2,r=—1) .

[
states in the sectors SPO1 and SP02. The expectation

values of the spin-spin correlators,

N
Cx)=3 S;(»)S;(y +x), (7.1)
=1

in the lower-energy eigenstates are of special interest.

In Fig. 4, we compare the correlators in the lowest-
and highest-energy eigenstates of the SPO1 and SPO02 sec-
tors. Note, that the correlators for degenerate energy
eigenstates are identical for separations x =2. This
feature is not yet understood. For states with zero total
spin, there exists an obvious sum rule for spin-spin corre-
lators, which has been checked explicitly.

VIII. CONCLUSIONS AND PERSPECTIVES

In this paper we have presented a new approach for
computing the energy eigenstates of the one-dimensional

TABLE III. Energy eigenvalues (divided by the number of sites) in the SP02 sector for N =16. The
corresponding eigenstates are twofold degenerate; one state is symmetric, and the other one antisym-

metric under R.

—0.4567191 —0.2391079 —0.1290403 —0.0359536 0.077 2542
—0.4016165 —0.2022542 —0.100098 3 0.001207 3 0.1364706
—0.395658 1 —0.1899253 —0.077 596 6 0.0398635 0.1649198
—0.3453742 —0.1514836 —0.059064 4 0.044 498 6 0.2204559
—0.2770121 —0.1474017 —0.0508551 0.0539522 0.2205895
—0.276459 1 —0.1350916 —0.037049 5 0.056041 3 0.3175081
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AFH model. So far, we have only exploited the sectors
SPO1 and SPO2 of nondegenerate and twofold-degenerate
energy eigenstates with zero total spin and momentum
for periodic rings with N =8, 12, and 16 sites. Extensions
to larger rings and to the total-spin-zero sectors with
nonvanishing momentum are straightforward.

Our approach is based on three ingredients: (1) the
“obvious” symmetries of Sec. II, (2) the hidden conserva-
tion laws (3.1) and (3.6) for the operators F; and G;, and

(3) the fact, that zero-momentum states with spin-zero
couplings between nearest-neighbor sites (“RVB”-like
states) are annihilated by the conserved quantities F; and
G;. It is just this property that reduces the dimension of
the SPO1 sector.

The obvious conservation laws hold in two and more
dimensions as well. So far the approach is applicable in
these cases too. However, we do not yet know, whether
two-dimensional analogs of the conserved operators F;

spin-spin correlation
Lo

O O OO0 o o o
o AN N » O

1 1 1 I 2 L

0 1 2 3 4 5 6 7 8 9
distance in lattice units

0.6 +
0.4 (b)

0.2 r

~0.4 F

-0.6 ) ) N . ) )

0 1 2 3 4 5 6 7
distance in lattice units

-

spin-spin correlation
(@]
-

0.6
0.4 (c)
0.2 +

_02 -

-0.4 +

-0.6 + R ‘ ) ) ‘ ‘

0 1 2 3 4 5 6 7 8 9
distance in lattice units

spin-spin correlation
o
po

-

0.6 F
0.4 } (d)

0.2 r -

_02 -

~0.4 f

-0.6 ) . . ) . L )

0 1 2 3 4 5 6 7 8 9
distance in lattice units

spin-spin correlation
o

FIG. 4. Spin-spin correlators vs distance in lattice units in the lowest- and highest-energy eigenstates of the SPO1 and SP02 sec-
tors. Open and solid squares in parts (c) and (d) denote correlators in R-symmetric and -antisymmetric states, respectively.
E/N=—0.892787,0.394 393, —0.456 719, and 0.317 508 for (a), (b), (c), and (d), respectively.



4662

and G; do exist. One can attack this problem analytical-
ly (searching for conserved quantities by trial and error)
and numerically by computing the energy-eigenvalue
spectrum on small systems with high precision and look-
ing for “‘nontrivial”’ degeneracies. The system should not
be too small, since degeneracies might appear only
beyond a certain size. Indeed, that is what happened for
periodic rings with N=4n sites: Twofold degenerate
eigenstates in the SPO sector appeared first for N =12.

L,(M=A+il(1)® - - -

I(x), S,(x),and x=1,2,...,n,...,N are 2X2 unit and
spin matrices at the sites x. The Pauli matrices o, act in
a two-dimensional subsidiary space. The operators L,
and Ty obey the following commutation rules:

R(A—p)L,(M®L,(uw)=L, (oL, (MR(A—p) ,

(A3)
RA—pu)Ty(M@Ty(u)=Ty(u)® Ty(AR(A—p) ,
where R denotes a 4 X4 matrix of the form
a 000
0 b cO
R(A)= 0cb o0 (A4)
0 00 a
with
i A
a=l b= T

The direct products in Eq. (A3) connect the Pauli ma-
trices in the two subsidiary spaces. The matrix R acts in
this product space. Equations (A3) and (A4) imply that
R (M) solves the Yang-Baxter equations.

More remarkable, for our purpose, is the commutativi-

I(n —1)®S,(n)o,®1(n+1)---
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APPENDIX: PROOF OF THE
HIGHER CONSERVATION LAWS

We follow standard inverse-scattering transform
methods® and start with the transfer matrix Txn(A), which
is defined by the ordered product,

Ty(M)=L,(ML,(A) -+~ Ly(X), (A1)

where the operators Ly(A) act in (C?)¥C? and are given
by

1(N) . (A2)

[

ty of tr[ Ty(A)] for different values of the spectral param-
eter,

[trTy (M), trTy(p)]=0 , (AS)

where tr means the trace in the two-dimensional subsidi-
ary space. This scheme is directly applicable to the AFH
Hamiltonian, which is related to Ty ()) via

e trTy(A)

_ i3
H=71

—N/8. (A6)
A=1/2

We may therefore expand tr7y(A) into a power series in
A

N

trTy(A)=3 AN %, G, . (A7)
k=0

The operators G, defined in Eq. (3.4) appear as
coefficients in this expansion. By construction, they com-
mute with the AFH Hamiltonian, which completes the
proof of the nonlocal conservation laws. The local con-
servation laws (3.1) and (3.2) follow from the higher-order
derivatives of the logarithm of the transfer matrix [cf. Eq.
(A6)]. We found a more direct access to these conserva-
tion laws by means of generalized Jacobi identities.
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