
PHYSICAL REVIEW 8 VOLUME 42, NUMBER 1 1 JULY 1990

X-ray analysis of the incommensurate modulation
in the 2:2:1:2Bi-Sr-Ca-Cu-0 superconductor
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Single-crystal x-ray diffraction data on the 2:2:1:2Bi-Sr-Ca-Cu-0 superconducting phase have
been used in a four-dimensional refinement of the modulations of both the metal and oxygen atoms.
An expression for an analytical temperature-factor modulation function has been derived and ap-
plied to the bismuth atoms. The large value of the temperature factor of Bi in some of the unit cells
indicates a contribution from static disorder. The modulation of the oxygen atoms in the bismuth

layer is best described by a function that allows the displacement to vary linearly with unit-cell posi-
tion and incorporates the possibility of excess oxygen near the end of a modulation period. The re-

sults on oxygen occupancy and the behavior of the Bi temperature factor are compatible with mod-

els that attribute the origin of the modulation to the existence of extra oxygen atoms in the Bi-0 lay-

ers. Refinement in the noncentrosymmetric super space group M:A2aa:111 leads to significantly
better results than the centrosymmetric treatment.

I. INTRODUCTION

In an earlier report, ' we have described the modulation
in the 2:2:1:2 Bi-Sr-Ca-Cu-0 superconductor as deter-
mined from the refinement of the main and first-order sa-
tellite reflections. The model was based on the cen-
trosymmetric super-space group M: Amaa:111. The re-
sults of the analysis indicate large amplitude modulation-
al displacements of the Bi and Sr atoms in the a and c
directions and of the Cu atoms in the c direction only.

As the modulation of oxygen atoms were not refined,
the description of the modulation was necessarily incom-
plete. In the present study, which includes the second-
order satellite reflections, several modifications in the
refinement procedure were made, and the modulation of
the weakly scattering oxygen atoms was included.

The first modification is related to the observation,
from four-dimensional difference Fourier maps, that the
modulation of the Bi atoms cannot be fully described as a
positional modulation. The four-dimensional maps, in
which all positions of Bi in the crystal are represented,
show large maxima on both sides of the Bi positions at
certain values of the internal (fourth-dimension) coordi-
nate t. This indicates either a positional disorder, or a
larger atomic vibration in some of the unit cells. The
effect can be described by the introduction of a four-
dimensional temperature factor in the refinement.

A second change concerns the choice of superspace
group. Bordet et al. have interpreted their neutron-
diffraction power data in terms of the noncentrosym-
metric space group A2aa. This choice allows more
reasonable oxygen positions and improves the coordina-

tion of the Bi atom. A further indication of a possible
lowering of the symmetry is the electron-difraction ob-
servation of Eibl of a number of reflections violating the
A-centering of the unit cell.

Our recent study of the Bi distribution in the crystal
using anomalous scattering synchrotron techniques, in-
dicates partial Bi occupancy of the Sr and Sr/Ca layers.
The experimental occupancies from the study were intro-
duced in the final stages of the refinement, which includ-
ed in addition to the earlier data the newly collected
second-order satellite reflections.

II. KXPKRIMKNTAL

The single crystal used in the present study was ob-
tained from M. A. Subramanian at the Dupont Central
Research Station and has dimensions of 0.05 X0. 17
X0.008 mm . Cell dimensions and the q vector were
determined from the positions of a number of high-order
main and satellite reflections as a =5.408(1) A,
b =5.413(1) A, c =30.871(5) A, a=P=y =90', and
q=0. 210(3)a*. A total number of 1844 reflections with
8(35' were measured on a CAD4 automated
diffractometer with MoICa radiation (A, =0.7101 A), and
averaged to give 658 unique reflections with I ) 3o (I)—
including 108 first and 61 second order satellites. Only
two relatively weak and diffuse reflections violating the 3
centering were observed, thus confirming the symmetry
of the translation lattice.

A parallel refinement was performed on a second crys-
tal obtained from Dr. Zhao at the Academica Sinica in
Beijing. As the results of the second crystal were essen-
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tially identical to those obtained on the first specimen,
only the refinement of the first crystal are discussed here.

III. LEAST-SQUARES REFINEMENT
AND (3+I) DIMENSIONAL FOURIER-SYNTHESES

The refinement was performed in several stages. R fac-
tors, defined by (R =&„slIF, I IFol li'g„slFOI } where
the summations are over all observed reflections, are
given in the form (R IR' ', R"' R' '), where R,R' ', R'",
and R' ' are R values for all reflections, main reflections,
first-order satellites, and second-order satellites, respec-
tively.

A. Modulation of Bi atoms

The result of Ref. 1 was used as a starting point of the
refinement. The Ca/Sr layer at z =0.5, which was kept
at the average positions in the previous work, was includ-
ed in the modulation refinement. The occupancies were
fixed at their ideal values in the refinement, which led to
R =(12.7I11.0, 11.7, 49.3}. The subsequent four-
dimensional Fourier maps show large maxima and mini-
ma in the BiO layer. As the modulation of the Bi atom
has a large component along the a direction the effect can
be illustrated in a two-dimensional t-x section containing
the average Bi position (Fig. 1). The modulated position
of the Bi atom is drawn in Fig. 1 as a dashed line. The
difference densities [Fig. 1(b)] are quite different for t -0
and t -0.4 or 0.6. For t -0 the Bi atom is located in a
deep minimum surrounded (for constant t) by local maxi-
ma, while for t -0.4 and 0.6 the atom is at a large max-
imum surrounded by local minima. Such an effect,
whether static or dynamic, can be described in terms of a
four-dimensional temperature parameter. An analytical
description of the temperature factor modulation, de-
scribed in Appendix A, was introduced in the refinement
program JANA. Inclusion of first- and second-order har-
monic terms for the Bi temperature factor modulation led
to a considerable improvement in agreement factors:
R =(10.0I9.0, 10.4, and 26.4).

The modulation is especially significant for U&& for
which the expression U» =0.066+0.064cos(2m x 4 )

+0.053cos(4nx4} (in A } was obtained. This equation
leads to (U» )&,„=0.183 A (for x4=0.0) and

(U» );„=0.003 A (for x4=0.3 and 0.7). The large size
of the fluctuation suggests a static disorder in the Bi posi-
tion.
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string in the r-x plane (as observed for Bi in Fig. la).
Such a linear function of which the slope and length are
variable parameters (Appendix B) was therefore intro-
duced in the refinement. The resulting values of R (8.4
I7.8, 7.7, 24.6) are slightly better than those obtained with
a harmonic model for the oxygen modulation

I R =(8.5I8.0,7.4, 25.3) ), even though the number of pa-
rameters for the modulation of O(4) was reduced from six
to four (i.e., the three components of uo and the parame-
ter 6—Fig. 3).

The modulation function is such that the x coordinate
of O(4) changes abruptly between the fourth and the fifth
unit cell along the a axis. This effect is also visible in Fig.
2(b) in which the 0 atom has two positions for t =0 (at
the bottom and the top of the map} at x =+0.15 and
x = —0. 15. This is also the region where the Bi atom has
a very large apparent thermal motion, indicating a local
distortion of the structure.

B. Treatment of the oxygen modulation

With the much better fit obtained in the previous
refinements, a four-dimensional difference map was calcu-
lated, omitting from the calculations only the O(3) and
O(4) oxygen atoms, which coordinate the Bi atom. Fig-
ure 2 shows the two most important sections of these
maps. The very large positional modulation of the oxy-
gen atoms along the a direction is evident. In Fig. 2(b)
the O(4) atom appears as a diagonal ridge in the tx-
plane. This strongly suggests that a linear variation of
the magnitude of the displacement will describe the
modulation of the oxygen atoms better than the harmon-
ic function, which corresponds to a sinusoidal shaped
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FIG. 1. The modulated Bi atom: (a) The section x-
t(y =0.228, z =0.052) of the four-dimensional Fourier map.

0
Contours at intervals of 20e A ' and (b) the same section in the

0
four-dimensional difference map. Contours at 2e A . The
string representing the modulated Bi is drawn as a dashed line.
Negative contours are broken.
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Bi
Sr
Cu
Ca
O(1)
O(2)
O(3)
O{4)

0.505(2)
0
0.500
0
0.75
0.25
0.53(2)
0.02(2)

U(3, 3)U{2,2) U(1,2)

0.2327(5)
0.zszs(s)
0.2499(6)
0.250
0
0.50
0.289(6)
0.157(5)

0.0523(9)
0.1408(1)
0.1965{1)
0.2500
0.197(1)
0.199(1)
0.116(1)
0.056(2)

71(3)
23(2)
io{2)
9(3)
10
10
10
10

21(2)
5(2)

—1{3)
5(3)

i3{2)
21(2)
23(3)
21{5)

—8(4)
0
0
0

TABLE I. Positional andand thermal parameters (A X 10 ) ofo the average structure.

U(1, 1)/U(iso) U(1, 3)

10(4)
0
0
0

U(2, 3)

—4(2)
5(3)

—4(4)
—2(7)
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TABLE II. Amplitudes (A) of the positional and thermal parameter (A X 10') modulations.

Wave U„ Uy U, U(1, 1) U(2, 2) U(3, 3) U(1,2) U(1, 3) U(2, 3)

Bi

Sr

Cu

Ca

O(1)

O(2)

O(3)

O(4)

sin{2mx4)
cos(2~x 4)
sin(4m. x4)
cos(4~x 4)
sin(2@x 4)
cos(2' 4)
sin(4mx 4)
cos{4~x4)

sin(2mx4)
cos(2m'x 4)
sin(4@x 4)
cos(4~x&)
sin(2@x 4)
cos(2@x4)
sin(4mx4)
cos(4mx4)
sin(2m'x4)

cos(2mx4)
sin(4mx 4)
cos(4~x 4)
sin(2@x 4)
cos(2~x 4)
sin(4m. x4)
cos(4m.x&)
sin(2mx4)
cos(2mx4)
sin(4m x4)
cos(4mx4)

uo (A)
x04, 6'

0.33(1)
0.08{2)
0.09(1)

—0.01(2)
0.22(1)
0
0.10(1)
0
0.06(6)
0

—0.01(1)
0
0
0

—0.04(2)
0
0.06(9)
0

—0.08(7)
0
0.03(8)
0
0.06(7)
0
0.45(6)
0.23(11)
0.29(7)
0.11(12)

—1.59(10)
0.44(4)

0.06(1)
—0.04(1)

0.01(2)
—0.11(1)

0
0.04(3)
0
0.02(4)
0

—0.03(2)
0
0.08(3)
0

—0.01{5)
0
0
0.06(16)
0
0.01(12)
0

—0.05(15)
0

—0.04(11)
0
0.03(16)
0.08(6)
0.02(14)
0.13(8)
0.08(8)
1.04{8)

—0.01(1)
—0.16(1)
—0.06(1)
—0.06(1)

0
—0.21(1)

0
—0.07(2)

0
—0.28(1)

0
—0.07(1)

0
—0.26(1)

0
0
0

—0.39(7)
0

—0.08(9)
0

—0.11(9)
0
0.27(7)
0.05(11)

—0.32(6)
—0, 15(13)
—0.23(8)

0.53(7)

—33(4)
51(6)

—14(9)
54(4)

25(4)
1(4)
5(6)

—14{4)

4(5)
—5(2)

1(5)
—8(4)

—8{3)
19(6)
21(6)
21(6)

—2{2)
6(5)

28(3)
—5(6)

—4(5)
—7(3)

—30(3)
—1(6)

'In fractional coordinates, as defined in Appendix B.

be discussed subsequently the large temperature factor of
the Bi atom with x4=0 may indicate a Bi deficiency in
this region. The final chemical formula is
Bi2.&sSr, 92Cao. 7s«2OS. &

corresponding to a value of
2.21(4) for the valency of the Cu atom. A deficiency of Bi
in the BiO layer would increase this value.

IV. DISCUSSION

As described in the earlier report, the a-axis displace-
ments of Bi atoms in adjacent layers are in phase, while
the c-axis displacements are such that adjacent atoms in

the two layers move away from or towards each other. '
This is in agreement with electron micrographs observa-
tions made in several laboratories, and is a feature
preserved for the q, , but not the qz modulation in the
lead-doped 2:2:1phase. '

The occurrence of extra oxygen atoms as a possible
reason for the existence of the modulation was proposed
by Zandbergen et al. " based on electron transmission
microscopy data, and by LePage' et al. based on the
analysis of the commensurate Fe and Mn analogs of the
Bi cuprates. The positions of the Bi and O(4) atoms in
Sve successive unit cells of the BiO layer are shown in

TABLE III. Site occupancies from the least-squares refinement.

Bi/Bi
Bi/Sr
Sr/Sr
Bi/Ca
Sr/Ca
Ca/Ca

From Ref. 5'

0.874
0.05
0.79(3)
0.06
0.14(8)
0.80

From Ref. 8

0.93
0.05
0.84(3)
0.06
0.17(7)
0.77

This work

0.99(2)
0.05
0.86(2)
0.06
0.19(5)
0.75

'Excluding the modulation of the Ca layer.
With modulation of the Ca layer.



42 X-RAY ANALYSIS OF THE INCOMMENSURATE MODULATION. . . 391

o o

o O o 0

0 State Institute on Superconductivity Grant No.
(NYSIS88F088) is gratefully acknowledged. The State
University of New York (SUNY) X3 beamline is operated
through funding by the Division of Basic Energy
Sciences of the Department of Energy (Grant No.
DEFG0286ER45231). We thank Dr. M. A. Subrarnani-
an and Dr. A. W. Sleight for providing the sample on
which this analysis is based.

FIG. 4. The distribution of bismuth and oxygen atoms in the
BiO layer. Top-according to the present study. Lower-as de-
rived by Lepage et al. (Ref. 12) for the fivefold cell of the
commensurate analog Bi&OSr»Fel0046. O denotes bismuth; 0
denotes oxygen, and (3) denotes extra oxygen.

APPENDIX A

Let us consider that the positional modulation as
defined in (7) by Eq. (1) is accompanied by the modula-
tion of the mean-square displacement tensors:

P.,=K+Nq] (g,+n» q~ (g.+n)] (Al)
Fig. 4. The agreement with the results of Lepage et al. is
very good —the main difference being the smaller dis-
placement of O(4) in the b-axis direction. The region
near the boundary between the fourth and the fifth cell
contains extra oxygen, but is highly distorted as indicated
by the large value of the four-dimensional Bi temperature
parameter in this region. There is a striking correspon-
dence with the Scanning Tunneling Microscopy study of
Kirk et al. which shows a missing row of bismuth atoms
for every 9.6 bismuth atoms (4.8 unit cells) in the a direc-
tion. ' If the surface and bulk structure are similar,
which Kirk et al. argue is likely, ' the large Bi tempera-
ture factor can be interpreted as indicating an empty Bi
site in the crystal, which is at least partly filled by extra
oxygen atoms not observable by STM. However, there is
no clear evidence for this interpretation in the four-
dimensional Fourier maps shown in Fig. 1.

Though the oxygen modulations cannot be determined
with great accuracy in this x-ray study, it is clear that the
displacements are not confined to the rock salt part of the
structure. Both the Cu and the 0 atoms of the Cu02 lay-
ers undergo large modulations, which represent a varia-
tion of the geometry of the Cu-0-Cu linkage along the a-
axis direction. That the modulation has a significant
effect on the band structure of the solid has been demon-
strated in a recent calculation' using the distortions as
determined from the commensurate analogues of the Bi
cuprates. '

In summary, our results are fully compatible with the
existence of extra oxygen in the BiO layers. Whether the
extra oxygen or the size mismatch between the rock salt
and perovskite parts of the structure is the origin of the
modulation' ' remains a subject for further discussion.
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I
+ g P„"(i)cos[2nq;.(n+g„)], (A2)

where the summation is over all distortion waves, includ-
ing higher harmonic terms. Analogous to Eq. (7) we in-
troduce the amplitude P„(i) and phase g„(i), such that

P„(i)=I[h P„"(i)h] +[h jF(i)h] I'~

sinai„(i) =h P"„(i)h/P„(i),

cosri„(i) =h P"„(i)h/P„(i) .

With the Jacobi-Auger expansion

exp( —zsina) = g J (iz}exp( im a)—

(A3)

= Q I (z)exp[ im (a+a/2—)], (A4)

where I is the modified Bessel function
I (z) =i J (iz), one obtains for the contribution of the
uth atom to the structure factor I', after summation over
all symmetry-related atoms Nz

where P„„and ]8„are the tensor of the temperature pa-
rameters in the nth cell, and the average temperature pa-
rameter tensor of atom v, respectively. g is the phase
reference point, which is equal to the atomic position for
an atom not part of a rigidly displaced entity. P, is the
d-dimensional periodic tensor function

P (x], . . . , xd }=P„(x]+n], . . . , xd +nd },
(n „.. . , nd being integers).

Similarly, as for u„[see expression 2 in Eq. (7)], we can
write

I

P„=g P"„(i)sin[2nq; (n+g„)]

Ns

F„(Q)= g f,(Q)exp(2m iQr'z„)exp( —2m iMI IogE„}exp[ 2ni M(o sE——sr)]exp( 2vrih P Jh)—
+ oo I

ff IJ [2n.UJ (i)]exp[ ]'m;y~(i)] I g—fI „[PJ(i)]exp[—i (gn(i)J+n /2)]], (A5)
m . . .m n . . .n = —co i=1

I I l'' I

[[I+&]&=M~E]
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where the superscript j for P'„(i) and rij,(i) indicates the
use of symmetry-related amplitudes (A3) of the modula-
tion of temperature parameters. Other symbols are as
defined in Ref. 7: F and s are the rotational and transla-
tional elements of the multidimensional symmetry opera-
tor such that rE =I, +sz, M and o. are the satellite

indices and the components of the q vector, respectively,
and the subscripts E and I indicate external and internal
coordinates.

u =2uo[(x 4
—x ~ ) /5, ] for (x 4

—b, /2 & x4 & x 4+ 6/2 ),
(A6)

an empty position outside this range if b (1. Values of
6 & 1 lead to two atoms 2uo apart in cells for which the
coordinate x~ is in the range (x&+6 /2, x4 —6/2+1), as
illustrated in Fig. 3. The quantity 5—1 is the occupancy
of this extra position.

The one-dimensional Fourier transform of the modula-
tion function (A6) leads to

APPENDIX 8

The four-dimensional Fourier map [Fig. 2(b)] suggests
that the positional modulation function of the O(4) atom
can be described by a linear "sawtooth" function

I. (h, a, x 4)=exp(2nimx ~)csin(n rn 5+a)/(trm 6+a),
(A7)

where a=2nhuo. This function can be used instead of
the Bessel function J in the formula (A5).
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