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Four-wave-mixing spectroscopy of Cr-doped garnet crystals
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The characteristics of the four-wave-mixing signal of Cr'+ ions were measured for host crystals of
Gd3Sc2Ga30», Gd3Ga50~2, {Gd,Ca)5{Ga,Mg, zr)2Ga&O», and La3Lu2Ga&O». Signal strengths and

decay times were measured as functions of laser-beam crossing angles and temperature. The results
are used to determine the properties of radiationless decay and energy-transfer processes in these
samples. By comparing the characteristics of the T2- E radiationless relaxation process among
these and previously investigated Cr' -doped laser crystals, it is shown that the ratio of the
intersystem-crossing relaxation rate to the internal conversion relaxation rate decreases as the

strength of the crystal field of the host material decreases. The properties of energy migration
among the Cr'+ ions in the different host materials is found to depend on the average separation of
the Cr ions, the strength of the crystal field, and the electron-phonon interactions.

I. INTRODUCTION

The use of garnet crystals such as Gd3Ga50» (GGG)
and Gd3Sc2Ga30, 2 (GSGG) doped with Cr + and/or
Nd + as laser materials has stimulated an interest in the
study of the physical properties of these and similar gar-
nets. A good deal of research has been directed towards
the study of material characteristics essential to las-
ing. ' These characteristics can be altered by changing
the material's composition. This can be accomplished by
studying other garnets such as La2Lu3Ga30t2 (LLGG) or
by additional doping of optically inert ions. One attempt
at the latter approach is substituting Ca +, Mg +, and
Zr + ions for some of the Gd +, and Ga ions in GGG
to give a mixed garnet structure designated GGGM. '
An understanding of how the crystal structure affects the
dephasing and energy-transfer characteristics of the opti-
cally active ions is therefore essential. To this end, four-
wave-mixing (FWM) spectroscopy is a useful tool. Previ-
ous studies of the spectroscopic properties as well as pre-
liminary FWM results on GGG, GSGG, and GGGM
have been reported. '" This paper extends the previous
work by using FWM to study energy migration and opti-
cal dephasing of Cr + ions by pumping into the T2 band
in GGGM, GGG, and GSGG, and by pumping into the
T, band in LLGG. The results are compared to those

obtained previously on Cr + ions in other laser crystals.
As reported in Ref. 10, the substitution of Zr +, Ca +,

and Mg + ions for Ga + and Gd + ions in GGG results
in a relatively high segregation coefficient of 2.8 and a
larger lattice constant of 12.4942 A. This produces a
lower crystal field at the site of the dopant ion which is
intermediate between the crystal-field values for GGG
and GSGG. In addition, there are several nonequivalent
sites for the Cr + ions which causes spectral structure
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FIG. 1. Room-temperature absorption {solid line) and emis-

sion spectrum (dotted line) of Cr' -doped GGGM.

and significant inhomogeneous broadening of the optical
transitions. The sample used in this study, provided by
the Chrismatec company in France, was 4X4X5 mm
with a concentration of 5.4X10' Cr + ions/cm . The
GSGG and GGG samples were 5.5- and 1.5-mm thick
with Cr concentrations of 1.4X 10 and 1 X 10 cm
respectively. The LLGG sample was approximately
20X 10X4 mm, with the large Hat surfaces perpendicu-
lar to the [111] direction, and a concentration of
5.0X10' Cr + ions/cm .

Figures 1 and 2 show the room-temperature absorption
and emission spectra of the GGGM and LLGG samples.
The absorption spectra, taken by an IBM 9430 uv-visible
spectrometer, are dominated by two strong absorption
bands, centered at 460 and 640 nm in GGGM and 485
and 685 nm in LLGG. In both samples, the higher-
energy band is due to the A2- T, absorption transition
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peak of the T, band, the fluorescence intensity resulting
from excitation at 685 nm is slightly less than the fluores-
cence from 490 nm excitation. This implies that some
sort of fluoresence quenching occurs for excitation into
the Tz band. It is conceivable that a center other than
the Cr + is being excited. However, analysis of the Tz
fluoresence shows an emission peak and lifetime con-
sistent with excitation of Cr + which implies that the ad-
ditional center must be nonfluorescing. We are unable to
conclusively explain these results at the present time, al-
though it appears that fluoresence quenching of the Tz
band may be the reason why no laser-induced grating is
observed when exciting into this level, as discussed in the
following.

FIG. 2. Absorption (solid line) and emission spectrum (dot-
ted line) of Cr' -doped LLGG at 12 K.

II. RESULTS FOR
FOUR-WAVE-MIXING SPECTROSCOPY

and the lower-energy band results from the Az- Tz tran-
sition. The sharp, relatively weak, spin forbidden transi-
tions from the A z ground state to the E, T„and Tz
states are overlapped by the broad bands. The transition
matrix elements interfere destructively on one side of the
sharp transition resonance and constructively on the oth-
er. This results in the absorption spectra having a
characteristic antiresonant line shape, or Fano resonance,
in the vicinity of the overlap. For GGGM, the dips in
the lineshape on the low-energy side of the T, and Tz
bands are due to overlap with the sharp Tz and T, tran-
sitions. The zero phonon line due to the Az- E absorp-
tion is located at 695 nm. For LLGG, the lower crystal-
field results in the T, and Tz bands shifting towards
lower energy. The antiresonances due to T, and Tz
therefore appear on the high-energy side of the two broad
absorption bands. The prominent antiresonance near the
peak of the Tz band is due to the Az- E transition. The
other sharp lines in the spectrum correspond to the tran-
sitions of Nd +, which is an unwanted impurity.

The emission spectrum was excited by a nitrogen
laser-pumped dye laser, analyzed with a 1-m spectrome-
ter, and detected by an RCA C31034 photomultiplier
tube for the GGGM and an RCA 7102 for the LLGG.
The fluorescence for both samples is characterized by a
very broad, Stokes shifted emission which is the result of
the low crystal field causing the Tz energy level to be
lowered; in the case of LLGG, Tz is 1000 cm ' lower
than E as measured from minima to minima on the
configuration coordinate diagram. For GGGM, the
Tz- A z emission is centered at 750 nm with the E- A z

transition manifesting itself as a shoulder at 695 nm. For
LLGG, the fluorescence is centered at 820 nm with the
sharp dips and peaks due to Nd + impurities. For excita-
tion at both 490 and 685 nm, the fluorescence decay of
LLGG was single exponential, with the corresponding
lifetime ranging from 120 ps at 11 K to 70 ps at room
temperature. This is consistent with the fluorescence be-
ing dominated by emission from the Tz level rather than
the long-lived metastable E level. Although the absorp-
tion at the peak of the Tz band is about twice that at the
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FIG. 3. Experimental setup for four wave mixing. CH—
chopper BS—beam splitter and M—mirror. For excitation
into the T, band, the ring dye laser is removed from the setup.

FWM is an eft'ective method for studying long-range
energy migration and optical dephasing phenomenon
among dopant ions in solids. ' ' Earlier papers ' '
describe in detail the procedure for using FWM tech-
niques as a spectroscopic tool. Figure 3 shows the experi-
mental setup used in these experiments. Emission from a
Spectra Physics argon ion laser or argon ion laser-
pumped ring dye laser was passed through a chopper
(CH) and divided into two beams of equal intensities us-

ing a 50:50 beam splitter (BS). These two noncollinear
laser beams (called the write beams) are then focused
onto the sample using the appropriate mirrors M„Mz,
and M3. The path length is adjusted so that the two
write beams cross inside the sample creating a sinusoidal
interference pattern. Since the energy of the laser pho-
tons is resonant with the energy of an electronic transi-
tion of the Cr + ions, an excited-state population grating
is created having the same spatial pattern. This popula-
tion grating produces a sinusoidal variation in the refrac-
tive index due to the di6'erence in the polarizability of
Cr + ions in the excited state versus the ground state. A
very low power He-Ne laser beam nearly counterpro-
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pagating to one of the write beams is scattered off this
grating. When the Bragg condition is satisfied, the
diffracted beam is nearly counterpropagating to the
second write beam. This laser-induced grating (LIG) sig-
nal is then directed to an RCA C31034 photomultiplier
tube (PMT) using mirror Mz. The output of the PMT is
taken into an EG&G Princeton Applied Research model
4202 signal averager (averager) and then to an IBM XT
personal computer where the digital data is stored. The
trigger to the averager was provided by the chopper and
pulse generator assembly. The sample was kept in a cry-
ostat and the temperature was controlled using a CTI
Cryogenics closed-cycle helium refrigerator and a Lake
Shore Cryotronics model 805 temperature controller.
The temperature measurements were accurate to better
than 0.5 K.

The LIG signal carries all of the information about the
physical processes influencing the population grating.
Gratings were created by laser pumping into the Tj
band using an argon ion laser and pumping the T2 band
using an argon ion laser pumped dye laser. In both cases
the population grating is observed after radiationless re-
laxation processes establish an equilibrium population in
the E and T2 levels.

Figure 4 shows the intensity of the signal beam at room
temperature for GGGM with 514.5 nm pumping. When
both write beams are turned off at t =0, the signal de-
creases by a significant amount with a decay time of the
order of the Cr + fluorescence lifetime indicating that the
major contribution to the signal is associated with the
Cr + population grating. The presence of a small residu-
al signal indicates the presence of a long-lived grating,
which is due to other physical processes such as charge
relocation or the creation of color centers. To erase this
long-lived grating, a single "erase beam" was turned on
at t =4 min. Similar long-lived components to the LIG

+
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FIG. 5. Scattering efFiciency as a function of laser beam
power for excitation into the T, band of Cr'+-doped GGGM.

signals were observed in the GGG and GSGG samples
but no long-lived grating component was observed for the
LLGG sample. The characteristics of the signal beam as-
sociated with the population grating are discussed in the
following.

The scattering efficiency for GGGM is plotted as a
function of write beam power in Fig. 5. It was found to
vary quadratically for low values of power, saturate for
intermediate powers and then rise again for higher
powers. The saturation occurs at power levels where the
rate of pumping ions into the metastable state is equal to
the fluoresence decay rate of the metastable state. The
quadratic dependence and saturation level are consistent
with the predicted behavior for this type of population
grating. ' The behavior at higher laser power indicates
the onset of additional nonlinear optical processes. In or-
der to ensure the validity of the results in the following
sections, the write beam powers were kept low enough
that the system was well below saturation.

A. Energy transfer
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The decays of the LIG signal in GGGM were recorded
at temperatures between 18 K and room temperature for
both 514.5 and 581 nm excitation at various crossing an-
gles of the write beams. The decay of the transient signal
is shortened by energy migration from the peak to the
valley region of the grating. As the crossing angle of the
write beams is increased, the grating spacing is decreased
and the effects of energy transfer are enhanced. The grat-
ing spacing A is given by

A=A. /[2 sin(8/2)],
FIG. 4. LIG signal decay after the write beams are turned off

at t =0 min, and after an erase beam is turned on at t =4 min.
where 0 is the write beam crossing angle. The crossing
angles used here ranged from about 2 to about 22' giving
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10
basic assumptions used in the development of this model
are consistent with the conditions of our experiments.
According to this theory, exponential decays of the nor-
malized transient grating signal in the presence of exciton
migration can be described by

I, ( t ) =exp( 2—t I [(I/rf +a ) +b ] ' ~ a—I ) . (2)

Here vf is the Auorescence lifetime, a is the exciton
scattering rate, and b is defined as,

b =4Vsin[(2ma /A. )sin(8/2)], (3)

0 10 15
Time(psec)

20 25x10

FIG. 6. Transient LIG signal decay at 18 K for Cr'+-doped
GGGM using 514.5 nm excitation. Total signal is shown to be
comprised of two single exponentials.

where V is the nearest-neighbor ion-ion interaction rate,
and a is the average distance between active ions. The
exciton dynamics can be characterized by these parame-
ters in terms of the diffusion coefficient D, the diffusion
length Ld, the mean free path L, and the number of
sites visited between successive scattering events N, .
These parameters are given by

D=2V a ja, (4)
a grating spacing ranging from about 1.4 pm to about 16
pm for the two wavelengths used.

Figure 6 shows an example of the decay of the tran-
sient LIG signal in GGGM. The decay is a double ex-
ponential which is consistent with the presence of two
crystal-field sites for Cr + ions in the sample. ' The de-

cay times of the two components were found to have the
same temperature and crossing angle dependences, there-
fore we show the analysis only for the short component.

Figure 7 shows an example of the signal decay rate in
GGGM as a function of sin (8/2) for a given tempera-
ture. From the slope of the curve, we can calculate the
exciton diffusion coefficient D for that temperature as de-
scribed in the following. The temperature was varied
from 18 to 300 K but no energy migration was observed
for temperatures exceeding 150 K.

To obtain detailed information about the ion-ion in-
teraction rate and exciton-phonon scattering rate, we
have used the theory developed by Kenkre et al. ' The

Ld =(2Drf )'

L =&2Va/a, (6)

N, =L /a,
respectively. Table I shows the energy migration param-
eters for Cr + in GGGM determined in these experi-
ments.

In Fig. 8, the exciton diffusion coefficient D is plotted
as a function of temperature. The data can be fit by an
expression of the form

D = 3 + (8 jv'T ),
which is consistent with phonon scattering limiting the
mean free path of the exciton migration. '

Figure 9 shows the temperature dependences of the
ion-ion interaction rate and the exciton-phonon scatter-
ing rate for GGGM. The ion-ion interaction rate is in-
dependent of the temperature while the exciton-phonon
scattering rate increases linearly with temperature. This
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FIG. 7. FWM signal decay rate as a function of sin'(8/2) for
Cr'+-doped GGGM. The point at 0=0 is twice the measured
fluorescence decay rate.

FIG. S. Variation of the exciton diffusion coefficient D with
respect to the temperature for Cr'+-doped GGGM.
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TABLE I. Energy migration parameters for Cr'+-doped GGGM.

18
30
40
50
70
90

110
150

o.( 10 sec '
)

1.160
1.303
1.968
3.493
5.024
7.159

10.350
11.210

V(10 sec ')

4.186
4.206
3.760
4.190
3.830
4.085
3.980
4.060

D(10 ' cm'/sec)

6.41
5.76
3.05
2.14
1.24
0.99
0.65
0.31

L (pm)

0.74
0.65
0.39
0.25
0.15
0.12
0.08
0.07

I.d {pm)

15.81
15.18
11.05
9.25
6.86
6.29
4.84
3.34

increase is associated with the additional phonons avail-
able at higher temperatures.

Similar studies on LLGG revealed that when exciting
the Tj band at 488 nm, the transient grating decay rate
was independent of the angle between the write beams at
all sample temperatures between 25 and 220 K. This is
consistent with no long-range energy migration occurring
in this material. No FWM signal could be observed when
exciting the T2 band at 660 nm.

B. Optical dephasing measurements

The laser beams in a FWM experiment drive the sys-
tem of ions coherently and the time it takes the system of
ions to lose phase coherence affects the strength of the
FWM signal. Dephasing can occur when the ions in-
teract with the phonons of the system or with other ions
in the ensemble or when decay to another energy level
occurs. The model used to describe the effect of dephas-
ing on the FWM signal was developed in Refs. 16, 17,
and 18 and extended for our experimental conditions in
Refs. 12 and 14. The main assumption of this model is
the approximation of the ensemble of ions as a two-level
system.

The model describes an ensemble of two-level systems
and their interaction with the four laser beams through

four coupled differential equations. These equations have
been solved numerically treating the real and imaginary
parts of the coupling parameters D, and D2 as adjustable
parameters defined below:

D, =D", +iD I
= 2rrpL (Ic (), —

D, =D2+ID2 =~pA~L, (10)

hn =(cTc/co)D~/D', , (12)

where co is the frequency of the laser line, a is the average
absorption coefficient at the write beam wavelength and c
is the speed of light. The dephasing time, T2 is given by

T2 = ( 2' lc )( 6n /ha ) ( co —co» ) (13)

where ~2, is the resonant transition frequency.
The set of coupled differential equations can be solved

for special cases. ' To see the effect of the crossing angle
on the scattering efficiency, we consider one special case
where,

where p is the permeability of the material, g is an
effective susceptibility, L is the distance of the overlap re-
gion, ~ is a parameter related to the complex index of re-
fraction, and Aa is the laser induced modulation of ~.
This can be separated into a modulation An of the refrac-
tive index and ha of the absorption coefficient. These pa-
rameters are related to the adjustable coupling parame-
ters D", , D', , D2, and Dz as follows:

be= —2c7D', /D', ,
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The scattering efficiency is then given by

g(0) =2[(D,' )'+ (D," )-'][(D', ) +(D ~ )
—(D', +D', )']

i2n
t k[ (Dr )2+ (D r )2 (D i +D i )2]1/2

X in[tan(8/4)] ) . (16)

FIG. 9. Variation of the exciton-phonon scattering rate a
and ion-ion interaction rate V as functions of temperature for
Cr'+-doped GGGM.

The crossing angle 0 in the preceding expression is direct-
ly connected with the overlap of the laser beams which in
turn determines the modulation of the complex index of
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FIG. 10. LIG scattering efficiency as a function of crossing
angle of the write beams for excitation into the T& band of
Cr'+-doped GGGM.

FIG. 11. LIG scattering efficiency as a function of crossing
angle of the write beams for excitation into the T& band of
Cr'+-doped GGGM.

refraction and the absorption coefficient. The coefficients
in the expression for g are found numerically.

In Fig. 10 the scattering efficiency is plotted as a func-
tion of the crossing angle for excitation into the T& band

of GGGM. Solid circles represent the experimental data
points whereas the solid line denotes the theoretical fit.
The good agreement between theory and experiment
shows that for write beam powers well below saturation,

TABLE II. Parameters for the best fit to the scattering efficiency vs crossing angle plot and the de-
phasing time T& for Cr'+-doped laser materials. NA indicates that the data is not available.

Material
and transition

Alexandrite (Ref. 12)
(inversion)
4T

Ruby (Ref. 12)
'T
Alexandrite (Ref. 12)
(mirror)
4T

Alexandrite (Ref. 14)
(mirror)
zE

D r'

0.006

NA

0.250

D)

0.015

NA

NA

0.650

Dq

0.135

NA

0.350

Dq

0.00002

NA

NA

0.0015

T2

(ps)

80+5

4.5+3

2.2+4

55.3

Emerald (Ref. 29)
4T

GGG
'T
GGG (Ref. 9)
4T

GSGG
4T

GSGG (Ref. 9)
4T

GGGM
4T

GGGM
4T

LLGG
4T

0.205 0.20

0.2 —0.45 0.09—0.2

0.210 0.18

0.30 0.30

0.92 0.01

0.200 0.22

0.400 0.280

5.0X 10 4.0X 10 2.0X 10

0.230

0.27 —0.31

0.240

0.31

0.100

0.235

0.303

8.0X 10-'

0.0007

0.01—0.05

0.001

0.01

0.05

0.001

0.015

1.2

1.35+0.5

0.008 —0.033

0.77+0.5

0.033

0.0028+0.0005

0.92+0.5

0.74+0.5
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FIG. 16. T2-dephasing time and the ratio K„„(ISC)/K„,(IC)
as a function of laLEpp (the energy difference between the peak of
the T2 band and the peak of the E band in the absorption
spectrum of Cr'+-doped laser materials).

0 t I

10 20
K(lSC) lK() C)

30

can then relax within the T2 band following the path
through point B (where the two parabolas cross). The ex-
citation then crosses over to the E state and emits pho-
nons until it reaches the bottom of the E potential well.
This process is called internal conversion (IC) and the
corresponding nonradiative rate is denoted by K„, (IC).
Alternatively, the excited ion can relax by immediately
crossing over to the E band at point B' and then emit-
ting phonons to reach the bottom of the potential well.
This process is called intersystem crossing (ISC) and the
corresponding nonradiative rate is denoted by K„, (ISC).
As noted in Ref. 14, after the first step is taken, the entire
path for the dephasing is determined. The dephasing
time T2 is directly affected by whether IC or ISC path is
the preferred channel for the nonradiative relaxation.
Since the details of this process are described in Ref. 14,
we will only mention the important points.

The nonradiative decay rates are calculated using stan-
dard perturbation theory techniques. ' The vibrational

FIG. 17. Dephasing time (T&) as a function of the ratio
I%'(ISC)/E(IC).

matrix elements are calculated using a single effective
phonon frequency and Morse potential wave functions to
account for anharrnonicity. The rnultielectron re-
duced matrix elements involved here are expressed in
terms of the single-electron reduced matrix elements
which have already been tabulated by Sugano et al.
Due to the difficulties involved in calculating the exact
electronic wave functions needed for the evaluation of the
single-electron matrix elements, only the ratio of the two
rates K„„(ISC)/K„,(IC) is considered.

Calculations were performed for the Cr-doped laser
materials ruby, alexandrite, emerald, GGG, GGGM, and
GSGG, which have been investigated by FWM spectros-
copy. The results can be used to determine the relation-
ship between the dephasing process and the energy

TABLE III. Results of dephasing time measurements on Cr'+-doped laser materials for pumping
into the T2 band.

Material

Alexandrite (Ref. 12)
(Inversion)

Ruby (Ref. 12)

Alexandrite (Ref. 12)
(Mirror)

Emerald (Ref. 29)

GGG

AE
(cm ')

3850

1950

1800

1650

1250

1150

E„,(ISC)/K„, (IC)

31

13

4.0
2.6

2.3

2.2

ha
(cm ')

0.001 1

0.001 06
0.001 9

0.22

0.009 3

0.003 5

0.003 1

hn
(10-')

2.52

8.16

1.83

13

1.44

0.38

0.35
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difference between the peak of the T2 band and the peak
of the E band in the absorption spectrum denoted by
AE . Nonradiative decay rates were calculated for the
two possible dephasing paths and results of the calcula-
tions are given in Table III.

It is interesting to note that for all the materials con-
sidered, the ratio K„,(ISC)/K„, (IC) is greater than l.
This generalizes the conclusion drawn in Ref. 14 that in
Cr-doped laser materials, after pumping into the T2 lev-

el, the dominant relaxation path for the excitation is ISC
and not IC.

In Fig. 16 the ratio K„,(ISC)/J „,(IC) and the dephas-

ing time are plotted as a function of the energy splitting
bE . The two quantities have the same dependence on
hE . To further demonstrate this relationship, the de-

phasing time Tz is plotted as a function of the ratio

E„,(ISC)/E„„(IC) in Fig. 17 and the result is a straight
line.

III. DISCUSSION AND CONCLUSIONS

Investigations of long-range energy migration have
been carried out on several different Cr +-doped laser
crystals. No long-range energy migration was observed
in ruby, the inversion site ions in alexandrite, or LLGG.

Detailed information on ion-ion interaction rates and
exciton-phonon scattering rates was not available from
the previous results reported for GGG and GSGG.
Table IV summarizes the results for GGG, GSGG,
GGGM, LLGG, emerald, ruby, and inversion and mirror
site ions in alexandrite. The characteristics of energy
transfer vary significantly from host to host depending on
parameters such as the distance between the Cr + ions,
the lifetime of the metastable state, the spectral overlap
between absorption and emission, and the electron-
phonon interactions. The variation of each of these pa-
rameters from host to host makes it difficult to establish a
simple trend for energy transfer in Cr +-doped crystals.

One critical parameter in a diffusion or random walk
picture of energy migration is the spacing between the
sites of the lattice on which the random walk is occur-
ring, designated as a. In this case a is the average separa-
tion between Cr + ions. This appears explicitly in the ex-
pression for both the ion-ion interaction rate V and the
diffusion coefficient D. This separation is affected by the
Cr + concentration in the sample, the host lattice spac-
ings, and the distribution properties of the Cr + ions in
the host. For mirror sites in alexandrite crystals, it is
well known that the Cr + ions are not distributed ran-
domly and the value of a used in Table IV was estimated
from previous measurements on this sample. ' ' For the

TABLE IV. Energy migration parameters for Cr'+-doped laser crystals. NA indicates that the data is not available.

Material
and

transition
Dq

(cm ')
hE

(cm ')
D

(10 cm /sec)
V a

(10' sec ') (10 sec ')
a

(A)
N Jd

(10' cm ') (10 m)

Alexandrite
(inversion)
'T
(Refs. 12,14,31)

Ruby
2E

(Ref. 35)

Alexandrite
(mirror)
2E

(Refs. 14,31)
Emerald
4T

(Refs. 29,34,35)

GGG
Tl

(Refs. 4,9)

GGGM
(Ref. 10)

GSGG
4T

(Refs. 4,9)

LLGG
4T

1820

1680

1620

1597

1567

1565

1480

6400

2300

298

50

28

6410

10

NA

NA

12

1.9

NA

42

NA

NA

NA

NA

2.6

NA

NA

NA

ALL 41 2.5

25 27 8.9

12 10 177

18 NA 140

18 15 54

230 NA

ALL 15 50

ALL 59—108 79—490

NA

12

31

NA

16

NA

NA
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other samples, the values listed for a are the average
Cr separations assuming a uniform distribution of ions.
This of course is a rough approximation to the true situa-
tion of randomly distributed impurity ions. Note that for
the two high crystal-field cases of ruby and alexandrite
inversion sites, the values of a are extremely large. This
results in a very small value for V and thus explains the
lack of long-range energy migration in these cases.

The samples in Table IV are listed in order of decreas-
ing crystal field. As the crystal field decreases, the popu-
lation distribution of the excited state of the Cr + ions
changes from being primarily in the E level to being pri-
marily in the T2 level. The latter level has a shorter life-
time and larger Stokes shift compared to the former level.
The lifetime decrease results in an increase in V while the
increased Stokes shift decreases the spectral overlap in-
tegral thus decreasing the number density of ions, N and
V. The value of the ion-ion interaction rate decreases by
an order of magnitude between alexandrite (M) and em-
erald and then increases by an order of magnitude be-
tween emerald and GGG. The fluorescence lifetime is
not significantly different for alexandrite (M) and emerald
samples so the observed decrease in V is associated with
the decreased spectral overlap. The increase in the case
of GGGM may, however, be associated with the smaller
fluorescence lifetime in this sample. The increased values
of D for these three samples is associated with the de-
creased values of a as well as changes in the number den-
sity of ions, N. The value of V was found to be essentially
independent of temperature at low temperatures for alex-
andrite mirror sites and the GGGM sample indicating
that a and N do not vary with T in this range. However,
in emerald V was found to increase with temperature be-
cause N increases. The temperature dependence of V
was not determined for the other samples.

The values of the scattering rate a which limits the
mean free path of the migrating energy varies from alex-
andrite (M) to GGGM and is found to increase with tem-
perature. Since the details of the exciton-phonon cou-
pling are not known, it is not possible to predict the
sample-to-sample variation in o..

From the discussion above, it is possible to understand
the observed differences in the energy diffusion coefficient
D from sample to sample. The values of D increase with
increasing ion-ion interaction rate and decrease with in-
creasing excitation scattering rate. The diffusion
coefficient increases with temperature in emerald where V
is phonon assisted but decreases with temperature for
alexandrite mirror sites and GGGM where V is constant
and a increases with temperature. Recently Kaplyanskii
has combined the techniques of site-electron spectrosco-
py and Stark shifting of spectral lines to distinguish be-
tween resonant and nonresonant energy transfer between
Cr + ions at low temperature. He observed "anoma-
lously fast and effective" resonant energy transfer among
the Cr + ions in mirror sites in alexandrite crystals but
not in ruby crystals. His results are consistent with the
results of FWM studies of energy migration in these sam-
ples.

Comparing the results obtained on the dependence of
the FWM signal magnitude of the crossing angle of the

write beams with the model proposed by Gilliland et al. '

for the dephasing mechanism in Cr-doped materials, we
conclude that internal conversion is the dominant relaxa-
tion path when the chromium ions are excited to the T,
level. This is due to the fast relaxation of the excitation
to the bottom of the T, configuration potential well.
The information on optical dephasing obtained from
FWM measurements pumping into the T2 level shows
that radiationless relaxation to the E level through inter-
system crossing is the dominant dephasing process in
these Cr -doped laser crystals. The relative importance
of dephasing through internal conversion within the T2
level becomes more important as the crystal field of the
host decreases.

The analysis for determining the dephasing time,
change in refractive index (b n), and the change in absorp-
tion coefficient (b.a) assumes an effective two-level system
model. The use of this model, despite its simplicity, has
been justified on the basis of its ability to predict values of
Aa which are consistent with values determined indepen-
dently by ground and excited-state absorption measure-
ments. Such checks have been done when values of the
excited-state absorption cross section crf are avail-
able, such as for alexandrite, ' ruby, GSGG, and em-
erald.

Recently, the results of FWM measurements on
Nd +-doped materials has been analyzed using a model
based on an effective four-level system. In this model,
the laser beams interact with ions both in the ground
state and metastable state. The transitions from the
ground and metastable states to higher-energy states is
accounted for by combining the upper states into two
effective states. A density matrix formalism yields the
change in the real and imaginary parts of the nonlinear
susceptibility between ions in the peak and valley of a
population grating. By measuring the absolute magni-
tude of the FWM signal in a variety of samples, it was
concluded that the dominant contribution to the signal
comes from the real part of the nonlinear susceptibility
associated with the off resonant, allowed transitions to
the levels of different configuration in the ultraviolet
spectral region. The relative values of An and Aa ob-
tained in this work are consistent with the proposed mod-
el. In this case the weak contribution to the signal associ-
ated with the imaginary part of the nonlinear susceptibili-
ty comes from the resonant interaction with the pump
transition. Recognizing the contributions due to these
two different types of transitions, the expressions for An
and Ae will be the same for the two-level and four-level
modes.

It is important to note that the procedure for using the
two-level system fit to the crossing angle dependence of
the FWM scattering efficiency to find the dephasing time
should be approached with caution. This approach has
been justified on the basis that values found for Aa are in
good agreement with those values found independently
from excited-state absorption measurements. Equation
(11) shows how b,a depends on the fitting parameter D'z,

however, the computer fit to the crossing angle depen-
dence of the FWM scattering efficiency can be relatively
insensitive to the parameter D'2. This may result in large
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error bars for ba and thus a large error in the value
determined for T2 which is dependent on ha, as shown in

Eq. (13).
Accurate confirmation of the values of T2 determined

by these FWM measurements must come from a direct
measurement of the dephasing time. Photon echo mea-

surements are currently being made on these Cr +-doped
materials to determine T2.
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