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Influence of substrate composition and crystallographic orientation
on the band structure of pseudomorphic Si-Ge alloy films
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An analysis of the pseudomorphic Si& „Ge„band-structure variation with substrate composition
and crystallographic orientation is reported. A method is presented for determining all six indepen-
dent elements of the strain tensor in a strained epitaxial film grown on a substrate of arbitrary orien-
tation. The substrate orientation is found to be an important factor in determining the band-
structure properties of the epitaxial film. The strain-dependent band-structure properties investigat-

ed are the following: (1) The conduction band I z, b, &, and L& valleys' shifts and degeneracy split-

tings, (2) the k=0 valence-band energy levels' shifts and degeneracy splittings, (3) the valence-
band-state mixing, (4) the variation in the conduction- and valence-band-edge effective densities of
state, (5) the variation in the intrinsic Fermi energy, and (6) the variation of the intrinsic-carrier
concentration. It is shown that many aspects of the band structure —including the band gap, the
density of states, and the position of the 6&-L& conduction-band-edge crossover —are each control-
lable through proper selection of film and substrate composition and crystallographic orientation.

I. INTRODUCTION

Currently, there is a great amount of research activity
directed at extending heterostructure-device designs from
binary-compound semiconductors to group-IV elemental
or binary-alloy semiconductors involving Si&,Ge, alloy
films. This work is motivated by the potential advantage
of the superior performance of heterostructure devices
achievable in the mature Si integrated-circuit technology.
However, in contrast to many compound-semiconductor
heterojunctions where lattice mismatch is slight
for a significant band-gap difference (e.g. ,
GaAs/Al„Ga, „As), the approximately 4% lattice
mismatch between Si and Ge makes strain, due to lattice
misfit, a major feature of Si, „Ge„/Si heterostructures.
When a film of Si& „Ge, is grown on a Si substrate, such
strain may be expected to have an important effect on the
band structure and, in turn, on the other electrical prop-
erties of the Si

&
Ge film. One of the primary effects of

strain on the band structure is to lift various band-
structure degeneracies through symmetry breaking. For
example, in Si and high-Si-content Si-Ge alloys, the
conduction-band edge is sixfold degenerate (six b, , val-

leys), while the valence-band edge is twofold degenerate
(heavy and light holes). Strain resulting from growth on
a (001) substrate will lift the valence-band-edge degenera-

cy and reduce the conduction-band edge to either a two-
fold or a fourfold degeneracy for biaxial tensile or
compressive strain, respectively. The design of optimum
Si-Ge alloy heterostructure devices, will be determined,
in part, by this effect of strain. Therefore, it becomes im-
portant to examine the effects of strain on the near-band-
edge electronic properties of the Si-Ge alloy.

This paper describes some of the effects of lattice
mismatch and substrate orientation on pseudomorphic
Si, „Ge„ films. Specifically, the near-band-edge band
structure, the Fermi energy, the band-edge effective den-
sities of state, and the intrinsic carrier concentration in
the film are determined. A11 of these quantities are
affected by strain in the film. The common configuration,
currently utilized in both experimental and theoretical
studies so far reported, is Si, „Ge„/Si(001). Examples of
these works may be found in the work by People' and the
references cited therein. The strain tensor has a particu-
larly simple form, and the effects of strain are well known
in this configuration. However, a more general exarnina-
tion of the effects of strain can be made by allowing both
the substrate lattice constant and orientation to vary, as
in Si, „Ge„/Si, «Ge«(hkl), thereby qualitatively vary-
ing the strain tensor. The objective of this work is to re-
late this type of substrate variation to changes in the
properties of the alloy film listed above.

TABLE I. Si and Ge lattice material parameters.

Material parameter

lattice constant

elastic stiffness

Symbol

ao (A)

c» (dyn cm )

c,2 (dyncm )

cd (dyncm ')

Si value

5.430 95

16.56 x 10»
6.39X 10"
7.95 x10»

Refs. Ge value

5.6579

12.853 X 10»
4.826 X 10"
6.680x 10"

Refs.
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TABLE II ~ Si and Ge conduction-band material parameters. mo is the electron rest mass.

Material parameter

conduction band

direct band-gap
pressure coefficient

indirect band-gap
pressure coefficient

E(000)
( V)

E ( 100) (ev)
E( I l l )

dEg d /dP {eVdyn ' cm )

dEg, i /dP (eV dyn ' cm )

Si value

4.0
1.110
1.65

—1.41X 10-"

Ge value Refs.

0.805
0.86
0.645

12.5X10 ' 10

5X 10-"

deformation potential

conduction-band
effective mass

( 100)
( V)

~(111)
( V)

m„"~)/m,
m *"~)/mmd mo
m*''"' 'm

9.2

0.357

12

15

15.9

0.038

0.217

13

16

For the purpose of reference throughout the rest of this

paper, the material parameters for Si and Ge which were
used in the calculations in this work are tabulated in

Tables I—III. ' The corresponding parameters for the
Si, „Ge alloy will be given and discussed where first

used, within the body of the paper.
Three different substrate crystallographic orientations

are considered in this work: (001), (111), and (101).
Furthermore, the degree and sense of lattice mismatch is
varied by considering, for each of the three orientations,
three substrate compositions: Si, Ge, and Sio 56eo 5.
Both qualitative and quantitative changes are observed
between films on these different substrates. Both Ge and

Sio,Geo, (as well as other alloy compositions) could be
effective substrates even though the starting substrate is
Si, since by growth of a thick layer (-2—4 pm) of Ge or
Sio 56eo ~ on Si, dislocations can, in principle, be generat-
ed and arrested with a free-standing epitaxial layer on
which the strained film can be grown. This technique is
used when GaAs-based devices are grown on Si sub-
strates. For the purpose of this work, it is assumed that
the strain in the epitaxial layer is coherent and that the
in-plane lattice constant and symmetry of the strained
layer are the same as those of the substrate.

The outline of the remainder of this paper is as follows.
In Sec. II, the forms of the strain tensor and of Poisson's
ratio are determined for epitaxial films grown on (001)-,
(111)-, and (101)-oriented substrates. The development

starts with the general form of Hooke's law and exploits
the symmetry of each orientation. This derivation is
given because, while the (001) substrate is commonly
found in the literature, the other orientations have not
been investigated, to our knowledge. A more general
derivation, valid for an arbitrarily oriented substrate,
which may not possess the rotational symmetry of the
above orientations, is presented for completeness in the
Appendix.

In Sec. III, the band structure and deformation-
potential theory used in this work are described. The
conduction band is characterized by three levels: I z, 6&,
and I.~. The valence band is characterized by the three
levels of I 8 +I 6 . For a particular strain tensor, deter-
mined by the methods of Sec. II, the shifts and splittings
of each of these levels is expressed in terms of deforma-
tion potentials. Also, the nature of the band-edge eigen-
states is discussed in this section. These are of relevance
in studies of both charge-carrier transport and
polarization-dependent optical interactions, where transi-
tions are governed by eigenstate-dependent selection
rules.

In Sec. IV, the methods of calculating the intrinsic Fer-
mi energy E, the intrinsic carrier concentration n;, and
the conduction- and valence-band-edge efFective densities
of state N, and N, are presented. E; and n, are simul-

taneously determined such that charge neutrality is main-
tained. N, and N, are then determined from n, , E;, and

TABLE III. Si and Ge valence-band material parameters.

Material parameter

spin-orbit splitting

valence band

deformation potential

Symbol

ho (eV)

L (dimensionless)
M (dimensionless)
N (dimensionless)

a (eV)
S (ev)
d (eV)

Si value

0.044

—5.78
—3.44
—8.64

2.1
—1.5
—3.4

Refs.

19
19
19

20
20
20

Ge value

0.282

—30.35
—4.85

—34.14

2.0
—2.2
—44

Refs.

18

19
19
19

20
20
20
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the band gap E .
Section V shows, in graphical form, the band shifts in

strained Si, Ge as a function of x for each of the three
substrate orientations [(001), (111), and (101)] and three
substrate compositions (Si, Ge, and Sio 5Geo ~). Also, for
each of these nine substrates, n„N„and X„are plotted
as functions of film composition x. Considering a
minimum useful critical thickness to be in the range of
100—500 A, corresponding to approximately 2% lattice
mismatch on Si(001), ' serves as a guide to the useful
range of x, depending on substrate composition. This
range is, for Si substrates, 0.0~x ~0.4; for Ge substrates,
0.6 x &1.0; and for Sio~Ge05 substrates, 0.0 x ~1.0.
These choices, although to some degree arbitrary, focus
on what are likely to be the most usefu1 alloy composi-
tions for each given substrate.

Conclusions are presented in Sec. VI. As mentioned
above, an appendix is included in which a derivation is
presented for the strain tensor in a pseudomorphic film
grown on an arbitrarily oriented substrate of the cubic
crystal class Oh (m 3m).

II. STRAIN TENSOR

The substrate is assumed infinitely thick, so as to retain
its bulk lattice spacing. There is no in-plane shear strain
in the film, under uniform biaxial distortion (in-plane an-
gles between ions are preserved).

Analysis of the system begins by adopting a coordinate
system (x',y', z') in which the z' axis is normal to the
substrate surface, and which is related to the coordinate
system (x,y, z) of the primary crystallographic axes of the
substrate by a rotation U:

coscp cosO —sing cosy sin8
U = sing cosO cosy sing sin0

—sin0 0 cos0
(2)

The angles 0 and y are the polar and azimuthal angles of
z' relative to the coordinate system (x,y, z). The relation
between coordinate systems for vectors and tensors is ex-
pressed as

I
I'a UpaPp

Ic p= U; Upcj,
C ysj I

=
Uay Up~ Ui~ Ug( Cap g

where summation over repeated indices is indicated.
The in-plane strain tensor components are known to be

e'»=c, z2=E~~ (biaxial dilation or contraction), and s', 3=0
(no in-plane shear). The other three independent strain
tensor elements (c,i3, Ez3, E33) remain to be determined.

An epitaxial film, which is not lattice matched to its
substrate, will be under uniform biaxial contraction
(E~~ &0) or dilation (s~~ &0), in the plane of the film. The
in-plane strain c.

II
is given by the substrate and layer ma-

terial bulk lattice constants as and al, respectively:

as —1.

The substrate applies a uniform in-plane stress to the
film. This is the only external stress applied to the film.
Thus T33 —T23 T13 0' T11 T22 and T12 remain to be
determined. Finally, the stress and strain tensor com-
ponents are related by Hooke's law (within the linear
elastic domain):

C33; c',, =0,
C23; C.,', =0,
C13rj'~lj =0,

(5)

where summation over repeated indices is indicated.
Up to this point, the discussion is perfectly general and

applicable to cases of substrates of any arbitrary orienta-
tion. Now we wi11 make the discussion more specific. In
particular, only those substrates whose orientation is
(001), (111), or (101) will be considered in what follows.
These are distinguished from all other orientations by the
fact that their normal is an axis of n-fold rotational sym-
metry (n ~2). This is important, as it allows a great
simplification of the determination of the strain tensor.
For cases of any other substrate orientation, the deriva-
tion is continued from this point in the Appendix.

Assuming that the substrate possesses n-fold ( n ~ 2) ro-
tational symmetry about its normal, the epitaxial film
must also adopt this symmetry. The important result of
this is that c.»=c.23=0. This renders the system of Eqs.
(5) redundant, any one of them being sufficient to deter-
mine the only remaining unknown strain tensor com-
ponent c33 ~ Arbitrarily choosing to solve the first of these
for E33,

I
E 33

i I I I
C33» ~11+C3322 22

C3311 +C3322
I

Since Poisson's ratio o. is defined as cII= —o.c.33
o. is

found to be

o-
C33» + C3322

To reiterate, F11 622 E
II

E33 E
II
/o, and F12 E23

31=0.
Now it remains only to determine C'@, from Cz~kl, to

evaluate a, and to determine c, , from c, 'k&. As stated ear-
lier, the transformation between the coordinate systems
[Eq. (2)] will depend upon the specific substrate orienta-
tion in question. The required elastic stiffness tensor ele-
ments C33kk are obtained:

3

C33«= g U, Up3U, aUJkC p
a,p, l,J = 1

T ~+C ~jE j 0

for a,P= 1,2,3. Summation over i and j is indicated. For
(aP) =(33), (23), and (13), T'&=0, as above, and Hooke's
law gives
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for k=1,2,3. This may be expanded and simplified by ap-
plying trigonometric identities to the components of U.
Furthermore, the elastic stiffness tensor of a material in
the Ol, (m3m) crystal class, such as Si or Ge, has only
three distinct components, which are c», c12, and c44, in

standard contracted index notation. The concluding re-
sult of the required algebraic manipulation is

(001 ) (101)

Si
Ge

1.296
1.332

2.275
2.691

1.959
2.222

TABLE IV. Poisson's ratio o. for epitaxial films on (001),
(111),and (101) substrates.

N =C3333

(cl2+2C44)+(cl1 cl2 2C44)( U13 23 33 )

(9)
and

(101) C11 +C12 +2c44
0

C» + 3C12 2C44
(17)

D = C3311+C3322

(10) The determination of e; from e'k&, as per Eq. (3), is ob-
tained from

—(Cll +Cl2) (Cll C12)( Ul3+ 23+ 33

+4c44[U, 3U2, ( U» U2, + U» U22)

+ Ul3 U33( Ul l U3l + Ul2 U32 )

+ U23 U33 ( U2'l U3 l + U22 U32 ) ]

For the (001) substrate, evaluations of N and D are
trivial, since U is the identity matrix, (x,y, z) being coin-
cident with (x',y', z'). With U;, =5, , N and D are deter-
mined to be N =c1, and D =2c,2, yielding the familiar
o' "=

—,'c»/c». For the second case, of the (111) sub-

strate, U takes the form

&xx =~yy =~II

(001)
Ezz CII /0 (19)

For the (111)substrate,

E =e =E = —'(2 —1/0''"")E
xx yy zz II

'

= —-'(1+1/o'"")e .xy yz zx II
'

For the (101) substrate,

(20)

with summation over repeated indices. Using the U ma-
trices given above, the strain tensors are as follows. For
the (001) substrate,

1 1 1

v'6 v'2 v'3

2
3

(12)

(21)

From this, it follows that

and

3» +TC12 T 44
(111)—1

~ 4

C» + 3C12 TC44
(»1) z

C11 +2C12 +4C44
0

2c11+4c12 —4c44

(13)

(14)

The values of o' ", o''»', and o." " for Si and Ge are
shown in Table IV.

As stated earlier, strain in other substrate orientations
is not analyzable by the same procedure since c.'» and c.23

may not be zero. A more general procedure, involving
the simultaneous solution of the system of equations [Eq.
(5)], is required. This procedure is outlined in the Appen-
d1x.

For the third case, of the (101) substrate, U takes the
form

III. BAND STRUCTURE

0

U(101) 0

—1 1

3/2 3/2

1 1

v'2 v'2

0 0

From this, it follows as before that

——C11+—C12 +C44,(101)

D =
—,c1, + —,c,2

—c44,(]O1)

(15)

The conduction band of materials in the unstrained,
bulk Si, Ge is modeled as consisting of a I 2 level with
a spherical energy surface, a sixfold-degenerate 6, level
with ellipsoidal energy surfaces, and a fourfold-
degenerate I. , level, also with ellipsoidal energy surfaces.
In Si, the direct band gap is too large to be important to
the quantities of interest in this work. However, its value
is retained from the literature in order to determine the
position of the I 2 level in high-Ge-content Si, Ge„ in
which this level rises approximately linearly from its Ge
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value, toward its Si value as x is decreased. The positions
of the I 2, 6, , and L, levels for the bulk, unstrained alloy
were obtained from the literature ' and are given in
Table V. The density-of-states effective mass for the I z

and L, energy levels in Si, Ge are taken to be equal to
their respective values in Ge, while the density-of-states
effective mass for the b

&
energy level in Si& „Ge is tak-

en to be equal to its value in Si. This is a reasonable ap-
proximation, since it is supported, to within experimental
error, by observation. ' ' '

The valence-band structure used in this work is calcu-

lated using a three-valence-band k.p method. The
valence-band eigenstates in this method are formed from
the six-dimensional basis for the I 8 + I 6 representation:
Ix1'&, lyl &, Iz&&, lx1 &, lyl&, and ~z$ &. The notation
x,y, z refers to basis functions with the corresponding ro-
tational symmetry of the I z& representation of the sym-
metry group of the top of the valence band. The up and
down arrows denote spin up (+z) and down (

—z), re-
spectively. As reported by Dresselhaus, Kip, and Kit-
tel, the k.p Hamiltonian matrix, in this basis, appropri-
ate near the top of the valence band, is

$2H'=
m

03x3

03xg H

Lk„+M(ky + k, )

Nk„k

Nk, k

Nk„k

Lk +M(k, +k„)
Nk k,

Nk, k

Nkk, y,
Lk +M(k +k )

z

(22)

0 —i 0 0
i 0 0 0
0 0 0 —1

H
3 0 0 —1 0

0 0 —i —i

1 i 0 0

0 1 xt'

0 i y&-
i 0 zl
i 0 x$'
0 0 y$
0 0 zJ

(23)

where bo is the zone center ( k =0) spin-orbit splitting.
The valence-band structure of the unstrained semicon-

ductor is obtained by calculating the eigenvalues of

where m is the free-electron mass. The effect of the con-
duction band is implicitly contained in the dimensionless
terms L, M, and N.

In contrast to the conduction band, spin-orbit coupling
has a significant effect on the near-band-edge structure of
the valence band. In the present work, the spin-orbit in-

teraction is included by adding a wave-vector-
independent perturbation matrix H, , to H k.&. In the
above basis, H, , is

I

Hz.~+H. .. for appropriate values of L, M, N, and 60.
The values of L, M, N, and 60 for Si and Ge are given in

Table III. However, the values of these for the alloy,
Si, „Ge„, are obtained by linear interpolation:

Sil „GeL ' " "=(1 x)L '+xL—'. The justification of this is
as follows. Valence-band parameters A, B, and C, which
are related to L, M, and N ( A =1+ ,'(L +2M), —

8 =
—,'(L —M), and C = ,'[N (L ——M) ]—), have been

measured as a function of Ge content x. ' While these
parameters are found to vary with x for low-Si-content
alloys, the experimental data are not sufficient to indicate
the variation over a wide range of x. In the absence of
experimental data, the simplest possible variation of these
parameters with respect to x has been hypothesized,
namely, a linear variation. This approach is supported by
the experimental observation of a regular variation with

x, without introducing unobserved features of a more
complicated theory. The variation of 60, on the other
hand, has been rather completely measured over the full

range of x, and is well described by a linear interpola-

TABLE V. Si, „Ge„band-edge levels as a function of x. E' ', Ref. 5; E'' ' and E""',Ref. 8.

0.0
0.543
0.653
0.774
0.838
0.891
0.9355
1.0

E (oon ) (ey)

4.0
2.245
1.914
1 ~ 503
1.319
1.126
1.042
0.8

0.0
0.033
0.043
0.0885
0.36
0.375
0.445
0.598
0.695
0.78
0.85
1.0

E(100) (ey)

1.110
1.08
1.072
1.043
0.952
0.943
0.92
0.893
0.879
0.868
0.86
0.86

0.0
0.85
0.87
0.885
0.895
0.942
0.975
1.0

E( 1 l 1 )
( y)

1.65
0.86
0.838
0.81
0.80
0.72
0.67
0.645
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tion between the values for Si and Ge.
The effects of strain on the electronic system of a semi-

conductor may be modeled using the deformation poten-
tial theory. The strain of interest in the present work is
both static and uniform, arising from the epitaxy of a
semiconductor film on a lattice-mismatched substrate. A
deformation potential theory appropriate for dealing with
this type of strain is covered in detail by Bir and Pikus.
Only the salient features of this will be outlined here.

Strain is incorporated into the band structure as a per-
turbative term in the calculation. The Hamiltonian of
this perturbation, H„has matrix elements of the form

Dxy ] {111)
3 u

The energy shifts under strain are

(2&)

The final conduction-band levels of interest are the L1
minima. Rotations about the [111]axis show that there
are only two independent deformation potentials:

Dxx (111)+ 1
—(111)=d u

3
a/3

H~(j Q Dr) sap
o., /3= 1

(24)
(111)+-, :-„'"(E„—E, —e„),

where e &
is the (a, P) element of the strain tensor and

D, ~ is a deformation potential. Since D, ~ bears the sub-
scripts (i,j ), it may be thought of as a matrix element of
an operator D ~, in the same way that H, .„ is a matrix
element of the operator H, . Since there are nine strain
tensor elements c &, there are correspondingly nine defor-
mation potential operators D ~. However, as c

&
is sym-

metric, D ~ is also symmetric with respect to a and P
(D ~=D~ ), leaving a maximum of only six independent
operators. Also, it should be pointed out that as treated
here, the effects of strain and spin-orbit coupling are in-
dependent. This means that it is sufficient to specify the
form of D ~ for spin-up states. As in the case of H k.~,
the operator will be block diagonal between spin-up and
spin-down states, having the same form for both spins
and no coupling terms between them.

At this point it is most efficient to consider the cases of
specific interest to the present work: the deformation of a
crystal of the cubic crystal class 0&. First, the nondegen-
erate levels of the conduction band are considered. Here
the D ~ are diagonal in (i,j ) and may be treated as indivi-
dual deformation potential constants. Symmetry under
rotations about the [111]and [001] axes show that the I"2

level has only one independent deformation potential,
D ", with the shift in energy of

(29)

-(k)=:-h„d(e„„+e +e„), (30)

which is related to the pressure coefficient of the band
gap:

dE (k)
-hyd g (C(1+2C12 )

dp
(31)

For (111)valleys,

Numerical evaluation of the shifts in conduction-band
levels requires a knowledge of the deformation potentials
:"d and:-„. Reliable values for =„are available in the
literature, and the values used in this work are given in
Table II. However, "d, itself, is difficult to determine
directly. More reliable data are available concerning the
shift of the band gap with hydrostatic pressure. Defining
a hydrostatic pressure deformation potential:hyd.

5Es(k) =5E, (k) —5E„(0)

=5E, (k) —a(E„,+e~~+E„)

=D" (e„„+a~ +E„) . (25)
(111) (111)+ ] (111)
hyd d ~ u o (32)

Conventionally, D ' for this level is referred to as =d
The 61 conduction-band minima are the second energy

levels of interest. These are characterized by constant en-

ergy surfaces which are ellipsoids of revolution whose
major axes lie along their respective f 100) axes. Symme-
try under rotation about [100] shows that the shift of a
level along the [100]axis is

5E" '=D c +D (E. +E. ) .xx ZZ (26)

5E(010)——(100)( + + )+ (100)
d xx yy zz u yy (27)

Conventionally D =:-" '+:"" ' and D y=:"" '. Ac-
counting for the three distinct 5, levels,

5E(100)——(100)( + + ) +—(100)
d ~xx ~yy Ezz u ~xx

For (001) valleys,

(100) (100)+ ] -(100)
hyd d 3~u

For the [000] valley,

—(000) — (000)
hyd d

(33)

(34)

In all cases, the parameter a is the valence band hydro-
static deformation potential. Values of dE (k)/dP are
given in Table II.

Partial symmetry is retained in the lattice of the
strained film. Under a tetragonal distortion, arising from
growth on a (001) substrate, the four I, conduction-band
valleys ([111],[111],[111],and [111])are symmetrically
equivalent and shift together under strain. Under the
same distortion, the six 6, valleys are not symmetrically
equivalent, with the [100] and [010] valleys shifting to-
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TABLE VI. Shifts and splittings of conduction-band levels in silicon under uniform biaxial strain

ci~
=+1 /o.

Substrate

(001)

Valley

[000]
[100],[010]
[001]
[111],[111],[111],[111]

[000]
[100],[010],[001]
[111]
[11 1 ],[ 1 1 1 ],[ 1 1 1 ]

[000]
[100],[001]
[010]
[1 1 1],[1 1 1]
[ill], [ill]

c,
ii

= —0.01

4.015
1.039
1.202
1.710

4.020
1.088
1.879
1.675

4.019
1.113
1.043
1.803
1.643

c
((
=0.00

4.000
1.110
1.110
1.650

4.000
1.110
1.650
1.650

4.000
1.110
1.110
1.650
1.650

c(i
= +0.01

3.985
1.181
1.018
1.590

3.980
1.132
1.421
1.625

3.981
1.107
1.177
1.497
1.657

gether and splitting from the [001] valley. The orienta-
tion of the substrate does affect the qualitative splitting of
the valleys. Rhombohedral distortion, arising from
growth on a (111) substrate, shifts the [111],[111],and
[111]valleys together, splitting them from the [111]val-

ley. Under this distortion, all 5& valleys are symmetrical-
ly equivalent and shift together. Growth on a substrate
of the third orientation considered in this work, (101),
produces a monoclinic distortion and splits both the I.

&

and b, , levels. The [100] and [001] valleys are symmetri-
cally equivalent, splitting from the [010] valley, while the
[111]and [111]valleys are symmetrically equivalent and
split from the [111]and [111]valleys, which themselves
are symmetrically equivalent. A numerical example of
this splitting is shown in Table VI, where the position of
the conduction-band energy levels in Si under a lattice
mismatch of

E~~
=+1% is compared to their positions in

unstrained material.
Of the conduction-band states considered in this work,

the states which are degenerate in energy, neglecting two-
fold spin degeneracy (e.g. , the ( 100 ) valleys), have
significantly differing wave vectors (e.g. , k(,pp]%k[p~p]).
Put another way, for any specific wave vector, no pair of
conduction-band states, considered here, are degenerate
or very close in energy. This means that any coupling be-
tween them is insignificant and therefore may be neglect-
ed. For large variations in wave vector (e.g. , from an L,
to a b,

~
valley), the deformation potentials, used in this

work, are taken to be different: ='„""W:-'„' '. However,
for small variations in the wave vector (e.g. , varying k in
the vicinity of a 5& valley), the deformation potentials are
taken as constant, independent of the wave vector. To
within the same degree of approximation, therefore, all
conduction-band valleys shift rigidly under lattice defor-

I

o3x3
0 3x3 LI

I 0 0 m 0 0
D"= 0 m 0, a»= 0 I 0

0 0 m 0 0 m

m 0 0
D"= 0 m 0

0 0 I

0 —0
n

2
Dxy

0 0
2

0 0 0

(35)

0 0 0
n

Dyz

0 — 0
n

2

D zx—

n
0 0 — x

2

0 0 0
n

0 0
2

These, whose form may be verified by considering the
symmetry of the system, are due to Pikus and Bir. Per-
forming the sum [Eq. (24)] over a and P yields the matrix
of the perturbation to the valence-band Hamiltonian,
which is

(36a)

mation. That is, all points in the vicinity of a valley
minimum shift by the same amount. Thus the shape of
the valley is preserved, and the density-of-states effective
mass is unaltered.

The valence-band deformation potential theory proves
to be qualitatively different than that of the conduction
band due to the threefold degeneracy of the I 25 represen-
tation. This leads to each operator D ~ being expressible
as a 3X3 matrix for each spin orientation. In the basis
~x), ~y), ~z), used above, the operators D ~ take the
form

H" =
lE„+m (E„+E„)

n E~y

nc,

n c.„
Is +m (E„+E„„)

n ~yz

n E.z~ X

E'yz

IE„+m (s„„+E )

(36b)
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I —mb=
3

(37)

n
d

In contrast to the conduction band (again, neglecting
spin degeneracy), the states of the valence band, whose
wave vectors lie near the center of the Brillouin zone, will

be either degenerate or very close to one another in ener-

gy, and so are significantly coupled to one another.
Again, the involved deformation potentials themselves
are independent of wave vector for points in the vicinity
of the center of the Brillouin zone. However, the

The quantities l, m, and n are three independent valence-
band deformation potentials and are related to the more
commonly appearing potentials a, b, and d:

I +2m
3

significant coupling between the valence-band states leads
to a strong mixing of those states under strain perturba-
tion. Also, the k p interaction between these states re-
sults in a change in the shape of the band structure when
under strain perturbation. This, of course, means that
the density-of-states effective mass in the valence band
can vary significantly as the lattice is distorted.

In order to discuss the nature of the valence band un-
der strain perturbation, it will be convenient to first
transform to another basis for the eigenstates. The trans-
formation is from the original basis of ~ia), i =x,y, z,
a= 1, 1, to the basis whose elements have the rotational
symmetry of the eigenfunctions of the total angular
momentum operator squared and its z component: J J
and J„respectively. The new basis states are the familiar

~ j,m, ) states with j=
—,', m, =+—,', +—,', and j =

—,',
m =+—,'. The matrix of the transformation to the new

basis is the same as that which diagonalizes the spin-orbit
perturbation Hamiltonian A H, , A and is

yt yl J, m

—1/&2

—I/&3

i /&2

i /&6

i /&3—
&2/3 —1/&6

i W'2

i /&6

iW3

&2/3

I /&3

3

3 1I' 2

1 1

2' 2

3 —3

1 1''2

(38)

Adoption of the new basis will make the description of
the valence-band eigenstates clearer.

Simple examples of the effect of strain on the valence
band are now considered. Additional complications asso-
ciated with varying the material parameters to describe
the effect of alloying are avoided at this point by consid-
ering a Si film which is subjected to varying degrees of
strain, which might, for example, be achievable by using
different substrates. Each of the three substrate orienta-
tions (001), (111),and (101) will be examined in turn.

First, the (001) substrate is considered. Figure 1(a)
shows the shifts of the valence-band levels at k=0, in Si,
relative to the valence-band edge (at energy E, ), for biax-
ial strain c.

~~

ranging from —0.02 to +0.02. The three en-

ergies are labeled E&, E2, and E& in order of decreasing
energy. For biaxial compressive strain (e~~ &0), the sepa-
ration of Ei and E2 is seen to be quite nonlinear. This
nonlinearity becomes apparent for shifts which are on the
order of the spin-orbit splitting 60. If a material with a
larger spin-orbit splitting, such as Ge (ho=0.282 eV), is
subjected to the same degree of biaxial compressive
strain, the shift of E2 relative to E, is on the same order
as that in Si and is rather linear in c.

~~,
being much less

than b,o. For the (001) substrate, the splittings E, E2—

and E] —E& may be analytically determined, and are, for

Ef/
+ Oy

E, E2= —,'(bo —h—) ——,'[(h +3bo) +Sh']'

E, E~= —,'(b, o
—h—)+ —,'[(h +36,o) +8h ]'

and, for c &0,

E, E2= —
—,'(Ao —h—)+ —,'[(h +33,o) +Sh ]'i

E, E= —'[(h +33 —
) +Sh ]'

h = —3b(1+1/ "'')s
1j

'

(39)

(40)

(41)

(42)

(43)

where b is one of the deformation potentials presented
above [Eq. (37)]. The first of these equations clarifies the
asymptotic behavior discussed above. As compressive
strain is increased, E, —E2 approaches the asymptotic
limit of 2ho/3. For all biaxial compressive strain which
is of such a magnitude that it can be validly treated as a
perturbation, the Brillouin-zone splitting between light
and heavy hole will not exceed 2b,o/3 [for (001) sub-
strates].

Corresponding to the eigenvalues plotted in Fig. 1(a),
are the valence-band eigenvectors, whose squared com-
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ponents are plotted in Figs. 1(b)—1(d}. The strain pertur-
bation mixes the P, —

—,
' ) state with the

~
—,', —

—,
' ) state

and the
~ —,', —,') state with the

~ —,', —,') state at k=0. For
this substrate orientation, no other strain-induced mixing
occurs. The mixing of states is clarified by considering a
90' rotation of each basis state about the substrate nor-
mal. The effect on

~ j,m, ) of a rotation through an angle

y about the axis of angular momentum quantization is to
im g

multiply the state by an overall phase factor of e
Eigenstates of the strain-perturbed system must retain
the same relative phase between their constituent basis
states under all symmetry operations. One such symme-
try operation is a 90' rotation about the substrate normal.
Only basis states with the same value of m, receive the
same phase factor, and thus only states with the same
value of m may be mixed by the perturbation. The
valence-band edge, under compressive biaxial strain
(e1 (0), is characterized by the

~
—,', +—,

' ) states. Under bi-

axial tensile strain, the band edge is characterized by a
strain-dependent mixture of —'„+—,

' ) and
~

—,', +—,
' ) states,

being dominantly —,+—,
' ) for low values of strain. This

difference between compressive and tensile strain is the
well-known interchange of heavy and light hole between
the two strain cases. The lowest energy eigenvalue al-
ways corresponds to a strain-dependent mixture of

~
—,', +—,') and

~ —,', +—,
' ) states, which is dominantly

~
—,', +—,

' )
for low values of strain.

Before discussing the other two substrate orientations,
another basis transformation should be introduced. As
may be expected, biaxial strain arising from a (111) or a
(101) substrate, which, respectively, appears as a rhom-
bohedral or a monoclinic distortion to the lattice, will
mix the states

~ j,m ) in a nonsimple way. However,
when the distorted lattice is viewed from a coordinate
system whose z axis is normal to the substrate, the distor-
tions are qualitatively the same as the tetragonal distor-
tion of the (001) substrate. The required coordinate sys-
tem is the (x',y', z') system, introduced in Sec. II. As
discussed in Sec. II, in this coordinate system no shear is
present, c» =

a~3 =c3, =0, and the distortion is

E22 E
~~

E 33 E
~~

/0. . Now, if the basis states
~j, m ) are rotated so as to make the axis of angular

2 5 I r I r [ r I I r 1 r r r r 1 I I I r
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FIG. 1. Valence band at k=0 in Si film on (001) substrate. (a) Shifts of the valence-band-energy levels as a function of biaxial
strain c~~. c~~ &0, biaxial compressive strain; c~~ & 0, biaxial tensile strain. E, , valence-band edge; E&,E2,E3, energy eigenvalues in or-
der of decreasing energy. (b) Squared eigenvector (g) components corresponding to eigenvalue E, . A =

~ ( —', , + —,
'

~rp) (',
8 = )( —,+—'(rp) ( and C = (( —,', +—,

'
)rp) ( . (c) Squared eigenvector (rp) components corresponding to eigenvalue E2. A, 8, and C

defined as in (b). (d) Squared eigenvector (y) components corresponding to eigenvalue E3. A, 8, and C defined as in (b). A =0 for all
-lue. of.~~.
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momentum quantization be the z' axis, then mixing be-
tween the new states should be simpler, as in the case of
the (001) substrate. The transformation of the basis states
may be represented by the matrix X, whose action is,
schematically,

~
j', m,'& =X~j,m, & . (44)

The matrix X may be determined using the elementary
mathematics of spinor rotation and is found to be

J,mj.' 3 3
2' 2

3 1

27 2

1 1

2' 2
3 3
2l 2

3 1

27 2

C &3a'c 3

&3ab 2bcd +ad &3cd 2abd +b c 0

Q3 &3bd2 &3b'd 3
27

(45)

&3a b 2acd +bc &3c d 2abc+a d 0 1

2' 2

1 1

2' 2

with

a =cos(8/2),

b = —e'~ sin(8/2),

c =e '"sin(8/2),

d =cos(8/2),

(46)

E, E2= —,'(5o —3h) —
—,'[(h—+ho) +8h ]'

E E=—'(b, —3h)+——'[(h +6 ) +8h ]'

and, for E.~~) 0,

E, E2= —
—,'(bo —3h)—+ —,'[(h +ho) +8h ]'~

Ei —E3 ——[(h +g ) +8h ]

(47)

(48}

(49)

(50)

—d (1+1/cr' ')E~~,v'3 (51)

where d is one of the valence-band deformation poten-
tials. The first of these equations again clarifies the

where t9 and y orient the substrate normal z' relative to
(x,y, z), as in Sec. II.

Now the (111)substrate can be considered. Figure 2(a)
shows the shifts of the valence-band levels in Si, relative
to the valence-band edge, for biaxial strain c.

~~,
ranging

from —0.02 to +0.02. Again, the three energies are la-
beled E i, E2, and E3 in order of decreasing energy. The
shift of the bands is nearly identical to those in the case
of the (001) substrate. This similarity is not fundamental,
but rather is a fortuitous result of the specific numerical
values of the deformation potentials b and d in Si. Here,
as well, the splittings E~ —E2 and E, —E3 may be analyt-
ically determined. They are, for c.

~~

&0,

asymptotic behavior of E& —Ez for c.
I~

&0 shown in Fig.
2(a). Here, as in the case of the (001) substrate, Ei E2-
approaches the same asymptotic limit of 250/3 as biaxial
compressive strain is increased. Of course, the same
qualification applies, namely, that the strain be small
enough to be validly treated as a perturbation.

Figures 2(b) —2(d) show the squared components of the
eigenvectors for the valence-band states corresponding to
the eigenvalues of Fig. 2(a). The components are relative
to a basis which has been rotated by the transformation N
[Eq. (45}]. The appropriate angles of substrate orienta-
tion to evaluate a, b, c, and d [Eq. (46)] are
8=arccos(1/&3) and p=rr/4. The angular momentum
is quantized along the [111]axis with quantum number
mj. The strain-induced mixing of basis states for the
(111)substrate, shown in Figs. 2(b) —2(d), is virtually iden-
tical to the mixing for the (001) substrate. Here, again,
this similarity is not fundamental, as mentioned before.
The [111]axis is an axis of threefold rotational symmetry
for the strained epitaxial film. Following the argument
presented above for the (001) substrate, it can be seen that
eigenstate invariance under +120' rotations about [111]
permits mixing only of basis states with the same value of
m,-. Thus, again, the strain perturbation mixes the

~ —,', —
—,
' ) state with the

~
—,', —

—,
' ) state and the

~ —,', —,
' ) state

with the
~

—,', —,
' ) state at k=0. For this substrate orienta-

tion, like the (001) substrate, no other strain-induced mix-
ing occurs.

The nature of the valence band of a strained film on a
(101) substrate is somewhat more complicated than for
films on (001) and (111)substrates. Figure 3(a) shows the
shifts of the valence-band levels in Si, relative to the
valence-band edge, for biaxial strain c.

~~,
ranging from

—0.02 to +0.02. The shift in the bands is obviously
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FIG. 2. Valence band at k=0 in Si film on (111) substrate. (a) Shifts of the valence-band-energy levels as a function of biaxial

strain F ~~. c~~ &0, biaxial compressive strain; c,
~~

& 0, biaxial tensile strain. E, , valence-band edge; E, ,E, , E3, energy eigenvalues in or-
der of decreasing energy. (b) Squared eigenvector (g) components corresponding to eigenvalue Er . A =

~
( —,', + —,

'
~y) ~',

8 = (( 2, +2 ~rp) )', and C=)( z, +
z ~rp) ~

. (c) Squared eigenvector (rp) components corresponding to eigenvalue Ez A, B, and C.

defined as in (b). (d} Squared eigenvector (qp) components corresponding to eigenvalue E&. A, 8, and C defined as in (b). A =0 for all

values of c~~.

different than in the cases of (001) and (111) substrates.
This is particularly apparent for the heavy-hole —light-
hole splitting, E, —E2, for compressive strain, cI~ &0.
Unfortunately, because of more extensive mixing of the
basis states, to be discussed below, the analytic expres-
sions for the splittings E, —Ez and E, —E3 are very corn-

plicated, unlike Eqs. (39)—(42) and (47)—(50). Because of
their complexity, their use is impractical, and therefore
they are not reported here.

Figures 3(b)—3(d) show the components of the eigen-
vectors corresponding to the eigenvalues of Fig. 3(a).
The basis has been rotated, with O=n. /4, y=0. The an-

gular momentum is quantized along the [101] axis. The
[101]axis is a twofold axis of rotational symmetry for the
epitaxial film. Under a 180' rotation about the [101]axis,

im m

the basis states acquire a phase factor of e ' . Consider-
ing m~ =+—,

' and —
—,
' states, it is found that these may

now mix under strain perturbation, since e' =e ™/2.
In other words, g, 3),

~ —,', —
—,'},

~ —,
' —r ) all receive the

same phase factor under a rotation of 180' about [101].
Thus an eigenstate may be a linear combination of these

three basis states. Of course m,- = —
=,
' and +—,

' states may
mix with each other, as well. This is the basis of the com-
plexity of the analytic expressions for E, —E2 and
E, E3. In both o—f the cases of the (001}and (111) sub-
strates, because the m =+—', states did not mix with the
m =+—,

' states, the Hamiltonian matrix had the block di-

agonal form of 1 X 1 (m =+—,
'

) and 2X2 (m =+—,
' } sub-

matrices. The secular equation is written as products of
first-order (1X 1 blocks) and second-order (2 X 2 blocks)
polynomials. The solutions for E, , E2, and E3 of such
are quite simple. However, in the present case of the
(101) substrate, the Hamiltonian matrix has the block di-
agonal form of two 3 X 3 submatrices (m~ =+—,', + —,

' mrx-

ing terms in each). The secular equation has the form of
the square of a third-order polynomial. Although analyt-
ic solutions to third-order polynomials are theoretically
possible, they are generally quite complicated. Unfor-
tunately, this is true in the present case.

The degree of this mixing is shown in Figs. 3(b) —3(d).
For low degrees of biaxial strain, the valence-band edge is
dominantly

~

—'„+—', }-like or
~

—'„+—,
' )-like, for compressive
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FIG. 3. Valence band at k=0 in Si film on (101) substrate. {a) Shifts of the valence-band-energy levels as a function of biaxial
strain c~~. c~~ &0, biaxial compressive strain; c~~ & 0, biaxial tensile strain. E„valence-band edge; Ej,E2,E3, energy eigenvalues in or-
der of decreasing energy. (b) Squared eigenvector ( lp) components corresponding to eigenvalue E, . 3 =

) ( —', +—,'~ Ip ) (',
B = )( —', , + z ~lp) (', and C = [( —,', + —,

'
~lp) ['. (c) Squared eigenvector (lp) components corresponding to eigenvalue E, . A, B, and C

defined as in (b). (d) Squared eigenvector (cp) components corresponding to eigenvalue E&. A, B, and C defined as in (b).

or tensile strain, respectively. The most notable distinc-
tion from earlier cases is that as the compressive strain is
increased, the band-edge state does not remain purely

—,', +—,
' ), but mixes in an appreciable amount of g, +—,

' )
and

~
—,', +—,

' ). Similar anomalous mixing is seen to occur
for the second eigenstate (eigenvalue E2) under both
compressive and tensile strain, and for the third eigen-
state (eigenvalue E3 ) under tensile strain.

In conclusion of this section, it should be noted that in
passing from higher to lower symmetry substrates, more
mixing of basis states is permitted. For the most general
substrate, such as discussed in the Appendix, the normal
is not an axis of rotational symmetry (more precisely, it is
an axis of onefold rotational symmetry). Since the only
rotational symmetry operation for a film on such a sub-
strate is a 360 rotation about the normal, all six basis
states may mix under strain perturbation. Each basis
state, under such a rotation, receives a phase factor of
—1

IV. INTRINSIC PROPERTIES

Having outlined the method used to determine both
the valence- and conduction-band structure, the method

of calculating the intrinsic Fermi energy and carrier con-
centration as well as the band-edge effective densities of
states are briefly presented here. Since the complicated
effects of strain on impurity levels, especially shallow ac-
ceptor levels, is not within the scope of this work, the fol-
lowing discussion is confined to the determination of the
intrinsic carrier concentration n;. The physical require-
ment of charge neutrality is clearly met: n, =n =p. This
condition is the basis for the simultaneous determination
of the Fermi energy and the intrinsic carrier concentra-
tion. These come from the solution to the equation

n=p,

1+e

(Z nitTd—0 1

1+e
The parameters above are E, energy; Eg, band gap; E, ,
Fermi energy; kT, product of Boltzmann's constant and
temperature; D„conduction-band density of states; D„„
valence-band density of states; n, free-electron concentra-
tion; and p, free-hole concentration.
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The conduction-band density of states is derived in the
standard way, assuming parabolic dispersion and ellip-

soidal (L, , b, , ) or spherical (I z) constant energy surfaces.
For a given valley at energy Eo, the formula is

(md*) ~ QE Eo—&2, , E~E,
D, = .

0, E CEO.
(53)

The total conduction-band density of states is the sum of
such terms over all conduction-band valleys. The
density-of-states effective masses md* for Ge (I 2 and L, )

and Si (b, , ) are given in Table II. These masses are

presumed to not change significantly with alloying and
strain, as discussed in Sec. III.

The valence-band density of states D„ is obtained by
numerical integration over the three valence-band con-
stant energy surfaces (heavy, light, and split-off hole).
The formula used is

2 k

/V„EI
(54)

E, IkTN„=n; e '
( valence band ) .

(55)

Table VII shows values of E;, n, , N„and N, in Si as a
function of biaxial strain for Si films grown on (001),
(111), and (101) substrates. Strain is seen to generally
have a stronger effect on N, than on N„due to its greater
effect on valence-band curvature than on conduction-

In this formula, k is the magnitude of the wave vector ly-

ing on the constant energy surface at polar coordinates
O, y. The gradient of energy with respect to wave vector
is evaluated on the constant energy surface. The
differential solid angle has the standard meaning:
dQ=sindd0dy. The numerical approach is necessary
because the three valence bands are strongly coupled.
Strain perturbation in shifting the relative positions of
the valence bands will affect the degree of their coupling
and thereby change their shape and density of states, as
discussed in Sec. III.

Having simultaneously determined n, and E, from Eqs.
(52), the band-edge effective densities of state are very
simply determined from

(E —E, )/kT
N, =n, e ' ' (conduction band),

band curvature. Variation of N, with strain is primarily
due to the strain-induced separation and crossing of val-

leys, changing the number and identity (5, or L, ) valleys

at the band edge.

V. PSEUDOMORPHIC Si& Ge„FILMS

The effects of substrate composition and crystallo-
graphic orientation on the alloy band structure and in-
trinsic properties are presented graphically in this section
in Figs. 4—12. Three substrate compositions are con-
sidered: Si, Ge, and Sio 5Geo 5. The epitaxial alloy film is
under biaxial compressive strain (c,

~~

(0) when grown on a
Si substrate. Growth on a Ge substrate results in biaxial
tensile strain (e~~ &0). Growth of Si, „Ge„on Sio 5Geo &

will result in either compressive (x )0.5) or tensile
(x(0.5) strain in the epitaxial film. For each substrate
composition, three orientations are considered: (001),
(111),and (101). The methods used to calculate the data
presented in this section are as outlined in Secs. II—IV.

The configuration shown in Fig. 4 is the most common:
Si~ „Ge„/Si(001). As x increases, the film is under in-

creasing biaxial compressive strain. Figure 4(a) shows
that both the band gap (C E) and in—trinsic Fermi energy
(D) decrease. The strained-layer conduction-band edge
(C) is characterized by the two b, , valleys [100]and [010].
The valence-band edge (E) is characterized by the
heavy-hole state

~
—,', +—', ). The [001] conduction-band

valley (8), whose wave vector lies perpendicular to the
substrate, splits from the other 5, valleys and shifts to
higher energy. All L, conduction-band valleys (A), be-

ing symmetrically equivalent under this lattice distortion,
increase in energy above their bulk value. The light- (F)
and heavy- (E) hole valence-band-edge degeneracy is lift-
ed, and the split-off hole energy (G) shifts below its bulk
value. Figure 4(b) shows a decrease, with increasing x, in
both the conduction- and valence-band-edge effective
densities of state N, and N„. The decrease in N, is direct-
ly related to the splitting of the 5, conduction-band val-

leys. As the [001] valley rises above the [100] and [010]
valleys, the value of N, decreases in proportion, from ap-
proximately 3X10' to 2X10' cm . The decrease in

N, is the compound effect of two factors. The first factor
is the splitting of the light- and heavy-hole levels. The
second factor is the decrease in the valence-band density
of states with strain and alloying. Despite the decrease in

TABLE VII. Calculated intrinsic Fermi energy E„intrinsic carrier concentrations n„and band-edge
effective densities of state N, and N, in Si as dependent on strain and substrate orientation.

Substrate

{001)

0.00
—0.01
+0.01

E, (eV)

0.552

0.515
0.507

n, (cm ')

1.38 x10"
3.36 X 10'
2.75 x10"

N„(cm-')

2.64x 10"

1.49 x 10"
8.97 X 10'

N, {cm ')

3.21x10"
2.14x10"
1.07x10"

(101)

—0.01
+0.01

—0.01
+0.01

0.536
0.552

0.525
0.544

1.66x10"
5.81x 10'

2.37 x10"
7.66x10'

&.65 x 10"
1.07 x10"
1.54x 10"
1 07X 10'

3.21x10"
3.21x10"
1.22 x 10'9

2.21x10"
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N, and N„ the intrinsic carrier concentration n; in-
creases a ove i s ub 't b lk value with x. This is due to the de-

tiall .crease in an gap, upb d pon which n depends exponentia y.
The data for the Ge(001) substrate are shown in ig.

nder biaxialIn contrast to the previous case, the film is un er
tensile strain. This reverses the direction of the
conduction-band valley shifts. Also, for high-Ge-content
alloys, the I 2 va eyll (A) is near the conduction-ban

Th ll-known 6 -L, conduction-band-edge
Gecrossover s i ts wihifts with strain, from 85% Ge to 87 o e,

where t e an gh b nd ap is maximum. At lower Ge concen-
character-trations x( . e( 0 87) the conduction-band edge is charac

.87 theb the [001] valley ( C). For x & 0.87, e
conduction-band edge is characterized y eb the four L, val-
leys (D). Over the entire composition range, the

-band ed e is characterized by the light-hole statevalence- an e ge i
which is a combination of

~
—,', +—, an

[ 00] and [010] valleys (8) split from the [001] valley
and rise to higher energy. The light- and heavy-

with theeneracy is lifted at the valence-band edge, with
G)

~

—', +—'), descending below the light hole.
he s lit-off'hole energy (H) shifts below its u va ue

wn in Fi . 5(a), thewit increa'th '
easing strain. Although shown 'g.

n N N and nP' valle is insignificant in determining
ared to thebecause o i s vf t ery low effective mass comp

shownother con uc ion-d t -band valleys. The value of N„s
in Fig. 5(b), exhibits a peak, both for t e u an

Tri rises from the A, -L, conduction-strained cases. T is arises rom
f 1-b d-ed e crossover, at which pointint the number o va-an -e ge

is si nificantly in-1 at the conduction-band edge is geys a
hat above cross-d. At Ge concentrations somewhacrease .

e. This is becauseover, N, returns to nearly its bulk value.
onsistin of four L, valleys,the conduction-band edge, con

' '

g s

is near y i en ica1 d t 1 between the two cases of strained an
at belowbulk materia . e1. At Ge concentrations somew at e
a roxi-, N d s be1ow its bulk value from apprcrossover, , rops c, ' ' tomately 3 X 10 to 1 X 10' cm, in direct proportion
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the decrease in the number of 6& valleys constituting the
conduction-band edge. The valence-band effective densi-

ty of states X, decreases from its bulk value with an in-

crease of strain. This is due primarily to the splitting of
the light and heavy holes, with the band edge being
characterized by the low-effective-mass light hole
(I =+—,'). The intrinsic carrier concentration mirrors
the variation in band gap, being minimal in the strained
film at the h, -L, conduction-band-edge crossover, where
the band gap is 1argest.

The data for the Sic,Geo s(001) substrate are shown in
Fig. 6. Epitaxy of Si, „Ge„on a SiosGeos(001) sub-
strate will result in either biaxial tensile (x&0.5) or
compressive (x & 0.5) strain. The conduction-band shifts
are qualitatively as in the previous two cases of tensile
(Ge substrate) and compressive (Si substrate) strain. The
position of the h, -L, conduction-band-edge crossover is

2. 5

shifted from 85% Ge to nearly 100% Ge. For x &0.5 (bi-
axial tensile strain}, the valence-band edge is character-
ized by a strain-dependent combination of P, +—,') and

~ —,', +—,') states. For x&0.5 (biaxial compressive strain),
the valence-band edge is characterized by g, +—,

' ) states.
The shift in position of the 6]-L] conduction-band-edge
crossover accounts for the rise in X, near x=1.0. Away
from x =0.5, X, is seen to rapidly decrease as the
conduction-band-edge degeneracies of the 6] valleys are
reduced. For both compressive and tensile strain, n, is
seen to generally increase above its bulk value. The ex-
ception to this occurs at x ~0.9. Here the strained-
material conduction-band edge is characterized by the
[100] and [010] valleys at a larger band gap than that of
the four L, valleys at the band edge in the bulk. Since
the band gap here is larger than that of the bulk, n; falls
below its bulk value.

The data for the Si(1 1 1) substrate are shown in Fig. 7.
Primarily, the difference from Si(001} arising from this
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FIG. 6. Si, Ge lSio 5Geo &(001). (a) Band-structure shifts
as a function of Ge mole fraction x. Solid lines, energy levels in
strained alloy film; dashed lines, energy levels in bulk alloy. A,
[000] valley, conduction band; B, [001]valley, conduction band;
C, [111], [ill], [111],and [111] valleys, conduction band; D,
[100] and [010] valleys, conduction band; F., Fermi energy; F,
valence-band edge (E, ); G, valence-band level E, ; 0, valence-
band level E3. (b) Band-edge e6'ective densities of state, N, and
N„and intrinsic carrier concentration n„as a function of Ge
mole fraction x. Solid lines, values in strained alloy film; dashed
lines, values in bulk alloy.

FIG. 7. Si, Ge /Si(111). (a) Band-structure shifts as a
function of Ge mole fraction x. Solid lines, energy levels in

strained alloy film; dashed lines, energy levels in bulk alloy. A,
[111]valley, conduction band; B, [111],[111],and [111]valleys,
conduction band; C, [100], [010], and [001] valleys, conduction
band; D, Fermi energy; E, valence-band edge (El ); F, valence-
band level E&', 6, valence-band level E, . (b) Band-edge eft'ective

densities of state, N, . and N„and intrinsic carrier concentration
n„as a function of Ge mole fraction x. Solid lines, values in
strained alloy film; dashed lines, values in bulk alloy.
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substrate orientation is that the I.
&

conduction-band val-

leys are split, while the b, valleys are not. The [111]val-

1 ( A ) whose wave vector is perpendicular to the sub-
strate, rises above the other three L, valleys (8). eThe
conduction-band edge is characterized by the 6, valleys

(C), which are shifted only slightly downward in energy.
The valence band is the same in character as in the case
of the Si(001) substrate, with the valence-band edge being
characterized by the heavy-hole states (E). The light
hole (F) and split-off hole (G) descend in energy with in-
creasing strain. Because the primary strain-induced split-
ting, in the conduction band, does not involve states at
the conduction-band edge [in distinction to the case o
Si(001)], there is very little effect on N, and n, . The in-

trinsic carrier concentration increases only slightly above
its bulk value, reAecting the only slight decrease in band
gap. With increasing strain, the valence-band-edge
effective density of states X, is seen to decrease for the
same reasons as in the case of the Si(001) substrate.

Th d ta for the Ge(111) substrate are shown in Fig. 8.e aa
ofThe most prominent feature of the band structure o

S' Ge rown on Ge(111) is that the conduction-bande grown n

edge is characterized by the single [ill] valley (~),
whose wave vector is perpendicular to the substrate. The
o erth significant conduction-band levels remain near their
bulk positions, while the valence band is qualitative y t e
same as in the case of the Ge(001) substrate. The
valence-band edge is characterized by the light hole (F).
A single I, valley at the conduction-band edge leads to
the great reduction in E„which actually drops below N„
in the strained film for x(0.95. The intrinsic carrier
concentration increases slightly with strain, due to the
decrease in band gap. However, this increase is not as
great as in earlier cases, since the conduction-band edge
has such a low density of states.

The data for the Sic sGeo s(111) substrate are shown in

Fig. 9. Alloy growth on Sio sGeo 5(111) leads to a band
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FIG. 8. Si, „Ge„/Ge(111). (a) Band-structure shifts as a
function of Ge mole fraction x. Solid lines, energy levels in

strained alloy film; dashed lines, energy levels in bulk alloy.
[000] valley, conduction band; B, [100], [010],and [001] valleys,
conduction band; C, [111],[111],and [111]valleys, conduction
band; D, [111] valley, conduction band; E, Fermi energy; F,
valence-band edge (E, ); G, valence-band level E,. H, valence-
band level E3. (b) Band-edge effective densities of state, N, and

N„and intrinsic carrier concentration n„as a function of Ge
mole fraction x. Solid lines, values in strained alloy film; dashe

lines, values in bulk alloy.

FIG. 9. Sll Ge /Sic &Geo &(1 1 1). (a) Band-structure shifts
as a function of Ge mole fraction x. Solid lines, energy levels in
strained alloy film; dashed lines, energy levels in bulk alloy. A,
[000] valley, conduction band; B, [111]valley, conduction band;
C [111] [111],and [111] valleys, conduction band; D, [100],

~ ~ F[010], and [001] valleys, conduction band; E, Fermi energy;
valence-band edge (E] ); G, valence-band level E&, H, valence-
band level E3. (b) Band-edge effective densities of state, N, and
N„„and intrinsic carrier concentration n„as a function of Ge
mole fraction x. Solid lines, values in strained alloy film; dashed
lines, values in bulk alloy.
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structure which in most respects is similar to that of the
bulk. However, the splitting of the L, valleys causes a
reduction in the number of L

&
valleys at the band edge,

above the A, -L, conduction-band-edge crossover. Only
the [111], [ill], and [ill] valleys (C) constitute the
conduction-band edge at an energy slightly higher than in
the bulk. This slight increase in band gap results in a
slight decrease in n,-, above crossover. The valence band
has the same qualitative character as in the case of the
Sio,Geo, (001) substrate. It should be pointed out that in
distinction to the case of the Sic sGeo&(001) substrate,
growrowth on the (111) orientation retains the 5, L, -

conduction-band-edge crossover near its position in the
bulk. This means that the value of N, will be similar be-
tween the strained and bulk material. The valence-band
effective density of states decreases with increasing strain
as in the case of the Sic 5Geo s(001) substrate. The intrin-
sic carrier concentration decreases with strain due to

both a slight increase in band gap and the decrease in N, .
The data for the Si(101) substrate are shown in Fig. 10.

Growth on a Si(101) substrate results in splittings of both
the L1 and b, conduction-band valleys. The [ill] and
[111]valleys (3) rise above the [111]and [ill] valleys
(8) under the biaxial compressive strain. The [100] and
[001] valleys (C) rise above the [010] valley (D), which
constitutes the conduction-band edge. The valence-band
dge is characterized by eigenstates composed primari ye

of
~

—', , +—', ) states with a lesser amount of
~

—„+T& and
+—'). There is a greater decrease in N, with strain2' 2

than in the case of the Si(001) substrate because only
one-third of the 5, states (only [010]) compose the
conduction-band edge (compared to two-thirds, [100]
and [010], for the Si(001) substrate). However, the split-
ting of the 5, valleys with strain is more gradual than in
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FIG. 10. Si, „Ge /Si(101). (a) Band-structure shifts as a
function of Ge mole fraction x. Solid lines, energy levels in
strained alloy film; dashed lines, energy levels in bulk alloy. A,
[111]aud [111]valleys, conduction band; B, [111]and [111]val-

ley, conduction band; C, [100] aud [001] valleys, conduction
band; D, [010] valley, conduction band; E, Fermi energy; F,
valence-band edge (E] ); G, valence-band level E2, H, valence-
band level E3. (b) Band-edge effective densities of state, N, and
N„and intrinsic carrier concentration n„as a function of Ge
mole fraction x. Solid lines, values in strained alloy film; dashed
lines, values in bulk alloy.

FIG. 11. Si& Ge„/Ge(101). (a) Band-structure shifts as a
function of Ge mole fraction x. Solid lines, energy levels in
strained alloy film; dashed lines, energy levels in bulk alloy. A,
[000] valley, conduction band; B, [010] valley, conduction band;
C, [100]aud [001] valleys, conduction band ([100]and [001]val-
leys are below [010] valley in energy); D, [111]and [111]valleys,
conduction band; E, [111]aud [ill] valleys, conduction band
([111]aud [111]valleys are below [111]aud [111]valleys in en-
ergy); F, Fermi energy; G, valence-band edge (E& ); H, valence-
band level E2, I, valence-band level E3. (b) Band-edge effective
densities of state, N, and N„and intrinsic carrier concentration
n„as a function of Ge mole fraction x. Solid lines, values in
strained alloy film; dashed lines, values in bulk alloy.



42 ~ . . BAND STRUCTURE OF PSEUDOMORPHIC Si-Ge ALLOY FILMS 3563

previous cases. This leads to the decrease in N, being

spread out over a wider range of x.
The data for the Ge(101) substrate are shown in Fig.

11. Here no 6 I -L I conduction-band-edge crossover is

found for the displayed range of x. The conduction-band
edge is characterized by the [111]and [111]valleys (E),
which are split from the [111]and [111]valleys (D). The

6, valleys split, with the [100] and [001] valleys (C) lying

below the [010] valley (8). The valence-band edge is
characterized by eigenstates composed primarily of

~
—,', +—,') and

~
—,', +—,') states, with a lesser amount of

~

—'„+—,
' ). The strain-induced splitting of the conduction-

band-edge valleys leads to the observed reduction in N, .
Since no h, -L, conduction-band-edge crossover occurs,
the peaks in N„present in bulk, is absent in the strained
material.

The data for the Sin &Geo s(101) substrate are shown in

2. 5

2. 0

1.5

Fig. 12. Here, as in the other cases of the (101) substrate,
both the L, and 5, valleys are split by the strain. In Fig.
12(a), curves labeled B and E are the [111],[111]valleys
and [111],[111]valleys, respectively. Curves C and D are
the [100],[001] valleys and the [010] valley, respectively.
The position of the A, -L, conduction-band-edge cross-
over shifts to approximately 89%%uo Ge. For x&0.5, the
conduction-band edge is characterized by the [010] b, ,

valley. Between X=0.5 and 0.89, the conduction-band
edge consists of the [100] and [001] valleys. Above
x =0.89, the [111] and [111] valleys form the
conduction-band edge. Below x =0.5 (biaxial tensile
strain), the valence-band edge eigenstates are dominantly
m =+—,

' with a slight amount of m =+—,
' states. Above

x =0.5 (biaxial compressive strain), the valence-band-edge
eigenstates switch and become dominantly m =+—', with

a slight amount of m =+—,'. The band-edge effective den-

sities of states exhibit the same qualitative features found
in other substrates. For x &0.5, the intrinsic carrier con-
centration n, lies below its bulk value. This is because
the band gap is very close to the bulk band gap, while N,
and N„are decreased.
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FIG. 12. Si] Ge„/Sio, Geo &(101). (a) Band-structure shifts

as a function of Ge mole fraction x. Solid lines, energy levels in

strained alloy film; dashed lines, energy levels in bulk alloy.
[000] valley, conduction band; B, [111]and [111]valleys, con-
duction band; C, [100] and [001] valleys, conduction band; D,
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duction band; F, Fermi energy; G, valence-band edge (El ); I,
valence-band level E2, I, valence-band level E3. (b) Band-edge
effective densities of state, X, and N, , , and intrinsic carrier con-
centration n„as a function of Ge mole fraction x. Solid lines,
values in strained alloy film; dashed lines, values in bulk alloy.
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FIG. 13. Poisson's ratio o. and shear parameter r variation
with substrate orientation. (a) From (001) to (111),the angle be-
tween [001] and [111]is a,„=54.736'; {b) from (111) to (101),
the angle between [111] and [101] is P,„=35.264'; (c) from
(101) to (001), the angle between [101]and [001) is y,„=45'.
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FIG. 14. Schematic edge view of distortion of film lattice due

to epitaxy on various substrate orientations. Figures are shown
for all )0. For (001), (111),and (101) substrates, the distortion is

a combination of a hydrostatic compression or dilation and a
uniaxial extension or contraction perpendicular to the substrate
surface [(a), (c), and (e)]. For other substrate orientations be-

tween these [(b), (d), and (fl], the distortion exhibits an addition-
al shear, relative to the plane of the substrate. The sense of in-

clination reverses for a biaxial compressive strain (c.
~~

&0). The
amount of inclination, as shown, is 60=2~e~l.
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FIG. 15, Strain-tensor-component variation with substrate
orientation. Components are plotted in units of c.ll. (a) From
(001) to (111), the angle between [001] and [111] is
a,„=54.736'; (b) from (111) to (101), the angle between [111]
and [101] is P,„=35.264'; (c) from (101) to (001), the angle be-
tween [101]and [001] is ),„=45'.

Poisson's ratio o. and oil are sufhcient to determine the
strain tensor in films on (001), (1 1 1), and (101) substrates.
However, as discussed in the Appendix, an additional
shear, quantified by the parameter ~, appears in films
grown on substrates of any other orientation. Many
features of the band structure can be controlled by judi-
cious choice of substrate composition and crystallograph-
ic orientation. The direction of shift of a given
conduction-band valley under strain deformation is found
to depend not only on the sense of the in-plane lattice
mismatch strain c.ll, but also upon the substrate orienta-
tion. The A, -L, conduction-band-edge crossover point
can be shifted in either direction, away from its bulk posi-
tion of 85% Ge, in high-Ge-content alloys. The intrinsic
carrier concentration n, is found to be primarily con-
trolled by the value of the band gap, varying inversely
with F, . Only when the conduction-band edge is charac-
terized by a very low density of states, under strain-
induced valley splitting, does the value of n, not increase
strongly with decreasing band gap. An example of this is
the case of the Ge(111) substrate, where only one of the
L, valleys constitutes the conduction-band edge. Gen-
erally, the intrinsic Fermi energy E; is found to remain

near the middle of the band gap, being only slightly
affected by the values of N, and N, . The conduction- and
valence-band-edge effective densities of state are found to
generally decrease as the degree of strain, either compres-
sive or tensile, increases. An exception to this is in the
case of a high-Ge-content alloy under biaxial compres-
sion. The lowering of some or all of the 5, valleys under
such strain may lead to an increase in N, . Generally, the
splitting of the valleys which constitute the conduction-
band edge and the lifting of the valence-band-edge degen-
eracies both contribute to decreases in N,. and N, . The
further factor contributing to the decrease in N, is the in-
crease of the valence-band curvature with strain. This
may be seen as a reduction in the valence-band effective
mass.

The Si-Ge alloy system is already promising remark-
able improvements in high-speed Si technology compati-
ble electronic devices. It is natural to expect that other
heterostructures based on the Si-Ge system will be ex-
ploited. Our studies show that a tremendous richness in
band tailoring effects can be accessed by developing an
understanding of the physics of pseudornorphic films.
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APPENDIX

The general derivation of the strain tensor in an epitax-
ial film is presented here. The special cases of films
grown on substrates of the (001), (111),and (101) crystal-
lographic orientations were developed in Sec. II. These
cases were special in that the substrate normal is an axis
of n-fold rotational symmetry (n ~2) for the epitaxial
film. These substrates are most frequently of interest.
However, occasionally other substrates, such as (112), ap-
pear in the literature. Also, substrates which are a few
degrees misaligned from (001) are not uncommon. In
light of the possibility of using these sorts of substrates in

pseudomorphic heteroepitaxy, the determination of the
film's strain tensor becomes important as the starting
point for a theoretical analysis of the system.

The determination of the strain tensor is taken up from
Eq. (5) of Sec. II, which repeated here, is

C'&, s,', =0, (a, /3) =(1,3), (2, 3),(3,3), (Al)

I
C3333 C3323 3331

I I I

C2333 C2323 C2331
I

3133 3123
C

C3131

s33/2

23

C3311 + 3322

II C' +C
2 2311 2322

C3111 + C3122

(A3)

The C& kt matrix elements are determined from C &, via

Eq. (3), Sec. II. Trigonometric identities are used to ar-
rive at the simple form

3

C', ski=&» X U.,U sU.kU. I

a=l
3 f3

—
1

+c» g g ( U r U s Upi. Up, + Upr Ups U k U~i )
@=2a= 1
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X ( U~i, U131 + Ut1k U I ), (A4)

with summation over repeated indices. For (i,j )

= (1,1),(2,2),(1,2),(2,1), s,', is known: s'» = ezz =
E~t,

c.]2=@&,=0. Using the symmetry of C'&, and c.,
',

C~I133E33+2C~I123e~3+2C~it), s3, = —(C~p„+C~trz2 )E
~

)

(a,P)=(3,3), (2, 3), (1,3) . (A2)

This may be written as a matrix equation:

where the U, are elements of the transformation matrix
U [Eq. (2), Sec. II]. Having calculated the various ele-
ments Cs «, Eq. (A3) can be inverted numerically to
det rmlne F33 823 and c31.

Knowing c.33 in terms of c~~, Poisson's ratio o is
straightforwardly obtained: tr= —El/s33. However, in
the case of the arbitrarily oriented substrate, o. and c.

~~

are
not suScient to completely specify the strain in the film,
since c.z3 and c.31 are generally nonzero. The strain com-
ponents A&3 and s3, may be characterized by (1) the angle
1(t through which a rotation, about z', from (x',y', z') to
(x",y",z') will result in sz'3=0 and by (2) by ratio
7r—:erat /~ E[~ ~

~ It may easily be determined that

tang=—

[(s& )2+(st )2]1/2
(A5)

The parameter ~ is similar in character to Poisson's ra-
tio cr. If the strained film is viewed from the edge,
Poisson's ratio expresses the degree to which geometrical
squares fixed to the lattice are deformed to rectangles as
the film is strained. The parameter ~ expresses the degree
to which the squares are deformed to rhombohedra.

Both o. and ~ are plotted as functions of substrate
orientation in Fig. 13. At the points corresponding to
(001), (111),and (101) orientations, r is seen to equal zero,
as expected. In these orientations the film distortion is
characterized by Poisson's ratio only and thus can be
viewed as tetragonally distorted (squares become rectan-
gles) relative to the plane of the substrate. For (hhl) sub-
strates oriented between the (001) and (111) directions,
the film inclines under shear distortion toward the (111)
direction by the angle 58=2~el. In (hkh) substrates
oriented between (111)and (101), the tilt is toward [111],
by 58, and in (h0l) substrates, between (101) and (001),
the tilt is toward [101],by 58. Of course, when

e~~~
(0, the

tilting is away from the above stated directions, by 58.
This is clarified in Fig. 14. The strain tensor components,
relative to the standard coordinates, (x,y, z) of the crys-
tallographic axes of the film are plotted in Fig. 15. This
plot shows the dependence of the strain tensor com-
ponents on substrate orientation, as the orientation is
varied from (001) to (111) to (101) and back to (001).
These data are obtained by solving Eq. (A3) for E33, Ez3,

and F31. These elements, together with the known ele-
ments c'», r.~~, and E', 2, are inverted [Eq. (18), Sec. II] to
give the data shown in Fig. 15.
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