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Molecular-dynamics study of liquid NaPb, KPb, RbPb, and CsPb alloys
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A molecular-dynamics study on equiatomic NaPb, KPb, RbPb, and CsPb liquid alloys has been
carried out to supplement earlier neutron-diffraction measurements. The alkali-metal atoms are as-
sumed to be monovalent, positively charged ions while the Pb atoms are arranged in regular
tetrahedra, (Pb4), so-called Zintl ions. A simplified version of the Tosi-Fumi potential has been
used to represent the interatomic forces, except for the Pb-Pb interactions within a (Pb4) ion,
which are approximated by a harmonic potential. The structure factors calculated from this
molecular-ionic model prove to be in excellent agreement with the measured ones.

I. INTRODUCTION

Recently, neutron-diffraction measurements have been
performed on NaPb, KPb, RbPb, and CsPb liquid-
equiatomic alloys. ' The structure factors are character-
ized by a first sharp diffraction peak (FSDP) at about 1

A ', except for NaPb, where the FSDP occurs at 1.3
A '. The FSDP has been interpreted as an indication for
the presence of polyatomic structural units. ' This ex-
planation agrees nicely with the model previously
presented by Geertsma et ah. and by Van der Lugt and
Geertsma to account for the shift in stoichiometry ob-
served in among others the resistivity and the Darken
excess stability function. According to this model the
tetrahedral polyanions (Pb~) or Zintl ions observed in

the crystal structure of NaPb (Ref. 6) as well as in those
of KPb, RbPb, and CsPb (Ref. 7) persist upon melting. A
picture of the unit cell of the crystal structure of NaSn,
which is isomorphous, with those of NaPb, KPb, RbPb,
and CsPb can be found in Ref. 8. Geertsma and Dijks-
tra have pointed out that due to the relatively large size
of the alkali-metal atoms, the formation of Pb4 tetrahedra
is energetically more favorable than a structure in which
the Pb atoms are evenly distributed over the liquid.
However, this argument does not apply to Li-Pb because
of the small size of Li atoms. This explains why the max-
imum in the resistivity occurs at 80 at. % alkali metal in
Li-Pb, while it has shifted towards the equiatomic com-
position for K-Pb, Rb-Pb, and Cs-Pb. The system Na-Pb
proves to be intermediate between Li-Pb and K-Pb: the
resistivity shows a maximum at 80 at. % Na as well as a
small hump at 50 at. % Na.

To obtain a more-detailed understanding of the struc-
ture and deduce additional information, we have attempt-
ed to simulate these liquids by molecular dynamics (MD).
We have opted to incorporate Pb4 tetrahedra in our cal-
culations since the primary purpose of our MD study has
been to find out if a model based on Pb4 tetrahedra is able
to fit the experimentally determined structure factors.

Analysis of the electronic transport properties, ' band-
structure calculations, and comparison with the crystal
structure ' has led us to the conclusion that (Pb4) ions
are the most likely units to occur. Therefore, we have
not attempted to use any other unit in our MD study. A
code developed by Rahman for MD simulations of the
tetrachloroaluminates' has been used as a starting point
for our MD program.

II. MOLECULAR-DYNAMICS CALCULATIONS

While there is extensive literature about MD simula-
tions in the field of molten salts available (see, e.g. , the re-
view paper by Sangster and Dixon" ), hardly any MD
work has been carried out for liquid metals and alloys.
Pioneering work has been done by Rahman, ' who has
studied liquid Rb. Using an interparticle potential that
has an oscillatory decay to zero, he found that density
Auctuations occur for wavelengths as short as the
nearest-neighbor distance. The alkali metals Na and Cs
have been investigated by Lee et al, ' the alloys
Nap 6pCsp 4p and Nap»Csp» by Huijben et al. ' In these
studies the effective interatomic potential has been calcu-
lated within the framework of the pseudopotential ap-
proximation. Jacucci et a/. ' have carried out a MD
simulation for Li4Pb, using a pair potential proposed by
Copestake et al. ,

' of which the parameters have been de-
rived from the experimentally determined ordering po-
tential. Recently, Hafner' has tried to simulate the
structure of liquid KPb by MD, using first-principles
pseudopotential theory and a modified linear screening
approach. He has shown that large clusters of Pb atoms
are formed due to a strongly attractive ionic pseudopo-
tential between Pb atoms. However, quantitative agree-
ment with the experimental data is poor. A major break-
through has been achieved by Car and Parrinello, ' who
have combined MD technique with Hohenberg-Kohn-
Sham density-functional theory. This implies an exten-
sion of MD beyond the usual pair-potential approxima-
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tion and allows the simulation of both covalently bonded
and metallic systems.

In the present work we have assumed that the A atoms
(A =Na, K, Rb, or Cs) donate an electron to the Pb
atoms and become singly charged ions. The Pb ions
have been grouped in clusters of four ions. The ions
within a cluster can vibrate around their equilibrium po-
sitions, which together constitute a regular tetrahedron.
Thus our system consists of a mixture of A + and (Pb~)
ions. The pair potential p; between particles i and j, if
they are not Pb ions belonging to the same tetrahedron,
is a Born-Mayer-Huggins-type (BMH) potential

Z;ZJ e
P,&

(r) =
b;& exp[a (d; —r) ]+

r

where

Zi ZJ
b =b 1+—+0

1 J

Here, r is the interparticle distance, d, is the short-range
interaction diameter of ions i and j, a and b0 are parame-
ters characterizing the short-range repulsion, z; and z
are the charges of ions I', and j, e is the elementary charge,
and n; and nJ are the numbers of electrons in the outer
shells of ions i and j (8 for A + and 5 for Pb ). This po-
tential differs from the original one used by Tosi and
Furni in their work on the solid alkali-metal halides in
that the two terms representing the van der %aals in-
teractions have been dropped. The Pb-Pb interactions
within (Pb4) are approximated by a harmonic potential:

P~(r) = ,'c(r —do)—
where c is the force constant and d0 the distance between
the equilibrium sites.

The MD simulations were carried out for systems con-
sisting of a total number of 256 particles, contained in a
cubic box. The side L of the box was chosen to yield the
densities mentioned in Table I, which were taken from
Ref. 1. The time step used was At =10 ' s and was
sufficiently small to ensure conservation of energy. The
usual periodic boundary conditions were imposed on the
system. For the calculation of the force on a given parti-
cle, only those particles lying within a cubic box of side L
and with that particle as its center were considered. An
initial configuration was created by placing the particles
at a random position within the box. In the case of Pb4
tetrahedra, their centers of mass were given a random po-

yI
) —y yz

erfc[ar, , (n) ] z,2ct

r;1 (n) v'~ (4a)

where the complementary error function is given by

sition after which the Pb particles were put at the corners
of a tetrahedron of side d 0. Starting from this
configuration, a series of consecutive configurations was
subsequently generated using the "leap-frog" algorithm
of Verlet ' to find the new positions and velocities after
each time step. A temperature T was defined by putting
the total kinetic energy of a particular configuration
equal to —,'Xk~ T, where k~ is Boltzmann's constant and N
is the total number of particles. If the calculated ternper-
ature T„&, exceeded a preset range around the required
temperature T„, , the displacements of the particles were
rescaled by a factor (T„ /T„~, )' . The initial tempera-
tures were usually several thousand degrees kelvin.
Therefore, several short runs were performed to allow the
system to reach equilibrium before the actual simulation
was started. Typically a total number of 1000 steps was
needed for this purpose. After that a "production" run
of 5000 steps was carried out during which the tempera-
ture fluctuated around the set temperature and the dis-
placements of the particles were not rescaled. To esti-
mate effects due to the finite size of the box, we have per-
formed a MD simulation for KPb with 2048 particles in a
cubic box twice as large. A starting configuration was
created by a combination of eight identical boxes contain-
ing an equilibrium configuration of 256 particles in such a
way that they formed a new cubic box of side 2 L. The
pair and triplet correlation functions as well as the struc-
ture factors obtained from this larger system were essen-
tially the same as the ones found for the smaller system.
This has led us to the conclusion that our sample of 256
particles is sufficiently representative as far as the
structural properties are concerned.

To avoid inaccuracies due to the slow convergence of
the long-range Coulomb forces, the well-known Ewald
summation technique has been employed. This method
was originally developed for the calculation of the
Madelung contribution to the lattice energy of ionic crys-
tals. Regarding the box used in MD as the unit cell of a
simple cubic lattice, we find by applying the Ewald sum-
mation method that the total Coulomb potential of parti-
cle i in the field of the other particles can be transformed
into two rapidly converging series:

do (A)

TABLE I. Densities, temperatures, and parameters of the potential used in the MD simulations.

PO tA ) T (K.) + ~A ) ~AA ~A) ~ A Pb ~A) ~pbpb

NaPb
KPb
Rbpb
CsPb

0.0308 680
0.0217 870
0.0192 880
0.0168 930

b» =0.423 X 10 ' erg
b»b=0. 313X10 ' erg
bpbpb =0.203 X 10 erg

3.0
3.0
2.5
2.0

3.77
2.66
2.96
3.38

3.53
3.75
3.90
4.11

zA =+1
zpb = —1

c =0.8 mdyn/A

3.70
4.84
4.84
4.84

3.30
3.25
3.20
3.15
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X
erfc(x)=1 —erf(x)=1 — exp( —u )du,

0
(4b) Einstein formula

and

iz~ 1 + exp( —
m ~n~/a L )

1' (~0~

Xcos[2mn. r J(n)] . (4c)

Here, n is the vector (in units of L) specifying the position
of the box in which particle j lies with respect to the box
containing particle i, thus r,,(n)=(r, +nL) —r;. In the
calculations P'" was truncated at r =L/2 and PI

' at
~n~ =6, with aL =5.

At the end of the MD simulation the following quanti-
ties were obtained (in the following two paragraphs the
subscripts a, P, and y refer to chemical species).

(1) The pair-correlation functions g p(r ) for r (L /2
(a-P= A-A, A-Pb, Pb-Pb, CM-A, CM-Pb, and CM-CM,
where CM refers to the center of mass of the Pb4 tetrahe-
dra), defined by

(n p(r))b, r=4nr b, r ppg p(r) . (5)

Here, n p(r)b, r is the number of P particles at distance r
from an a particle lying in a shell between r —Ar/2 and
r +dr/2, and pp is the number density of P particles.
The brackets ( ) denote an average over all
configurations as well as an average over a particles. %e
have used hr =0.05 A.

(2) The coordination numbers Z p defined by

g z(n' p')

na

Here, n'& is the number of a particles having precisely z
particles of type P up to the distance defined by the
minimum following the first peak in g,p(r), and n is the
total number of a particles. The subscript "a-P" and the
angular brackets have the same meaning as in Eq. (5).

(3) The triplet correlation functions N pr(6) for A-A-
A, Pb-Pb-Pb, A-Pb-A, Pb-A-Pb, A-A-Pb, A-Pb-Pb, A-
CM-A, Pb-CM-Pb, and A-CM-Pb triplets. It gives the
distribution of triplets over the cosines of the angles 0
defined as the angle that the line connecting a P particle
with an a particle makes with the line connecting that
same P particle with a y particle.

(4) The self-diffusion constants D (a= A,Pb, CM) cal-
culated from the mean-square-displacement using the

S p(q)=5 p+4m(p~p)'~'f r'[g p(r) —1] q dr .
0 qr

The pair-correlation functions were truncated at r =I./2,
which corresponds to a distance of at least 10 A. By
comparison of the partial structure factors of KPb ob-
tained from the MD simulation with 256 particles on the
one hand, with those obtained from the "big" MD simu-
lation using 2048 particles on the other hand, it follows
that there are no differences between the two sets of par-
tial structure factors except for the small q range (below
0.5 A '), which is not of interest to us. Therefore, effects
due to truncation in the Fourier transformation can be
left out of consideration. The partial structure factors
and pair correlation functions were subsequently com-
bined to yield the total structure factor and the radial dis-
tribution function, respectively, for comparison with the
neutron-di8'raction data:

Q b bp(p~p)'~ S p(q)

S(q)=
gp, b

and

pop b bpp~g4nr g p(r)

N(r)=
gp b,

(10)

where pa=a~ denotes the total number density and
where b and bp are the scattering lengths of a and g
taken from a compilation by Sears.

D = lim
I~oo

where ( ) denotes an average over all a particles.
The partial structure factors S p(q) were obtained by

Fourier transformation of the pair-correlation functions
g p(r) according to

TABLE II. Short-range interaction diameters.

NaPb
Kpb
RbPb
CsPb

d»' {A)

3.77
4.23
4.33
4.58

0

1Apb (A)

3.53
4.01
4.15
4.42

0

pbpb' (A)

3.70
4.39
4.67
5.08

dAA (A)

1.90
2.66
2.96
3.38

dApb (A)

3.37
3.75
3.90
4.11

d pbpb (A)

4.84
4.84
4.84
4.84

'Based on crystal distances corrected for thermal expansion.
Based on Pauling radii.
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III. RKSUI.TS AND DISCUSSION

A. Choice of parameters

The parameters of the potential have been chosen such
that the MD simulations yield a reasonable description of
the structure factors obtained from the neutron-
diffraction experiments and are given in Table I. For bo
the same value as adopted by Tosi and Fumi has been
used: b0=0. 338X10 ' erg. The value of a has been ad-

justed to make the heights of the main peaks in the struc-
ture factors of both the MD simulations and the experi-
mental data agree with each other. The values of a be-
come smaller in the order NaPb, KPb, RbPb, and CsPb,
implying that the short-range repulsion becomes softer.
This is to be expected since the larger the alkali atom, the
more deformable it is. Two ways of obtaining the in-

teraction diameters were considered (see Table II). In the

first attempt the average A-A, A-Pb, and Pb-Pb nearest-
neighbor distances (the intratetrahedron Pb-Pb distance
was excluded from the averaging) taken from the crystal
structure and corrected for thermal expansion were used.
In the second attempt the diameters were set equal to the
sum of the Pauling ionic radii. The most important
difference between the two sets of diameters is that the
values of d~~ derived from the crystal are much larger
than the corresponding diameters based on the Pauling
radii. For KPb, RbPb, and CsPb the latter choice turned
out to be the best, while for Na-Pb the first set of diame-
ters worked better. The finally adopted values are given
in Table I. The value of c has been found by comparing
the damping of the high-q oscillations of the calculated
structure factors with the experimental results. Satisfac-
tory agreement is obtained if c is chosen to be

(a)

(a)

n~n~~AOAr,
VVVV

ar r &AAAr~v V IJVv %

(c)

nr mr .Aa mAAA
&\ 'M4f V

Lr nA

0 2

00

FIG. 1. Structure factors S(q) found by neutron-diffraction

experiment and MD simulation. The curves are the MD results,

the open circles are the neutron data: (a) NaPb at 680 K, (b)

KPb at 870K, {c)RbPb at 880K, and {d) CsPb at 930K.

FIG. 2. Radial distribution functions N(r) found by MD
simulation as well as neutron-diffraction measurements. The
curves are the MD results, the open circles refer to the neutron
experiments: (a) NaPb at 680 K, (b) KPb at 870 K, (c) RbPb at
880 K, and (d) CsPb at 930 K. The vertical bars denote (in or-
der of increasing r) the average Pb-Pb, A-Pb, and A-A nearest-
neighbor distances in the crystal.
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TABLE III. Prepeak positions of NaPb for different x values,
where x is the fraction of Pb ions forming Pb~ tetrahedra.

x q (A )

0.0
0.25
0.5
0.75
1.0

1.50
1.44
1.38
1 ~ 32
1.11

0.8 mdyn/A. This is of the same order of magnitude as
the values of the optically determined force constants of
Si—Si and Ge—Ge bonds in (Si4) and (Ge&) tetrahe-
dra, respectively. Similarly, the bond lengths do have
been chosen to match the periods of the high-q oscilla-
tions of the measured structure factors. Note that apart
from CsPb they are slightly larger than the positions of
the first peaks in experimentally determined
T(r)=4~porg(r), ' where po is the number density and

g (r) the total pair-correlation function.

B. Structure factors and radial distribution functions

Figures 1 and 2 show the structure factors S(q) and
the radial distribution functions N(r) calculated from the
MD simulations together with the experimental results.
We have assumed that all Pb ions are clustered in
tetrahedra except for NaPb, which will be discussed in
the next section.

KPb, RbPb, and CsPb. Confining ourselves to KPb,
RbPb, and CsPb for the moment, we see that the posi-
tions of the FSDP are correctly predicted, although its
height is slightly overestimated for KPb and CsPb. The
high-q side of the main peak of the computed S(q) has
been shifted to the right with respect to the peak of the
experimental S(q). The agreement between the high-q
oscillations of both the measured and calculated structure

factors is satisfactory. Inspection of the partial structure
factors (see Fig. 4) shows that these oscillations are due
mainly to the Pb-Pb correlations. In the same way it
turns out that the small satellite peak of Cs-Pb at about 3
A ' is also a Pb-Pb peak.

The total radial distribution functions found in the
MD simulations show the typical two-peak structure in
the first coordination shell (i.e., the region between 3 and
5 A) which is characteristic for clustering systems. ' The
peak at smaller r corresponds with an intracluster dis-
tance, the peak at larger r with an intercluster distance.
The vertical bars in Fig. 2 indicate the nearest-neighbor
distances in the crystal. In order of increasing r they cor-
respond with the Pb-Pb, A-Pb, and A-A distance. The
positions of the first peak at about 3.1 A coincide nicely
with the Pb-Pb distances of the solid. The next peak is
related to the A-Pb and A-A distances, which are not
resolved, but show up as a single broad peak both in the
calculations and the measurements, except for the experi-
mentally obtained N (r) of Cs-Pb.

XaPb. The NaPb system proved to be the most
difFicult system to simulate. As pointed out in the Intro-
duction, Na-Pb is intermediate between Li-Pb, in which
the Pb ions are more evenly distributed, and K-Pb,
which shows clustering. Therefore, it is likely that only a
fraction x of the Pb ions forms tetrahedra in NaPb. We
have performed simulations of NaPb for x =1, 0.75, 0.5,
0.25, and 0. In this sequence the position of the first peak
in S(q) increases gradually from 1.11 to 1.50 A (see
Table III). This can be understood as follows. The inter-
tetrahedron Pb-Pb distance in a fully clustered system is
larger than the Pb-Pb distance in an even distribution.
Thus, the average Pb-Pb distance decreases when the
fraction of tetrahedra becomes smaller. The best agree-
ment with the experimental S(q) was obtained for
x =0.75. The main peak of the measured S(q) is very
well represented by the simulations, while the high-q os-
cillations are slightly out of phase. The position of the
first peak in the N (r) derived from the experimental S (q)
is underestimated by the MD results.

TABLE IV. Positions of the 6rst maximum {r&) and minimum (r2) of the pair-correlation functions
and the corresponding coordination numbers Z.

NaPb
KPb
Rbpb
CsPb
solid

NaPb
KPb
RbPb
CsPb
solid

r, {A)

3.90
4.3
4.38
4.80

rl (A)

1.88
1.93
1.89
1.89

A-A

r, (A)

5.3
6.0
6.1

6.4

CM-Pb
r2 (A)

2.3
2.3
2.3
2.3

Z

8.9
8.7
8.5
8.3
7.5

Z

4.0
4.0
4.0
4.0
4

r, (A)

3.24
3.69
3.93
3.93

r, (A)

3.42
4.38
4.50
4.50

A-Pb

r, (A)

4.5
5.1

5.2
5.4

CM-A
r2 (A)

4.5
5.0
5.2
5.5

Z

6.8
6.9
6.7
6.1

7

7.2
7.7
8.0
7.7
8

r, (A)

3.12
3.15
3.09
3.09

r, (A)

6.60
7.61
7.92
8.26

Pb-Pb
r, (A)

3.6
3.8
40
4.0

CM-CM
r, (A)

8.7
10.0
10.5
11.0

Z

2.3
3.0
3.0
3.0
3

Z

7.8
12.3
12.5
12.3
12
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C. Partial pair-correlation functions and structure factors

We will now consider the pair-correlation functions in
more detail. Fig. 3 shows the A-A, A-Pb, and Pb-Pb
pair-correlation functions. The vertical bars denote the
nearest-neighbor distances calculated from the known
crystal structure using the parameters from Ref. 1. The
positions of the first peak, r,„, as well as the coordina-
tion numbers Z found by integration up to the minimum

r;„ following the first peak are exhibited in Table IV.
For comparison we have also included the corresponding
coordination numbers of the solid, in this case defined as

g(r}

(a)

(c}

FIG, 3. Pair-correlation functions of Pb-Pb (solid), A-A
(dashes), and A-Pb (long-short dashes) correlations: (a) NaPb at
680 K, (b) KPb at 870 K, (c) RbPb at 880 K, and (d) CsPb at
930 K. The vertical bars denote the corresponding nearest-
neighbor distances in the crystal.

the number of P atoms within a sphere of radius r;„
around an a atom where r;„has the same value as
above. It turns out that these coordination numbers are
the same for NaPb, KPb, RbPb, and CsPb.

KPb, RbPb and CPb. Comparing the partials of Fig. 3
we note certain systematic variations. We see that g„„(r)
is gradually displaced to the right in the sequence KPb,
RbPb, and CsPb. This is a consequence of the increasing
size of the alkali ions. In the same order the height of the
first peak of g„pb(r) decreases because the short-range
repulsion becomes softer, which is reflected by a decrease
of the a values. Its position is determined by the
minimum of the interaction potential between A+ and
Pb ions. The first peak of gpbpb(r) becomes higher, nar-
rower, and better separated from the next peak in the
above-mentioned sequence. It seems that the larger the
alkali ions, the less freely the Pb ions within a tetrahed-
ron can move. Besides, the values of the peak position
are slightly smaller than the values used for do (see
Tables I and IV). The Pb4 tetrahedra are compressed un-

der the influence of the surrounding particles. Note that
the positions of the first peak of the A-A, A-Pb, and Pb-
Pb partials agree nicely with the distances in the solid.

¹Pb. Comparing the pair-correlation functions of
NaPb with those of KPb, RbPb, and CsPb, we note the
following differences. The height of the first peak of
gpbpb(r) has become smaller. Besides, there is no region
between the first and second peak where g pbpb(r) becomes
zero like in those of KPb, RbPb, and CsPb. The height
of the first peak of gN, N, (r) has increased and the posi-
tion of the first peak of gN, pb(r) has shifted towards
smaller r. These differences are consequences of the facts
that only a fraction of the Pb ions is clustered and that
the number density of NaPb is larger than those of KPb,
RbPb, and CsPb.

The partial structure factors S„„(q), S„pb(q), and

Spbpb(q) are plotted in Fig. 4. The part below 0.8 A ' is
not shown because of spurious oscillations due to trunca-
tion errors. Clearly, the FSDP is due to the Pb-Pb par-
tial, which exhibits a huge peak at about 1 A, except
for NaPb, ~here it occurs at 1.4 A '. The height of this
peak is increasing in the order KPb, RbPb, and CsPb. In
order to establish a relation between the peaks of the
pair-correlation functions and their Fourier transforms,
we make use of the extrema of the integrand of Eq. (8),
[r sin(qr)/qr], which has maxima at qr =2.03, 7.98,
14.21, etc. , and minima at qr =4.91, 11.09, etc. This is a
simplified analysis since the influence of higher Fourier
harmonics is not considered. We confined ourselves to
the partials of KPb. Analogous relations can be estab-
lished for RbPb and CsPb. The Pb-Pb peak at 3.1 A is
expected to give rise to a maximum at q =7.98/3. 1=2.6
A '. At this position an asymmetry can be observed at
the right side of a peak in Spbpb(q) at 2.4 A, which be-
comes more pronounced when going from KPb to CsPb
as a consequence of the increase in height of the first peak
in gpbp„(r). The broad maximum in gpbpb(r) centered
around 8 A yields the high and narrow peak at
q =7.98/8= 1 A ', which is responsible for the FSDP.
The peak in gKpb(r) at 3.8 A should contribute to a
minimum of SKpb(q) near q =4.91/3. 8=1.3 A ', while
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0
the maximum in gKK(r) at 4.1 A gives rise to the peak at
1.9 A

%e have tried to estimate the contribution of the peak
in gpbpb(r) at 3.1 A to Spbpb(q) by comparing the Fourier
transforms of gpbpb(r) with and without first peak. It
turns out that the peak at 1 A ' is essentially the same in
both cases. The high-q oscillations of Spbpb(q) are
strongly damped when the first peak of gpbpb(r) is left
out. Similarly we have left out the part of Spbpb(q) below
1.5 A ' and compared its Fourier transform with the one
obtained from the complete Spbpb(q). The peak of
g pbpb(r) at 3.1 A is hardly affected. The difference of the

(a)

two transforms obtained from the complete Spbpb(q) and
without including the part below 1.5 A '

yields a long-
wavelength Fourier component of which the amplitude
has a maximum at about 7.3 A. From this follows that
the first peak of Spbpb(q) is related to distances between
Pb atoms that are not lying within the same tetrahedron
but belong to neighboring tetrahedra.

D. Pair-correlation functions involving
the center of mass and coordination numbers

Since useful information on a molecular system is ex-
pected to be obtained from correlations of the centers of
mass of the molecules, we have also calculated pair-
correlation functions for CM-Pb, CM-A, and CM-CM,
which are shown in Fig. 5. For practical reasons we have
left out the first peak of gcMpb(r) since its height attains
values larger than 30. Just as before, the vertical bars
refer to the corresponding distances in the solid.

KPb, RbPb, and CsPb. Again, we can observe certain
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FIG. 4. Partial structure factors of Pb-Pb (solid),
(dashes), and A-Pb (long-short dashes) correlations found by
Fourier transformation of the corresponding pair-correlation
functions of Fig. 3.

FIG. 5. Pair-correlation functions of CM-Pb (solid), CM-CM
(dashes), and CM-A (long-short dashes) correlations: (a) NaPb
at 680 K, (b) KPb at 870 K, (c) RbPb at 880 K, and (d) CsPb at
930 K. The vertical bars denote the corresponding nearest-
neighbor distances in the crystal.
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tendencies in the sets of partials for KPb, RbPb, and
CsPb. The first peak of gcM„(r) shows a splitting for
KPb, which has become weaker for RbPb and has disap-
peared in CsPb, although it is still strongly asymmetric.
This implies that there are two preferred CM- A distances
between which the distinction becomes systematically
smaller in the order KPb, RbPb, and CsPb. Indeed there
are two sets in the solid, each consisting of two CM-A
distances. The average distance of each set coincides
more or less with the positions of both subpeaks as shown
in Fig. 5 by vertical bars. From inspection of the crystal
structure follows that there are alkali atoms sitting oppo-
site the centers of the faces of a Pb4 tetrahedron as well as
alkali atoms opposite the corners. The former atoms are
closer to the center of mass than the latter ones. Thus we
can distinguish two shells of alkali ions in the liquid sur-
rounding a tetrahedron. The inner shell contains those
A + ions close to the faces of the tetrahedron, the outer
shell those near the corners.

In the foregoing discussion we have seen that there is
good agreement in general between peak positions and
nearest-neighbor distances in the solid. The same can be
said about the correspondence between coordination
numbers of KPb, RbPb, and CsPb in both solid and
liquid. The Pb-Pb and CM-Pb coordination numbers
have of course the values 3 and 4, respectively. The A-A
and A-Pb coordination numbers of the liquid are slightly
smaller than those of the solid and decrease systernatical-
ly from KPb to CsPb. The CM-A and CM-CM coordi-
nation numbers are, respectively, nearly equal to and
smaller than the corresponding values in the solid. The
values of these coordination numbers observed in the
solid, 8 and 12, respectively, can be interpreted as fol-
lows. The centers of mass of the Pb4 tetrahedra in the
crystal constitute a body-centered tetragonal lattice in
which each lattice point is surrounded by twelve other
points. From the sixteen A atoms that surround a partic-
ular tetrahedron, four are situated opposite the centers
of the faces of the tetrahedron, four are located opposite
four edges of the tetrahedron, four are nearly opposite
the corners of the Pb~ tetrahedron, and 4 other A atoms
are arranged in pairs above and below the tetrahedron.
The former eight are closer to the center of mass than the
latter eight. This explains why we arrive at a coordina-
tion number of 8 if we integrate up to that distance where
the splitting or asymmetry in gcM„(r) occurs and at
about twice that value if we integrate over the whole
peak.

NaPb. The partial pair-correlation functions of NaPb
involving the center of mass show differences compared
with those of KPb, RbPb, and CsPb. The peak of
gcMpb(r) at about 5.7 A is not followed by a second peak.
Three peaks lying close to each other can be observed in

gcMN, (r). The first and second peak are centered around
0

3.8 A and together yield a coordination number of 7.2,
which is almost the same as the coordination numbers
calculated from the left half of the double peak observed
in the gcM„(r)'s of KPb, RbPb, and CsPb (see Table IV).
If the third peak is also included in the calculation of the
coordination number, we get a value that is just twice as
large. The separation between the various distances of

the Na ions surrounding a particular tetrahedron on the
one hand and its center of mass on the other hand is ap-
parently more pronounced for NaPb than for KPb,
RbPb, and CsPb. This is probably related to the small
size of the Na ions. Both the position and the height of
the first peak of gcMCM(r) have decreased.
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FIG. 6. Triplet correlation functions of KPb. (a) Pb-Pb-Pb

(solid), K-K-K (dashes), and K-Pb-K (long-short dashes) trip-

lets. (b) Pb-K-Pb (solid), Pb-Pb-K (dashes), and Pb-K-K (long-

short dashes) triplets. (c) Pb-CM-Pb (solid), K-CM-K (dashes),

and Pb-CM-K (long-short dashes) triplets. (d) K-CM-K (solid)

and Pb-CM-K (dashes) triplets using the second minimum in

gcMK(r) as cutoff distance. The vertical bars denote the corre-

sponding values of cosO calculated using the values of the posi-

tions of the first peak of the pair-correlation functions shown in

Figs. 3 and 5 and, in some cases, also those of the second peak.
Arbitrary units have been used along the vertical axis.

E. Triplet correlation functions

Figure 6 shows the nine triplet correlation functions
for KPb. We have not included those of NaPb, RbPb,
and CsPb since the analysis of NaPb becomes too com-
plex due to the simultaneous presence of Pb and (Pb~)
ions, while the results of RbPb and CsPb are quite similar
to those of KPb. The vertical bars are the cosines of the
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angles calculated using the values of the position corre-
sponding to the first peak of the pair-correlation func-
tions and, in some cases, also those of the second peak.
The Pb-Pb-Pb correlation function shows a well-defined
peak at cos0=0. 5 corresponding with L9=60' as ap-
propriate for equilateral triangles. On the other hand,
from the K-K-K correlation function follows that neigh-
boring K+ ions are not at the same distance from each
other. This is also suggested by the broadness of the first
peak of the K-K pair-correlation function. As to the K-
Pb-K correlations we can distinguish two cases: either
both K ions are at the same side of a (Pb4) tetrahed-
ron or they are on different sides. The former case gives
rise to a smaller K-Pb-K angle than the latter case. The
K-Pb-K correlation function shows an increase towards
cos8= —1, implying that there are K-Pb-K triplets mak-
ing an angle of 180'. This is also the case in the crystal
structure of KPb where some of the K-Pb-K triplets con-
sist of K atoms, of which one is at the center of a face of
a particular tetrahedron while the other is at the opposite
corner of that tetrahedron. The Pb-K-Pb correlation
function shows a relatively narrow peak at about
cos8=0.7, well separated from a very broad maximum
extending from cos6t=0. 5 to nearly cos8= —1, which is
related to the second, also broad peak of the Pb-Pb pair-
correlation function. The two peaks of the Pb-Pb-K
correlation function that occur approximately at
cos8=+0.5 and cos8= —0. 5 and that are of the same
height can be interpreted in the following way. If we iso-
late a Pb4 tetrahedron from the crystal together with its
four nearest K atoms, which are opposite the centers of
the faces of the Pb4 tetrahedron and which constitute a
nearly regular tetrahedron themselves, we find that we
can make Pb-Pb-K triplets having angles of approximate-
ly 60' and 120' and that there are as many combinations
of 60' as 120'. Both peaks of the Pb-K-K correlation
function are slightly shifted to smaller angles with respect
to those denoted by the vertical bars. Again this is prob-
ably due to the broad distribution of nearest-neighbor K-
K distances. The Pb-CM-Pb correlation function shows
a peak at cos0= —0.33, which is consistent with the
definition of CM being the center of mass of a Pb4
tetrahedron. The two peaks of the K-CM-K correlation
function correspond with pairs of K+ ions lying at the
same or at different sides of a tetrahedron and are well
predicted by the calculations based on the peak positions
of the CM-K and K-K pair-correlation functions. Just
like the correlation function of K-Pb-K triplets, the Pb-
CM-K correlation function indicates that the Pb ions,
the centers of mass, and the K+ ions of some of the Pb-
CM-K triplets are collinear.

In the above analysis we have seen that K+ ions are
preferably situated at the faces of a Pb4 tetrahedron.
From the crystal structure we know that there is a second
shell at a somewhat larger distance from the center of
mass containing K atoms that are lying opposite the
corners of the tetrahedron. To find out if this also occurs
in the liquid, we have calculated the K-CM-K and Pb-
CM-K correlation functions using as cutoff distance the
one defined by the second minimum of the CM-K pair-
correlation function. They are shown in the lowest-lying

plot of Fig. 6. The ratio of the peak heights at smaller
angle relative to that at larger angle has increased corn-
pared with the previously calculated K-CM-K correla-
tion function. This implies that the number of K-CM-K
combinations where both K+ ions are nearest neighbors
has increased. Moreover, the Pb-CM-K correlation func-
tion shows a distinct increase towards cos0=0. This is a
clear indication for the presence of K+ at the corners of a
(Pb4) polyanion.

F. Bhatia-Thornton partial structure factors

and
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where p„and pcM are the number densities of the A+
and (Pb4) ions, respectively, and po

=p „+pcM. The
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FIG. 7. The Bhatia- Thornton partial structure factors
S&&(q) (solid), S«(q) dashes, and S~~(q) (long-short dashes) of
KPb at (a) 870 K and CsPb at (b) 930K.

If we assume the (Pb4) polyanions to be single parti-
cles and leave their internal structure out of considera-
tion, it makes sense to apply the Bhatia-Thornton (BT)
formalism, which is the appropriate way to investigate
the structural aspects of (ionic) order-disorder phenome-
na in binary liquids. For this purpose we have used the
pair-correlation functions involving the centers of mass
of the (Pb4) ions instead of those related to the indivi-

dual Pb ions. Figure 7 shows the BT partial structure
factors of KPb and CsPb. They have been found by
Fourier transformation according to

SN~(q)=1+4@pa f r [g~~(r) 1] — dr, (lla)
00 sin(qr)

0 qr
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functions gNN(r), gNc(r), and g«(r) describe the correla-
tions of density (X) and concentration (C) fluctuations
and are calculated from gcMCM(r), gcM„(r), and g„„(r)
as follows:

gNN( ) I. (PA iPo) gAA ")+ PCMiPo gcMCM(

+2(P APCMiPo')gcM A(r)1

gNC(r) (PAPCMiPo ) 1 (PA iPo)gAA(")

(pcM ipo )gcMcM ( r )

+ l(PCM
—

P A ) iPo)gcMA (r) l

(12b)

and

gcc( (P APcMiPQ ) (gAA( )+gcMcM(r) 2gcM A (r)]

(12c)

They are plotted in Fig. 8. Clearly, the structure is dom-
inated by the density fluctuations. A maximum in gcc(r)
implies that like atoms are preferred as nearest neighbors,
while a minimum in gcc(r) corresponds to a preference
for unlike atoms. Since the first peak of gNN(r) coincides
with a minimum of gcc(r), it is due to correlations be-
tween A+ and (Pb4) ions. Oppositely, the second peak
of gNN(r) corresponds with correlations between (Pb4)
ions among each other as well as A+ ions among each
other. It can be shown that the maximum of g«(r) at
this position yields the prepeak at about 1 A in Scc(q),
using the same kind of arguments as at the end of Sec.
III C.

TABLE V. Diffusion constants (in units of 10 ' cm'/s).

NaPb
KPb
RbPb
CsPb

0.33
1.3
1.2
4.4

0.17
0.53
0.58
1.3

DcM

0.067
0.18
0.19
0.49

G. Final remarks

Finally, we have calculated the self-diffusion constants
D of the A+, Pb, and (Pb4) ions (Table V). As is to
be expected, the values of D decrease in the above-
mentioned order for a given system. The diffusion con-
stants of KPb do not differ much from those of RbPb, but
are about three times as large as those of NaPb, while
there is a jump in their values when going from RbPb to
CsPb.

We would like to make several suggestions for
modifications of the potential that might be the subject of
a future MD study. The temperature-dependent proper-
ties such as the specific-heat capacity may be studied by
using an anharmonic Morse potential instead of the
harmonic potential of Eq. (3) to allow for dissociation of
the Pb4 tetrahedra. The alkali and Pb atoms have a rela-
tively large electronic polarizability (see, e.g., Ref. 2).
Consequently, the interactions due to polarization should
not be neglected and should be taken into account either
by including the van der Waals terms in the original
BMH potential, ' or by treating the induced dipole mo-
ments as dynamical variables. ' A study of the dynamics
of these systems has already been reported. '

IV. CONCLUSIONS
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FIG. 8. The correlation functions g» ( r ) (solid), gc~( &)

(dashes), and g&&(r) (long-short dashes) of KPb at (a) 870 K and
CsPb at (b) 930 K.

In this paper we have presented the results of a series
of MD calculations for liquid NaPb, KPb, RbPb, and
CsPb. The main conclusions are as follows.

(1) A simple ionic-molecular model can account for the
structure factors measured by neutron diffraction better
than the previously reported model calculations. '

(2) Only a fraction of the Pb atoms in NaPb is clustered
as Pb4 tetrahedra. This is consistent with the experimen-
tal observation mentioned before that the behavior of
NaPb resembles both that of ionic Li-Pb and that of Pb4-
forming K-Pb. It is also consistent with measurements of
the heat capacity: those of KPb, RbPb, and CsPb show
anomalous temperature dependence upon melting, which
can be explained by assuming a dissociation of Pb4 units,
while the heat capacity of liquid NaPb hardly deviates
from typical metallic values.

(3) The peak positions of the pair-correlation functions
agree well with the corresponding distances from the
known crystal structures. Similarly, the calculated coor-
dination numbers are very close to those of the solid.

(4) From an analysis of the triplet correlation func-
tions, it follows that the spatial distribution of alkali
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atoms around a Pb& tetrahedron in both liquid and solid

is much alike. More specifically, we have found that an
anisotropy occurs due to steric effects: the alkali atoms
centered at the faces are closer to the center of mass of
the Pb4 tetrahedron compared with those at the corners.
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