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Inverse ac Josephson eff'ect in long junctions
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In highly hysteretic long Josephson junctions irradiated with microwaves the rf-induced current
steps can cross the zero-current axis. The quantized voltage states arise from the phase locking of
fluxon oscillations, which in rf-driven junctions can occur even with negative current bias. This
phenomenon is interesting both for nonlinear dynamics and for application to the Josephson volt-

age standard.

The current-voltage (I-V) curve of highly hysteretic
Josephson junctions irradiated with microwaves exhibits
current steps which can cross the zero-current axis gen-
erating quantized voltage states in unbiased junctions.
Following the suggestion of Levinsen etal. ' this effect,
known as the inverse ac Josephson effect, has been used to
develop a Josephson voltage standard based on a large ar-
ray of small junctions (i.e., junctions whose dimensions
are much smaller than the Josephson penetration length
k, ) phase locked to an rf signal; the dynamics of the
phase and the stability of the phase locking in such junc-
tions has been extensively investigated by Kautz. There
is experimental evidence of rf-induced steps crossing the
zero-current axis also in intermediate-length Josephson
junctions; they occur when the frequency of the rf signal
approaches the frequency of resonance of the junction. As
the dynamics of the phase in long junctions irradiated by
rf signals is very complicated, it has been investigated so
far only either in the limit of small rf signals by numerical
simulations and perturbative analytical approach or in
the limit of large rf signals by numerical simulation only. s

In the first case, it has been shown that the oscillations of
fiuxons can be phase locked by the rf signal and that this
event appears as a vertical straightening of the zero-field
step (ZFS) in the current range where the phase locking
occurs. In the second case, the stable configurations cor-
respond to complex dynamical states producing quantized
voltage steps; in these states at any instant the phase ex-
hibits a spatial variation much larger than 2x within a
fraction of the junction length. The spatial variation oscil-
lates back and forth between the junction ends, while the
phase generally advances in time at each point along the
junction. This configuration should correspond to the ex-
perimental observation of high-order asymmetric current
steps, growing from the McCumber curve. In both cases
the current at constant voltage is never zero. However, as
was suggested by Chang' and Salerno et al. , with a suit-
able choice for the rf amplitude, and with suitable junc-
tion parameters, the phase-locked oscillations of a fluxon
can still take place even when the junction is biased with

negative dc current. To investigate this point, we have
performed numerical simulations that provide the
configuration of the phase and its time evolution along a
junction driven by an rf signal in a suitable range of pa-
rameters and we have also computed some I-V curves that
are compared with the results of experiments.

The model equation is the perturbed sine-Gordon equa-
tion which describes the dynamics for the phase in a unidi-
mensional junction having overlap geometry. '' In nor-
malized units

0-+»n—0- ydc a4i+ ppxxi,

where P(x, t) is the phase difference between the super-
conductive electrodes, yd, represents the constant dc bias
current, assumed uniform throughout the junction, a is re-
lated to the losses in the tunneling barrier and p to the
losses on the electrode surfaces, and subscripts denote par-
tial derivatives. In Eq. (1) the lengths are normalized
with respect to the Josephson penetration depth XJ (4n/
2irpndJ, ) 'i, currents are normalized with respect to the
junction critical current I„and time is normalized to the
inverse of the plasma angular frequency co~ (2', /
inc, ) 'i, 4n is the fiux quantum, d is the junction magnet-
ic barrier thickness, po is the vacuum permittivity, J, is
the Josephson current density, and c, is the junction ca-
pacitance per unit area.

The rf electromagnetic field is introduced into this
scheme through the boundary conditions5

y„(0,r)+ py„, (0, r ) -y„(l,r )+py„, (l, r ) -ri&sinnr, (2)

where go is the amplitude of the rf field at junction ends
normalized with respect to @n/pQid.

We have integrated Eq. (1) for different values of the
parameters using an explicit finite difference scheme; in

this approach we discretize Eq. (1) in N spatial sections
per unit length, obtaining an ordinary differential equa-
tion (ODE) system; in our simulations typically N 40.
Then the ODE system was solved adopting the Bulirsch-
Stoer algorithm with adaptive step size. ' Initial condi-
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tions were established following Erne and Parmentier. '3

The experimental setup has been described in a previ-

ous paper. The samples consisted of a Nb-Nb„O~-Pb
overlap Josephson junctions, coupled to a microstrip line

through a capacitive gap; the details of the geometry are
show in Fig. 3 of Ref. 4. Table I summarizes the relevant
parameters for the two samples measured at T 4.2 K.
They have been evaluated from the I-V characteristic,
from the pattern of the critical current, from the voltage
of the Fiske steps, and from the maximum frequency of
the signal emitted by the junction biased on the first ZFS.
We recall that since the junction frequency of resonance is

f, c/2L (where c A~ra~ is the velocity of the light in the
junction barrier), then 2'„/co~ ir/l.

Figure 1, relative to sample A, shows the I-V charac-
teristic of the first ZF$ as it is progressively modified by
the increasing microwave power at about 11.2 GHz.
Curve a refers to the unperturbed junction (i.e., no mi-

crowave applied), the successive curves exhibit the birth
and the progressive growth of a straight, vertical current
step that eventually takes the place of the original ZFS
when the rf drive becomes sufficientl large. Each succes-
sive trace is offset in voltage by an amount proportional to
the amplitude of the applied rf field. We remark that
from curve c to curve f the vertical step crosses the zero
current axis. The two lines clearly show the linear depen-
dence of the phase-locked step amplitude on the externally
applied microwave field. In Fig. 2 a similar behavior is

shown for sample B, which has a larger normalized length
(in this case the drive frequency is 15 GHz). In other
words, we found that the inverse ac Josephson effect can
be observed in junctions with any length. Also in this case
the dependence of the phase-locked step on the rf field

amplitude was found to be linear to a very high degree.
For the sake of comparison with the experimental data

of Fig. 1, we report in Fig. 3 the result of the simulations
describing the evolution of the first ZFS, obtained with

I 2.14 and 0 1.27 (the normalized frequency of reso-
nance in this case is ir/I 1.47), and incrementing the am-

plitude of rf field by the same amount as in the experi-
ment. Also here, successive traces are offset in voltage by
an amount proportional to the rf field. We assumed as a
reference level for the rf signal the amplitude that pro-
duced a step as large as step f in Fig. 1. The choice of the
dissipation parameter a was the result of a tradeoff be-
tween computational efficiency and realism: the dissipa-
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tion due to quasiparticle tunneling in real junctions is very
low, but the lower c is in the model, the higher 1V must be
to prevent numerical instability. The value of P was
chosen to reproduce the experimental height of the first
ZF$ in the undriven junction, as this parameter appears"
to determine the switching from the fiuxon state to the
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FIG. 1. Effect on the first ZFS of an increasing-amplitude
microwave drive relative to sample A driven at 11.2 6Hz; the rf
power level (in dBm at the output of the rf generator) is (a)
—~, (b) —50, (c) -45, (d) -40, (e) —38, and (f) —36. For
clarity each successive trace is offset in voltage by an amount

proportional to the amplitude of the applied rf field and straight
lines help to show the linear dependence of the phase-locked step
height on the rf drive amplitude.

TABLE 1. Geometrical and electrical (at 4.2 K) parameters
of our samples.

Data Sample A Sample 8
Length L (pm)
Width W (pm)
Critical current 1, (mA)
Josephson length l.,- (pm)
Plasma frequency f~ (GHz)
Resonant frequency f, (GHz)
Normalized length I
Shunt loss a
Surface loss P

450
55

1.25
210

8.75
12.8
2.14
0.02
0.01

400
45
19.2
45
49.5
17.5
8.9
0.025
0.002

80 i60
I

240 320

FIG. 2. Effect on the first ZFS of an increasing-amplitude

microwave drive relative to sample 8 driven at 15.0 GHz; the rf
power level (dBm at the output of the rf generator) is (a) —~,
(b) —20, (c) —14, (d) —10, (e) —8, (f) —6, (g) -4, (h) —2, and

(i) 0. For clarity each successive trace is offset in voltage by an

amount proportional to the amplitude of the applied rf field and

the straight lines help to show the linear dependence of the

phase-locked step height on the rf drive amplitude.
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FIG. 3. The first ZFS calculated from Eq. (1) with a 0.02
and p 0.01. The amplitudes of the rf field i)0 are (a) 0, (b) 0.1,
(e) 0.18, (d) 0.32, (e) 0.4, and (f) 0.5 and correspond to the rf
amplitudes of Fig. 1. For clarity each successive trace is offset
in voltage by an amount proportional to go. The straight lines

help to show the linear dependence of the phase-locked step
height on the rf drive amplitude.

McCumber curve. For each value of y, which was varied
in steps of 0.0005, the numerical simulation provided the
phase and the voltage along the junction at successive
time intervals of about 0.05; in order to reconstruct the
I-V characteristic from the numerical data, the voltage
has to be time averaged. In Fig. 3, curve a is the current
branch of the I-V characteristic corresponding to the first
ZFS of the undriven junction generated by the fiuxon os-
cillation. The next curves b-d are interpreted as in Refs.
6 and 7: the straight segment is a consequence of the
phase locking of fiuxon oscillations to the external drive
and the locking range increases from left to right as the rf
level is increased; the hysteresis can be ascribed to the low

dissipation. Therefore the curves in Fig. 3 are the dc
counterpart of the experiment described by Cirillo and

Lloyd, ' who reported that the frequency of the radiation
emitted by a long junction can be pulled and locked by an
external rf drive. Curves e and f appear as straight, verti-
cal steps (the small undulations are an artifact of the
averaging algorithm) which cross the zero axis to a con-
siderable extent. We have focused our attention on the
dynamics of the phase at the zero crossing point of the last
curve. A family of plots of the voltage configurations at
successive time intervals is shown in Fig. 4. The dynamics
can be interpreted as consisting of fluxon oscillations that
are phase locked to the rf drive, as we checked inspecting
how the voltage at a fixed point in the junction is related
to the phase of the rf signal. Because of the modest
length of the junction and to the relatively large distance
of the drive frequency from the ZFS resonance frequency,
the spatial phase variation is smeared out over a large
fraction of the junction. The solitonic aspect of the oscil-
lation becomes more evident if we look at the phase
configuration of a junction with larger normalized length.
This effect is clearly sho~n in Fig. 5, where the parame-
ters are those of sample 8 in Table I and yd, =0.

Previous perturbative analytical approaches predict a
linear dependence on the driving field amplitude, and are

FIG. 4. The phase derivative along the junction at successive
times, equally spaced by T/12, calculated at zero current bias on
the phase-locked step. From (1) to (7) the plots cover a semi-
period of the fluxon oscillation relative to curve (f) of Fig. 1.
The parameters are the ones of sample A with go 0.5, 0

1.27.
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FIG. 5. The phase derivative along the junction at successive

times, equally spaced by Tl1 2, calculated at zero current bias on

the phase-locked step. From (1) to (7) the plots cover a semi-

period of the fluxon oscillation. The parameters are those of
sample 8 with go 0.4, 0 0.30.

confirmed by our simulations which include surface im-

pedence effects, as is shown by the two lines in Fig. 3.
The occurrence of quantized voltage states at zero

current bias in junctions for which L) XJ is a phe-
nomenon of interest for the 3osephson voltage standard.
Inasmuch as the dynamics of the phase differs consider-

ably from the dynatnics of the Shapiro steps, the stability
criterion discussed in Ref. 3 is no longer valid. We did

find, indeed, testing several samples, that the steps we are
dealing with were stable in a relatively large frequency
range near the plasma frequency where chaotic behavior
is often observed in small junctions, and this fact could
eliminate the need to drive the voltage standard device at
mm wavelengths. Moreover, the rf-induced steps in long
junctions can have typical amplitudes of a few hundreds

pA, as is evident in Figs. I and 2, and therefore they are
less sensitive to external noise. As a further remark, we

also emphasize that the maximum quantized voltage that
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can be obtained in a long junction with zero-current bias
is much larger than the maximum voltage of the ZFS's.
In fact, from Fig. 6 of Ref. 4 it can be seen that, operating
in the X band with a junction having I 2. 1 and the
highest ZFS at 70 pV, the rf-induced steps cross the zero
bias axis up to 300 pV. In the case of high order, all posi-
tive (i.e., not zero-crossing} steps numerical simulations
have shown that the dc current bias and the rf-drive play,
to some extent, two different roles: the former mostly
feeds a spatially uniform advancing of the phase while the
latter is mostly responsible for the spatial phase variation
along the junction. We suggest that this picture might
also apply to the high-order zero-crossing steps, i.e., we

think that the quantized voltage states of these steps at
zero current bias arise principally from multiple Auxon os-
cillations in the junction. We intend to investigate the va-
lidity of this hypothesis in order to clarify the dynamics of
the long Josephson junction also in this respect.
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