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For a system of noninteracting Frenkel excitons in a one-dimensional lattice of size N with

periodic boundary conditions, the third-order optical susceptibility g"' has been calculated
rigorously in a nonlocal form with arbitrary dependence on external-field frequencies. Among the
various terms in g' ' (per unit volume), those explicitly proportional to N in the long-wavelength ap-
proximation have been shown to cancel out completely for arbitrary N. The remaining terms, in-

cluding the effect of nonlocality, reduce to the well-known result of a two-level system in the limit of
vanishing transfer energy. There remain N-dependent factors in g ", with different functional
forms for even and odd N, but they all approach unity in the limit of large N.

I. INTRODUCTION

There has recently been a great deal of interest in the
nonlinear optical properties of confined systems of exci-
tons, because they apparently show an explicit size-
enhancement effect, ' which would be attractive from an
applicational, as well as a fundamental, point of view.
The effect is related to the coherent extension of exciton
wave functions, treated in the long-wavelength approxi-
mation (LWA), where one neglects the position depen-
dence of the electric fields and the polarization in calcu-
lating y' '. It is claimed that there occurs a factor of sys-
tem size in the expression of y' ' per unit volume. One
cannot of course extrapolate the effect to bulk systems.
Usually the growth of y'3' in proportion to system size is
supposed to be suppressed, either by the breakdown of
the LWA, or by the existence of the so-called coherent
length, which limits the coherent extension of the wave
function of excited states, due to the various scattering
mechanisms in samples.

A question arises as to the validity of the explicit size-
enhancement effect mentioned above: Though one can
expect some size-dependent effects for small systems, the
appearance of system size as a multiplicative factor is
rather strange. The answer to this question seems to be
closely connected to the presence of strange terms in the
standard expression of susceptibility based on the pertur-
bation expansion of density matrix. They are strange, or
unphysical, in the sense that their contribution to the
third-order nonlinear polarization at site j, afFected by
three electric fields at site I, m, and n, depends on one of
them (say l) in a normal way, but on the other two (m and
n) through their mere presence, without specific depen-
dence on the relative positions between j and (m, n).
Such a site dependence is certainly unphysical, and if one

treats the system in LWA, these terms can be shown to
give an explicit size dependence. Since unphysical terms
should make no contribution to the final result of y' ',
they are expected to vanish somehow. Actually, it has
been demonstrated that they cancel one another in cer-
tain limited situations by Banyai et al. and Spano and
Mukamel. Though their results agree with our expecta-
tion, the conditions they used for the proof are too re-
stricted; noninteracting bosons and LWA in the former
and the complete off-resonance condition and LWA in
the latter. The purpose of the present work is to show
the cancellation in a more general situation. Namely, for
a system of noninteracting Frenkel excitons (i.e., nonideal
bosons) in a periodic one-dimensional chain, the cancella-
tion is demonstrated for the nonlocal expression of y' ',
i.e., without the use of LWA, and for arbitrary frequen-
cies of external fields. This result encourages us to expect
the occurrence of the cancellation in general: Since the
unphysical nature of the above-mentioned terms does not
change in more general situations, including the case of
Wannier excitons, exciton-exciton interaction, the effect
of higher dimension, and relaxation effects, they should
be canceled out. The form of y' ' after the cancellation
does not include the system size X as a multiplicative fac-
tor. But it contains N-dependent factors which tend to
become unity for large X. This means that there can be
some size-dependent effects for small systems.

The rest of this paper is organized as follows. In Sec.
II, the form of g ' in site representation is introduced,
and a discussion is given about the unphysical nature of
certain terms. The cancellation of the unphysical terms
is shown for a local, two-level system in Sec. III, and for
a noninteracting Frenkel exciton on a linear periodic
chain in Sec. IV. In Sec. V discussions are given, includ-
ing comments to related works.

II. THIRD-ORDER NONLINEAR SUSCEPTIBILITY IN THE SITE REPRESENTATION

We start with a standard expression of the third-order nonlinear polarization at site j and time t:

(
3

P,' (t)= f dt, f dt2 f dt, ([[[P,(t), H'(t, )],H'(t~)], H'(t3)]),] 2 3
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where the angular brackets mean a statistical average, Vp is the volume of a unit cell, fi is taken to be unity, P(t) and

H (t) are the interaction representations of the polarization operator and electron-radiation interaction, respectively,

P, (t) =exp(iHpt )P exp( i—Hpt ),
H'( t) = exp(iH p t ) —g g P„F„(s)exp( i—tp, t +y t ) exp( iH—pt ),

n s

(2.2)

(2.3)

Ho being the unperturbed Harniltonian, y =0+ the factor for adiabatic switching of the electron-radiation interaction,
and F„(s) the amplitude of the electric field at site n with frequency co, .

The commutators in (2.1) give eight terms, four of which are denoted as

A, = (P (t)H'(t, )H'(t2)H'(ti ) &,

A, = (H'(t, )H'(t, )P, (t)H'(t, ) &,

A3=(H'(ti)H'(t2)P (t)H'(t, ) &,

A, = (H'(t, )H'(t, )P, (t)H'(t, ) & .

(2.4)

Each of the remaining four terms, denoted as B, (i =1,2, 3,4), has a reversed order of operators of that in A; and is

multiplied by —1. Expression (2.1) can be rewritten as

(2.6)

P' '(t)=g g g g g +exp[ i(t—p~+tp +to, +3iy)t]Ft(p)F (q)F„(s)G i „(tp,tp, to, ) . (2.5)
1 rn n p q s

The function G is merely y' I in site representation, and consists of a sum of eight terms arising from ( A„B,). In order
to save space, we now show only two typical terms out of eight:

&0IP„lx&&xlP, lp&&plP, lv&&vlP lo&
Ai. (I/Vp)g g g (E„„—Qq)(E„g —Q2)(Epi —~,')

&olP lv&&vlP, lp&&plP, lx&&x P„lo&
B2'. ( 1/Vp)g g g (E,„+Qi)(E„i +Q2)(Epi +co,')

In these expressions we assume T =0 K, and

Hp g&=E(lg& (g=o ~ p v»

E~.=E~ E.
p
+q + + 3l

q+ +2

N —
CO +EP

(2.9)

(2.10)

(2.11)

(2.12)

I

is rather well known that all the contributions cancel out,
leading to the absence of nonlinear effects in such a sys-
tem. On the other hand, in the case of a local two-,
three-, or any level system, a commonly used expression
of y' ' is one that resembles (2.5) with the restriction
j=I =m =n, namely, none of the unphysical terms in-
herent to each of the A; and 8; contribute to the final ex-
pression of g' '. This will be shown explicitly in the next
section.

At this stage, one might notice that each of the expres-
sions (2.6) and (2.7) contains problematic terms: Consid-
er the terms in (2.6), for example, with the second inter-
mediate state lp, & being lo&. Such terms give rise to par-
ticular site correlations between n and l (j and m)
through the form of the wave function lA. & ( l v & ), but no
correlation between the two groups (n, l) and (j,m), ex-
cept for the site-independent weighting factor
1/(E„i —Q2). This means that P,' ' is affected by F„and
Ft through their presence alone (even at a very remote
position), which is quite an unphysical situation. This is
found in all of ( A, , B, ). If one treats the response in
LWA, that is, if one neglects the site dependence of the
field amplitudes F in (2.5), each of these unphysical terms
leads to an explicitly size-dependent factor: Since the
center-of-mass position of the set of coordinates (n, i) can
take all the sites (X) in the system independently from
that of (j,m), the summations over site indices in (2.5)
lead to the factor X.

In the simplest case of noninteracting boson system, it

III. A LOCAL TWO-LEVEL SYSTEM

Hp=+Ei ll)(ll+g +2Ei ll, m )(I,ml
1)m

P, =Mlo)(il+ g Mlm )(i, m l+H. c. ,
m (Wl )

(3.1)

(3.2)

This system consists of an assembly of noninteracting
atoms, each of which has only one excited state. Then,
the excited states of the system are specified by the posi-
tions of excited atoms. The one- and two-atom excited
states, necessary for the calculation of y' ' at T =0 K, are
denoted as ll ) and ll, m) respectively, where I and m indi-
cate the positions of the excited atoms. One should note
that ll, m)= lm, l ) in the following calculations. The ex-
clusion principle forbids the state ll, l) for any i. The
states with more excited atoms are required only for the
calculation of higher-order susceptibilities than g' '. For
the subspace of one- and two-atom excited states, the
Hamiltonian and polarization operator are given as
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eigenvalues form bands for one- and two-particle excited
states, it is not so simple to show how the cancellation
works. As a model system which allows us an exact
treatment, we take a one-dimensional, noninteracting
Frenkel exciton with periodic boundary condition.

Using the definition of one- and two-atom excited
states ~l) and ~l, m) in Sec. III, we define Ho and P, within
the subspace contributing to g' ' at 0 K, as

H, =.,y Il)(il —by'y' ll )(m 1+2..y g li, m)(1, ml
1 IWm 1)m

b—g g'g' [I,n )(m, n J, (4.1)
(3.3a)A, (2)+B3(2),

Bi(2)+ A3(2),

A q(2)+B((0)+Bq(0),

B2(2)+ A, (0)+ A4(0),

A~(2)+B2(0)+B3(0),

B~(2}+A2(0)+ A3(0) .

n (Al, m) I+m

(3.3b) P(=MI0)(ll+M g Im)(l, ml+H. c. (4.2)
m (Wl )

(3.3c)
The summation g'g' in (4.1) is limited to the nearest
neighbors. Here again, the states I ~l, l)j are forbidden
due to the Pauli exclusion principle. The periodic condi-
tion is expressed as

(3.3d)

(3.3e)

(3.3f) ~1+N)=~1), ~l+N, m)=~1, m+N)=~1, m) . (4.3)

where E, is the excitation energy of each atom and M the
corresponding transition dipole moment. From these
definitions, we can explicitly calculate expressions such as
(2.6) and (2.7), where we find a large amount of cancella-
tion among the terms with ~(u) = ~0) and the terms with

~ p) =two-atom excited states, where
~ p) is the second in-

termediate state in expressions such as (2.6) or (2.7). If
we denote the contributions from ~p)=~0) and two-
atom excited states as [A;(0),B;(0)] and [A;(2),B;(2)],
respectively, the cancellation occurs in each of the follow-
ing six sets:

The first two groups [(3.3a) and (3.3b)] having energy
denominators

(E, —Q3)(2Ei —Q2)(E, —co,'),
(E(+Q3)(2E, +Q~)(E, +co,'),

(3.4a)

(3.4b)

+5 „5( ]/(E(+Q3)Q2(E(+co,'),
[(5i(5 „+5,„5( ) 5,(5 „—

(3.4c)

5J„5( ]/(—E, —Q3)Q2(E, —co,'), (3.4d)

respectively, vanish completely due to the mutual cancel-
lation within each group. The remaining four groups
have contributions (in units of M /Vo) as

[( 5,,5 „—5,„5 —()+5J(5 „

Then, the energy and wave function of the one-exciton
eigenstates, ~A, ) and ~v) in (2.6) and (2.7), are

E((k) =so —2b cosk,

~k ) =(I/&N )g exp(ikl )~l ),
I

(4 4)

(4.5)

(4.6)

respectively, where the lattice constant is taken as the
unit of length. The two-particle eigenstate, ~p) in (2.6)
and (2.7), is determined by the condition that two exci-
tons cannot stay at a single site but otherwise are free and
noninteracting, as

~K, (r ) =(2/N )g gexp[iK(1+m)]sin((r~ 1 —m
~ ) ~l, m ) .

[(5,(5 „+5, 5i„) 5, 5(„—
—5 (5 „]/(E,+Q3)Q2(E, —co,'), (3.4e)

The eigenvalue of the two-exciton state, (4.6), is

E2 ( K, a ) =E, (K +a)+E, (K —a ) . . (4.7)

[( 5J(5 „5—5(„)—+5 5(„

+5J(5 „]/(E(—Q3)Qq(E(+a),') . (3.4A

The Kronecker 5's in the parentheses originate from the
~p, ) =two-atom excited states and, therefore, the case
j=I =m =n should be avoided, i.e., two-particle state at
one site is forbidden as ~(u). The other Kronecker 5's in
(3.4) arise from ~(M ) = ~0 ) and, therefore, the case
j =I =m =n can be included. Hence, the only terms es-
caping the cancellation in each of the above expressions
are those with j =1 =m =n. This result is merely the
usual expression of y' ' for a two-level system. This argu-
ment applies, not only to a two-level system, but also to
any-level (local) systems.

IV. NONINTERACTING FRENKEL EXCITONS
ON A PERIODIC CHAIN

In the case of a nonlocal system where the wave func-
tions of all the intermediate states are extended and the

The requirement of periodic boundary condition to the
wave functions (4.5) and (4.6) leads to the allowed values
of k, K, and ~ as

The quantization conditions for K and x apply to the case
of odd N. The following calculation is done for this case.
The necessary alterations for the case of even N are given
in the Appendix. The dipole matrix elements are given as

( k ~P, ~0) =M exp( —ikl )/&N,

&K,~IP, ~k)

(4.9)

=M(2/&N )sine e ' ""/[cos(k —K}—cos(r],

(4.10)

(k, K,a) =(2n, 2m, 2m' —l }n/N,

t n, m = 1,2, . . . , N;m'=1, 2, . . . , (N —1)/2] .

(4.8)
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In terms of the energy eigenvalues (4.4) and (4.7) and the
dipole matrix elements (4.9) and (4. 10), we can write
down all the terms ( A;, 8; ) in the expression of y( '. As
in the local case, there occurs a large amount of cancella-

I

tion among various terms. The combination of the can-
celling terms is the same as (3.3). We show the case of
84(2)+ Ai(0)+ A2(0) explicitly:

(0lp„lk')(k'I&jl«)(«l& lk)&kl& I0)8.(2}: XXXX
k k' K n [Ek'(Kn)+Q3]«k'k+Q2)[Ei(k )+~, ]

&ola„lk & & k la. Io& & ol~jlk' & & k'lailo)
Ai(0):

[E,(k ') —Q2]Q2[E, (k)+ co', ]

&ol~„lk & &

klan,

lo& &olajlk'& & k'la. Io&
A2(0):

k k' [E)(k }—Q3]«kk'+Q2}[Ei(k)+~, l

where

Ek (KK) =El (k ) E2(K~

Ekk =E)(k) Ei(k'—) .

The K summation in (4.11) has the form

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Sln K

(Q2 —so+4b cosK cosa —2b cosk' }[cos(k—K )
—cosK][cos(k' —K ) cosK—]

(4.16)

(4.17)

where

and can be evaluated by an integral in the complex K plane. Depending on the conditions (a) k =k', (b) k —K =K —k',
and (c) otherwise, the last two factors in the denominator do [(a),(b)] or do not [(c)]contribute as poles to the contour in-
tegral. Exact evaluation shows that the contributions from (a) and (b) just cancel the terms A2(0} and A2(0), respec-
tively, and the remaining term, arising from the pole due to the first factor in the denoininator of (4.16), is given as

2M ~~~ S(k, k', K)e'""e' "'e ' ' "e '"
A(K k Q, )

sc (Q2 —Ek k)[~s +El (k1)

[(eo+2b cosk —Q3) —16b cos K]'~
S(k, k', K)=

[Qi —Ei(2K —k )][Qi—E, (2K —k') —Ek, k ]
(4.18)

In the last expression, the branch of the square-root term is chosen so that, in the limit of 6 ~0, it reduces to co—Q3.
This choice leads us automatically to the correct expression of the local g' ' in the limit of b —+0. The factor
A (K,k, Q3) in (4.17) is defined as

A (K, k, Q'3) = i sgn(—b ) tan[N((2+ib ) /2],
where

a+ib =cos '[(so+2b cosk Q'2)/4b cos—K] ((2 )0) .

(4.19)

(4.20}

The other contributions to y' ' can be calculated in a similar way: 82(2) gives rise to the terms cancelling A, (0) and

A4(0), and the remainder is

2M +++ S(k, k', K)e'" e' "'je ' " 'e

k k X (Q2 Ek k )[co,
' E, (—k')]— (4.21)

A, (2)+83(2) cancels out completely in the case of local two-level system (b =0), but, in the presence of energy
transfer, the following terms remain:

2M T(k k~ K) ikj i(2K —k)l —i(2K k')m —ik n— '

8(K,Q2)
N k k K [Q3—E)(k)][ci),' —E, (k')]

K }eikle & (2K —k)je —i(2K —k')me —ikn'
A(K, k, Q3)

[Q3—Q2+E) (k)][co,' E,(k')]—
T(k k~ K )

ikl i(2K —k)j —i(2K —k')m —&kn'
+ ' ' B(K,Q2)

[Q3—Q2+E) (k)][co,' E,(k')]— (4.22)
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where

[(2eo—Qz) —16b cos K]'
T(k, k', K)=

[Q2 —E~(2K k—, k )][Q~—E~(2K —k', k')]

B(K,Q2) = —isgn(d ) tan[N(c+id )/2],
c+id =cos '[(2eo —Q2}/4b cosK] (c )0) .

(4.23)

(4.24)

(4.25)

The contributions from [ A4(2)+83(0)+82(0)],
[A2(2)+8, (0)+84(0)], and [8,(2)+ A3(2)] can be
obtained from (4.17), (4.21), and (4.22), respectively,
by the following replacement: (K, k, k', Q3, Q2, co,

'
)

~( K, ——k', —k, —Q3, —Q2, —co,'). The sum of all
these terms is the function G~~ „(cop,~~,co, ) in (2.5),
namely y' ' in site representation for this model system.

The above result is obtained in the absence of damping
effect. The only source of the imaginary parts of g' ' is
the factor y ( =0+) arising from the adiabatic switching
of the electron-radiation interaction. In realistic systems,
one must always consider the effect of damping. The
simplest way to introduce a damping effect is to regard y
as a positive finite quantity instead of 0+. In general, one
must consider the coupling of each electronic state with
heat bath, and derive a self-energy correction to each fac-
tor of the denominators of y' '. This recipe might be
necessary for a detailed discussion of damping effect, but
here we will skip all the details and consider the damping
through a single parameter y. Then, the imaginary parts
b and d become finite, and (4.19) and (4.24) lead to

A, B~1 (N~co) . (4.26)

This completes our demonstration that the g' ' of this
model does not contain N as a multiplicative factor.

V. DISCUSSIONS

In the preceding sections, we have shown that all the
unphysical parts in A, (0) and 8;(0) (i =1,2, 3,4) are can-
celed out by the corresponding parts in A, (2) and 8;(2).
The remarkable points in our demonstration of the can-
cellation are that we have made no assumption about the
resonance or off-resonance conditions of the source field
frequencies, and that the argument is made in the nonlo-
cal form of g' ' without using LWA, i.e., in a form ap-
plicable to any sample size (N). Though we have used a
particular model for the explicit calculation, we can ex-
pect this type of cancellation also in most other systems
from the unphysical nature of the canceled terms and
from the general character of our demonstration. Since
our y' ' is expressed only in terms of the quantities per
unit volume, its magnitude does not diverge in the limit
of N~~. Therefore, it is not necessary to introduce
such a concept as coherent region to avoid the diver-
gence.

An important factor missing in our treatment is the in-
teraction between excitons, H„,„, in the two-particle
states. But we did include the Pauli exclusion effect,
which eliminates N degrees of freedom from the
N(N+1)/2 for the free two-particle states. Because of

this, the cancellation becomes incomplete, and we obtain
the remaining terms which agree, in the limit of zero
transfer effect, with those of the well-known case of the
two-level system. In the presence of H,„,„, the energy
scheme and the wave functions of the two-exciton states
are different from those in its absence. However, in view
of the unphysical nature of all the [ A;(0),8;(0)] as dis-
cussed in the preceding section, we believe that they are
all canceled out by a part of [A;(2),B,(2)] even in the
presence of H,„,„. The remaining part of
g;[ A, (2)+8,(2)] is different from that in the absence of
H,„,„. The poles in the expressions (4.17}, (4.21), and
(4.22) form bands of eigenvalues in different energy re-
gions for different frequency components: for co,', ~'
( =Q3 —Q2) and Q3 in the region of the one-exciton ener-

gy, and for Q2( =co +co, ) in the region of the sum and
difference of the two one-exciton energies [Et,t, or
E2(2K —k, k), etc.]. The factor A (8) has poles, as a
function of Q3 (Q2), at the energies E2(K,a) E,(k)—
[E2(K,a. )]. In the presence of H,„,„, there can be poles
isolated from these bands, especially those for the exci-
tonic molecule states. Therefore, H,„,„will redistribute
the poles of (4.17), (4.21), and (4.22) in such a way that, in
addition to the above-mentioned bands, there are isolated
poles of excitonic molecules. How this redistribution
should occur depends, of course, on the microscopic
model of the system, and should be worked out in the
near future.

The existence of the cancellation also in the presence of
H,„,„ is obvious from the following argument: For
noninteracting boson system, both of the operators P(t)
and H'(t) in Eq. (2.1) are linear in boson creation and an-
nihilation operators. Therefore, the innermost commuta-
tor of the threefold ones gives a c number, so that the
next commutator becomes zero. This is the most general
proof of the absence of nonlinearity in the noninteracting
boson systems. In the presence of interaction, the opera-
tors P(t) and H'(t) consist of terms linear and higher-
order terms of boson creation and annihilation operators.
A similar argument of vanishing commutators mentioned
above can also be made in this case: The linear and a
part of the quadratic terms contribute to the vanishing of
commutators. If we evaluate the eight expanded terms of
the threefold commutators separately, those linear and
quadratic terms make a finite contribution in each term.
Therefore, the vanishing of commutators is equivalent to
a certain cancellation. This argument suggests the ex-
istence of a different method of calculating nonlinear sus-
ceptibilities, where one eliminates the cancelling terms
from the beginning. Such a scheme is now being studied
by us.
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It is interesting that the present model needs a separate
treatment for even and odd N. The quantum numbers

(K,v) for the translational and relative motions of the
two-particle states must be chosen in different ways cor-
responding to even and odd X. The result of the different
choices appears in the factors A(K) and 8(K) in (4.17),
(4.21), and (4.22), and C(K) and D(K) in (A4) and (A5} in

the Appendix. Note that they all give the same value +1
in the limit of large X. Therefore, the y' ' in this limit is
the same for even and odd X, as it should be.

Now we compare the present result with those of the
existing theories about the cancellation problem. There
are three groups of them: those by Hanamura, ' Banyai
et al. , and Spano and Mukamel. In an earlier pioneer-
ing work, ' Hanamura made an argument to classify

[A;(0),8;(0), A;(2},B;(2}]into groups so that they can-

cel one another in the case of pure bosons. How-

ever, his grouping [A, (2)+ A &(0)], [B&(2)+B&(0)],
[A2(0)+ A3(0)+ A4(0)], [82(0)+B,(0)+84(0)] is to-

tally different from ours, [(3.3a) —(3.3f)]. The grouping
should be unique, even in the resonant condition, as seen

from the characteristic energy denominator for each
group in (3.4), and we believe ours is correct. In his later

paper, he proposes a different scheme to calculate a
"very large y' " for a weakly confined exciton system.
In this case, he picks up the combination, 82(0)
+8,(2)+84(0), as the terms giving finite contribution to
y'3'(co; —co, co, —co). This new grouping, again being
different from ours, leads to the expression of y' ' which,
in the limit of pure bosons, does not have the expected
behavior that it should vanish completely irrespective of
resonant or off-resonant condition. This means that the
cancellation of the leading-order terms (with respect to
the size N) is not properly taken into account in his

theory, so that the expression of "very large g' " can
possibly be a big overestimate.

Banyai et al. discussed a similar cancellation in a
simplified system of excitons and biexcitons as a basis for
the analysis of size-dependent nonlinear susceptibility of
microcrystals. For a source field with a single frequency
component, they showed that the contributions from the
one- and two-exciton states, treated as pure bosons, can-
cel one another. In this treatment the energy dispersions
of one- and two-exciton states are neglected. Their result
remains finite due to the extra contribution from biexci-
ton states. But their expression of g' ' stays finite even in
the limit of zero binding energy of biexcitons, which is
not consistent with the well-known fact that the nonin-
teracting bosons do not show any nonlinearity. As they
notice, this is due to their approximate way of introduc-
ing biexciton states: The properly introduced biexciton
states should affect the wave functions and the number of
states of the two-exciton continuum, but this effect is
neglected in their treatment.

Spano and Mukamel have treated essentially the same
model as ours in LWA, i.e., with the assumption that the
sample size (N times the lattice constant) is much smaller
than the light wavelength. With this assumption, they in-
troduce a radiative decay width, as well as the nonradia-
tive one, of the exciton states. Except for these decay
widths, their expression of y' ' is the same as ours when
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APPENDIX: THE CASE OF EVEN N

The form of the two-particle eigenstate (4.6) is common
to both even and odd X, but the allowed values of the
quantum numbers K and ~ are different from (4.8) for
even E:

K=nn/N (n=1, 2, . . . , N) (A 1)

and

7T / Ev= —(2m' —1) m'=1, 2, . . . ,
— for even n,

(A2)

7T
K — 2m

X
m =12 . . . ——1 for odd n . (A3)

For odd X, similar n dependence occurs, but we can rear-
range both of the K and ~ using the odd character of the
modulus N in the way given in (4.8), which allows the a

we take k =k'=K =0 in (4.17), (4.21), and (4.22). (Their
corresponds to ours multiplied by N. ) Their calcula-

tion is restricted to the case of odd X, and they did not
carry out the summation over the quantum number of
the relative motion of the two-exciton states (~ in our no-
tation). Thus, their argument about the cancellation was
possible only for the complete off-resonance condition, in
contrast to ours where the site dependence of the electric
fields is retained and the frequencies of the source fields
are arbitrary. The explicit ~ dependence of their radia-
tive decay constant for two-exciton states might possibly
cause a difFiculty in carrying out the ~ summation. The
radiative decay constant does not show up in our formu-
lation. The corresponding effect should appear in the
process of solving the Maxwell equations with boundary
conditions, in a nonlocal manner, with our y' ', together
with the linear response y'", as integral kernels. Since
we have derived y' for arbitrary (even and odd) N, in-

cluding the effect of nonlocality, it allows a detailed study
of its consequences in a wider range of N. The result of
such a study will be published elsewhere.¹teadded in proof. In the most-recent publication
[Solid State Commun. 73, 551 (1990}],Hanamura revised
his calculation by taking the contribution of all the terms
of ( A; and 8;), but still the result does not have the prop-
er limit of the pure boson case, namely, the vanishing of
y' ' is attained only in the off-resonant condition. The
idea of a coherent region in Ref. 5, as a mechanism to
suppress the infinite growth of y' ', has been withdrawn
in a recent publication [T. Ishihara, Phys. Status Solidi B
159, 111 (1990}].
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summation independent of the value of K. This kind of
rearrangement is, however, not possible for the case of
even X, and there remains the correlation between the
even and odd natures of K and K'. Because of this compli-
cation, the x summation in (4.16) must be done separately
for even and odd n. The cancellation of the terms
[A &(0),8, (0)] occurs in a similar way as before, and the
remaining terms can be written as (4.17), (4.21), and (4.22)
except that the factors A(K, k, Q3) and B(K,Q2) must be
replaced by

—i tan[&(a+ib)/2] for even n
I

i cot[~(a+ib)/2] for odd n
(A4)

and

i —tan[pj(c+id)/2] for even n

i cot[~(c+id )/2] for odd n
(A5)

respectively, where n refers to E in (4.20) and (4.25)
through definition (Al).
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