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Phase locking between Josephson soliton oscillators
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We report observations of phase-locking phenomena between two Josephson soliton (Auxon) os-
cillators biased in self-resonant modes. The locking strength was measured as a function of bias
conditions. A frequency tunability of the phase-locked oscillators up to 7% at 10 6Hz was ob-
served. Two coupled perturbed sine-Gordon equations were derived from an equivalent circuit con-
sisting of inductively coupled, nonlinear, lossy transmission lines. These equations were solved nu-

merically to find the locking regions. Good qualitative agreement was found between the experi-
mental results and the calculations based on the model.

I. INTRODUCTION

Over the past two decades phase-locking of nonlinear
Josephson junction oscillators has been studied extensive-
ly for systems of small junctions, i.e., junction dimensions
smaller than A.J, the Josephson penetration depth. ' A
Josephson transmission line (JTL), i.e., a long and nar-
row, quasi-one-dimensional Josephson tunnel junction of
length 1 and width w, is a nonlinear device which sup-
ports self-resonant solitonic modes. %e report on obser-
vations of phase-locking effects between two long Joseph-
son junctions operating in the soliton mode and on the re-
sults of numerical simulations of a model of this system
consisting of two coupled perturbed sine-Gordon equa-
tions. The resonant motion of Auxons and antiAuxons in-
duces self-pumped current singularities, the zero Peld-
steps (ZFS's) in the junction dc current-voltage charac-
teristic. They occur at voltages V =+nc+0/1, where c is
the Swihart velocity of light in the barrier of the junction,
n is the number of fluxons or antifluxons, and 4o=h/2e
is the magnetic fiux quantum. Phase-locked arrays of sol-
iton oscillators are of technological interest because they
offer larger power and narrower linewidth.

Similar phase-locking phenomena have been observed
previously by Finnegan and Wahlsten and by Cirillo and
Lloyd. %e present here the first detailed experimental
characterization of the phase-locking both at dc and at
microwave frequencies, along with the first qualitative
comparison between the experiment and simulated dc I-V
curves in the locking range.

II. EXPERIMENTAL TECHNIQUE

Experiments were carried out on intermediate length
Nb-Nb 0 -Pb tunnel junctions which had typical values
of 1=400 pm, m =20 pm, A,J =100—250 pm,
c /c„,„,=0.025, and a critical current density

Jp 0 7LakIgap /LU1, of 3—1 6 A/cm, where 70% of the
current increase at the gap, AI„,, was used to eliminate
effects of the spatial variation of the bias current in the
(strong-coupled) junctions. The sample geometry with
two JTL's fabricated side by side sharing the Pb counter

electrode is shown in Fig. 1. Four samples with distance
d=35 or 75 pm between the junctions were investigated
experimentally. The nominal junction length was
designed to give a resonance frequency c/2l around 10
GHz. As shown in Fig. 1, two independent current
sources were used, one providing a common dc bias, I„
the other, I„;,allowing for adjustment of the current
through one of the junctions (No. 1). The total voltage
across the pair of junctions in series could be monitored.

The sample was screened against external noise sources
by electric and magnetic shielding and filtering. It was
placed in a vacuum can immersed in a pressure-regulated
helium bath at 4.2 K. A microwave coupling to the sam-

ple was established by a coaxial cable which was connect-
ed to the 50-0 Nb microstrip line which also formed the
bottom electrode of the junctions. The microwave signal
generated in the junctions was coupled out through the
microstrip connection to a microwave detection system
including a spectrum analyzer.

III. EXPERIMENTAL RESULTS

The I„versus V curve of two series-connected JTL's
exhibited two distinct critical currents, as well as the
ZFS's of the solitonic fluxon modes of the two junctions
individually and in combination of the ZFS s. By the ap-
plication of the trimming current I„;it was possible to
make the junction voltages V, and V2 coincide for a
given value of I„.Distinct voltage-locking regions
were then observed in the I„versus V, + V2 charac-
teristic, see Fig. 2. The range over which the common
bias current could be varied (at fixed I,„,) without losing
phase lock, is a measure of the strength of the phase lock-
ing between the (ZFS+1)-(ZFS+1) or (ZFS+1)-
(ZFS —1), corresponding to the two current
configurations: series aiding (~~) or series opposed
(~~). Varying I„;caused the locking range to move
from the bottom towards the top of the ZFS. In Fig. 3
we have plotted the measured normalized locking range
versus I,„,/I, for both current configurations. I,
denotes the average critical current (I„+I,2)/2, where
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FIG. 1. (a) Sample geometry and dc bias arrangement for two
J hson transmission lines {JTL's). The Lorentz force on fluxosep son
quan a opent (open arrows) in the junctions is indicated.

1 dEquivalent circuit used to model the pair of inductively coup e
JTL's.

I„2=J„&ural,and K=~I„—I,2~/I, . Measured in this
way the locking strength is greater for the series aiding
configuration because in that case the voltage pulling (i.e.,
frequency pulling) necessary to achieve phase locking is
smaller due to the nearly identical slopes of the two
ZFS's in the region of locking. For the series opposed

th two ZFS's have slopes of opposite signs (for
d =75 mvarying I„).For two of the samples, A with = pm

and B with d=35 pm, the ratio of the locking range for
the series opposed configuration was 0.4 (comparable
values of 6 =0.30).

The interaction between the two soliton oscillators was
also observed in the detected microwave signals as phase
locking, mixing, and linewidth narrowing. The insets in
the lower part of Fig. 2 reproduce some of the microwave
spectra from the two junctions both individually and in
combination showing phase locking. A maximum power
output is expected to be PI2=(V P, +QP2 for two
phase-locked oscillators (note that there was a large im-

pedance mismatch between the 50-0 microwave circuit
and the low-impedance JTL's). For both current
configurations we observed a surprisingly strong
enhancement of the power detected in the coherent state
of up to 2.0P, 2 around the middle of the locking range.
A owing in the linewidth was often observed for t enarro win
locked oscillators (cf. spectra A, 8, and C in Fig. . n

the top of the ZFS where the linewidth is below 50 kHz,
which is of technical interest, a linewidth down to 4 kHz
was observed. A frequency tunability around l —2% was
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FIG. 3. Experimental normalized locking range versus the
normalized trim current on the ZFS's for both current
configurations: series aided (~~) and series opposed (~~).
The black area indicates the locking range for sample

A, I, &
(I,2, and the shaded area for sample B, I, &

& I,2. Sample
parameters were I, ( A) =1007 pA„ I,(B)=259 pA, 5( A)
=0.31, h(B)=0.30, I/kJ( A) =3.4, and I/A, J(B)=1.7.

cause the Auxon oscillators are operating side by side in
close proximity to one another and because the sample
geometry utilizes a common connecting electrode. A
similar approach was taken in Ref. 5 to model two JTL's
vertically stacked one above the other and sharing a corn-
mon center electrode, although in that system only one
JTL was operating as a fiuxon oscillator (the second
served as a radiation detector), and hence no locking phe-
nomena were involved. Since our sample geometry
places the JTL's side by side, the magnitude of the mutu-
al inductance will likely be much less than the value es-
timated (M/L =0.28) for the stacked geometry Never-
theless, we shall find that locking arises even for small
values of M/L.

The equivalent circuit for two coupled JTL's is shown
in Fig. 1. Each line is comprised of lumped Josephson ele-
ments (per unit length) characterized by a critical current
I„shunt capacitance C, and leakage resistance R. In ad-
dition, each line has linking inductances L (per unit
length) and resistances (per unit length) R~ which ac-
count for energy storage and quasiparticle scattering, re-
spectively, in the superconducting films. The JTL's are
coupled by mutual inductances M (per unit length), as in-
dicated.

The equations which govern the voltage and current in
JTL No. 1 are

typically achieved. Phase locking was also achieved for
the (ZFS+1)-(ZFS+2) and (ZFS+2)-(ZFS+2) modes.
Measurements on a sample with nearly identical junc-
tions (b, =0.05) indicated the capability of phase locking
with no trimming current and a frequency tunability up
to 7%. The typical frequency range of phase locking (for
a fixed value of I,„;) of 100—200 MHz was typically 100
times larger than previously observed for two coupled
soliton oscillators. 3' The linewidth and power values
were of the same order of magnitude as in these reports
[b,co = (2m ) 10 kHz, P &z

=20 pW].
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IV. THEORETICAL MODEL

When modeling the coupled soliton oscillators we
represent the interaction in the form of a distributed mu-
tual inductance between two resistor-capacitor shunted
junctions as shown in Fig. 1. This model is plausible be-

where the subscripts (1,2) identify the transmission line
with which a given variable is associated, P is the Joseph-
son phase, and Ib is the bias current per unit length in the
JTL. A similar pair of expressions may be written for
BVz/Bx and BIz/dx. Combining Eqs. (1) and (2), and
employing V, z =(A'/2e)(c)p, z/Bt), we obtain

AC . A A AC fi

2e 2eP,„„=L P„,+I„sin(P,)+ P„— P,„„,I» —M P
—+zI, si z(Pn)+zPz, — Pz„„,Ibz-

2eR ' 2eR ' 2e
+

2eR 2eR

(3)

and similarly for (R/2e)gz,„.Because the critical
currents I„and I,2 are taken to be unequal, it will be
convenient to define as Az=(Col/2~LI, )' and as the
plasma frequency coo = (2m I, /40C)'~ .

The differential equations may be recast in dimension-
less form by expressing time in units of ~o and distance

in units of A,J. The normalized parameters are
a=(cooRC) ', P=~OL/R, and o=M/L. It is also use-
ful to define a new pair of phase coordinates 8=/, +Pz
and 4=/, —Pz. From Eq. (3) and its counterpart for

Pz„„,it is possible to derive the following normalized,
coupled equations:
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8„„=(1—5) 8„+a8,—P8,„,—
f„„=(1+5}g„+a/, P—g„„,—

Ibi+Ib2 . e 0
2 2

+2 sin —cos +5 cos —sin
2 2

Ibj Ib2 g 8
2 2

+5 sin —cos +2 cos —sin
2 2

(4)

(5)

Equations (4) and (5) represent the final form of the
description of the coupled Josephson transmission lines.
In the absence of an applied magnetic field the boundary
conditions for the overlap JTL geometry are given by
8, (0, t)=8„(l/k„t)=,0 and g„(0,t)=g„(l/A, t)=0. In
Refs. 6 and 7 the interactions between a pair of coupled
long Josephson junctions were modeled in this manner,
although the authors did not explicitly consider phase
locking.

havior. Refinements of the model to account for the de-
tails of the observed I-V curves in the locking range could
include a more realistic bias current distribution (peaked
at the thin-film edges) as well as slight differences in the
junction capacitances (different c for the junctions, for
samples A and 8 the relative difference was 1.3% and
0.3%%uo, respectively}.

V. NUMERICAL SIMULATIONS

Numerical solutions of Eqs. (4) and (5) were obtained
using an implicit finite-difference scheme described in
Ref. 8. The two sets of tridiagonal equations which arise
at each time step was solved by means of an algorithm
discussed in Ref. 9. Generally speaking, a time grid of
0.02 of coo and a space grid of 0.01 of the total normalized
length I /kJ were used. At each time step, the position of
either soliton was determined by finding the maximum in
the spatial distribution of the numerical value of the volt-
age lP, l. From the position versus time data it was then
possible to calculate successive periods for the solitons.
In many instances the periods exhibited self modulation
and, consequently, meaningful results could be obtained
only by averaging over ten's of thousands of time steps.
Even so such low-frequency mixing products made the
numerical averaging less precise at the boundary of the
locking region.

Using the inductive coupling model, we have carried
out extensive numerical simulations of the phase-locking
phenomenon in two coupled JTL's. The locking range
was investigated for fixed (typical) values of the junction
parameters I/XJ=3, a=0.05, P=0.02, and 6=0.30
while 5 was varied over the range 0.005 to 0.03. The sign
of 5 was chosen in accordance with the interaction be-
tween two magnetic dipoles. In accordance with the ex-
perimental configuration, the simulation included a com-
mon bias current and a trim current source (see Fig. 1).
Figure 4 shows the results of simulations for 5=0.0075
for both current configurations. The normalized locking
ranges are seen to be 0.035 and 0.15 for the series op-
posed and series aiding case, respectively. Qua1itatively
the same asymmetry in the locking range was observed
experimentally: 0.038 and 0.20 for the series opposed and
series aiding case, respectively. Good qualitative agree-
ment between experiment and model was also found in
the high-frequency spectra around the locking range, in
both cases strong frequency pulling and mixing phenome-
na were seen. We conclude that the coupled transmission
line model captures the essence of the phase-locking be-
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FICr. 4. I-V curves based on numerical calculations. (a) and
{b) show the individual I-V curves for the two junctions in the
series aiding and the series opposed case, respectively. Markers
show the results of two interacting solitons, belonging to
different transmission lines. Straight lines are drawn for clarity.
The I-V curves without markers are for the ZFS+1 state in one
junction and no soliton present in the other junction. a=0.05,
P=0.02, 6=0.3, I/AJ=3, 5=0.0075, and I„;/I, =0.06 and
0.52 for the series aiding and the series opposed con6gurations,
respectively. Voltage is normalized to ficoo/2e.
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VI. CONCLUSIONS

We have demonstrated new strong phase-locking phe-
nomena between two closely spaced fluxon oscillators
based on intermediate length Josephson transmission
lines. Phase locking was seen both in the dc I-V charac-
teristics and in the high-frequency radiation. The devel-
opment of coherent microwave sources consisting of
many Josephson junctions is of technological interest. '

In this respect, the combination of a common bias and a
trim current source (one for each junction) is found to be
advantageous with respect to maximizing the locking
range and the series opposed current configuration is
found to produce a substantial linewidth narrowing. We
estimate that 40 coherent oscillators of this type would
suffice to generate sufficient power to be useful as a local
oscillator in an SIS mixer (about 1 pW at 100 GHz, since

Pz —N ro2P, for N junctions at frequency ro) .
We have modeled the system as two inductively cou-

pled Josephson transmission lines. This leads to two cou-
pled perturbed sine-Gordon equations which we have
solved numerically. Agreement between numerical re-
sults and experimental observations is good.
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