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Infrared optical absorption in imperfect parabolic quantum wells
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The effects of possible imperfections on the infrared optical absorption and on the charge-density
profile of wide parabolic quantum wells (WPQW's) are studied. We consider effects that can arise
from the finite width of WPQW s, from the existence of a quartic component in the confining poten-
tial, and from the existence of a region of flat potential in the center of the well. Within the local-
density approximation, we confirm that a perfect WPQW absorbs light only at the bare harmonic-
oscillator frequency, and show that the effects of small imperfections of the types considered on the
absorption spectrum are twofold: a shift in the location of the main peak and the appearance of new

peaks nearby.

I. INTRODUCTION

The properties of an interacting three-dimensional (3D)
electron gas in a uniform positive background have been
widely studied over the years' and different many-body
effects have been predicted. In particular, the ground
state of this system in an external magnetic field is ex-
pected to be a spin-density wave or a Wigner crystal
when the electron density is low enough. In order to ob-
serve these broken-symmetry ground states, a lower den-
sity of electrons than that found in normal metals is re-
quired. For this reason, n-type doped semiconductors
with small effective mass and low carrier density might
seem the best candidates to exhibit exotic ground states.
Unfortunately, the interaction between the electrons and
the neutralizing charged impurities in these systems is
strong enough to preclude any broken-symmetry ground
state favored by the electron-electron interaction. In
contrast, the study of a high-mobility, two-dimensional
(2D) electron gas has been possible experimentally, due
in part to the development of modulation-doping tech-
niques, which reduce the electron-ionized impurity in-
teraction by separating the 2D electron gas spatially from
the neutralizing positive charges.

To achieve an almost-3D electron gas while reducing
the electron-impurity interaction, a remotely doped
wide —parabolic-quantum-well (WPQW) structure has
been proposed. In such a well, the parabolic potential,
V(z)= Az, mimics the potential created by a uniform
slab of positive charge of density no= A /2am. e . In this
expression, e is the electron charge and e is the (uniform)
static dielectric constant of the host semiconductor.
Electrons are introduced remotely in the WPQW by plac-
ing donors at some distance from either side of the well.
The electrons enter the well to screen the parabolic po-
tential and distribute themselves in a uniform layer of
density no over the fictitious positive charge. In practice,
the WPQW's are -4000 A wide, and uniform electron
layers of thickness &2000 A have been obtained. Be-
cause the donors can be separated by several hundred
angstroms from the electrons in such a system, the

electron-random impurity potential can be considerably
smaller than is possible in the usual doped semiconduc-
tors. The mobility of these samples, even in the presence
of alloy-disorder scattering, should be significantly higher
than that of doped semiconductors with the same concen-
tration of carriers.

In the experimental samples, the parabolic potential is
achieved by tailoring the conduction-band edge of an al-
loy semiconductor, usually Ga& Al„As. Since the band
offset between GaAs and Ga, „Al„Asis proportional to
x, it is possible to obtain a parabolic potential by varying
the fraction of aluminum quadratically with position.
Recently, structures of this type were grown using
molecular-beam epitaxy by Gossard and co-workers, and
independently by Shayegan and co-workers. Magneto-
transport experiments ' on these WPQW's reveal that
they hold a thick, high-mobility slab of electron gas. In
addition, recent theoretical studies of these systems have
discussed electron energy levels and charge-density
profiles, electronic structure in the presence of a longitu-
dinal magnetic field, and the existence of a spin-density-
wave instability in the presence of a longitudinal magnet-
ic field. '

The infrared optical absorption and magneto-optical
absorption in WPQW have been studied experimentally"
and theoretically. ' It has been shown' that, in the ab-
sence of an applied magnetic field, an ideal n-type doped
parabolic quantum well absorbs far-infrared radiation
only at the bare harmonic oscillator frequency, indepen-
dent of the electron-electron interaction and of the num-
ber of electrons in the well. For this reason, it has been
thought that optical-absorption measurements might be
useful in characterizing departures from ideal parabolici-
ty in experimental samples.

The aim of the present work is to study, within the
framework of the Hohenberg-Kohn-Sham local-density
approximation (LDA), how the optical absorption of a
WPQW changes from its ideal form when different im-
perfections are present. We also report the infiuence of
imperfections on the charge-density profile and on the
electronic states. In Sec. II we describe the method used
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in our calculations, and in Sec. III we discuss three exper-
imentally relevant effects: the effect of the finite width of
the well, the effect of a quartic term added to the parabol-
ic potential, and the effect of a region of flat potential in
the center of the well. Finally, in Sec. IV, we summarize
our results.

In the present paper we confine ourselves to the case of
zero applied magnetic field. If one can neglect the
scattering of electrons by impurities and phonons, the ab-
sorption in this case is produced only by the component
of the electric field in the z direction (perpendicular to the
layer). Thus, to see the effect, one must use radiation that
is incident at an angle far from normal incidence.

II. METHOD OF CALCULATION

We consider a WPQW with the geometry used in Ref.
6, where the well has a finite width 8', a depth 6&, and is
bounded by an additional barrier of height b2. To de-
scribe the electrons in the host semiconductor, we use the
effective-mass approximation. %e take the static dielec-
tric constant and the effective mass to be uniform across
the well. In the actual WPQW, ' these quantities vary
by only 11 and 7 %, respectively, from the center to the
edge of the well, and including this variation in the calcu-
lation produces only small changes in the results. Also
omitted from the calculation are the nonparabolicity of
the conduction band and the band-mixing effects induced
by confinement. These effects, again, have only a small
influence on the electronic properties of the system.

The interactions between electrons in the conduction
band can be separated into a Hartree term due to the
electrostatic potential of the total electron density and an
exchange-correlation term. ' The exchange-correlation
part of the ground-state energy can be described as a
functional of the electron density. ' In the LDA this
functional is assumed to have only local dependence on
the electron density. The LDA has been used very suc-
cessfully to obtain ground-state properties of many sys-
tems. ' Making this local approximation leads to a one-
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where we have supposed spin degeneracy and omitted the
spin index. In the above expression, S is the sample area,
k=(k„k~)is the wave vector of the electron, m* is the
effective mass, and c„and y„(z)are obtained from the
one-dimensional Schrodinger equation

d + V(z)+ VH(z)+ V„,(z) tp„(z)=e„tp„(z).
2m ' dz2

(2)

In this expression, V(z) is the bare well potential,
which depends on the Al concentration at the position z,
and which corresponds to the position of the bottom of
the conduction band in the absence of doping; V„,(z) is
the exchange-correlation potential'

body Schrodinger-type equation, where the electrons
move in a potential that is the sum of the external (para-
bolic) potential, the Hartree potential, and an exchange-
correlation potential. Although the energy eigenvalues of
this one-particle equation do not correspond to the quasi-
particle energies, one can consider the exchange-
correlation potential as a local, energy-independent
self-energy. ' The LDA gives good results for conduc-
tion electrons in silicon inversion layers and
GaAs/Ga, „Al„Asheterostructures, and for quantum
wells '6

In our system, we replace the localized donor charges
by a z-dependent charge density that has been averaged
over the x-y plane. If we restrict ourselves to self-
consistent solutions that respect translational symmetry
in the x-y plane, the one-electron equation describing the
motion of the electrons separates, and the wave functions
and eigenvalues are

V„,(z) = —0.985 n '~ (z) 1+ ' 1n[1+ 18 376as n ' . (z)]
e ] /3 0.034
E' ann' (z)

(3)

where as =eA /m'e; VH(z) is the Hartree term due to
the electrostatic interaction of the electrons with them-
selves and with the [(x,y)-averaged] impurity charge,

d'VH(» 4~e'
[n (z) ND (z)), —

dz2

where ND(z) is the density of positive charge necessary to
maintain charge neutrality. The electron density n (z) is
given by

n(z)= gn, (z),

m*
n;(z)= (s~ —e;)~y;(z)~ 6(eF —e;),

where n; (z) is the contribution of the ith subband to the
charge density, 6(e) is the Heaviside unit-step function
(6=0 for s (0 and 6=1 for e &0), and eF is the Fermi
energy obtained from the condition

fn
N, =,(eF —s;)6(eF—e;),

m62

X; being the number of electrons per unit area in the ith
subband. Consistent with our use of a dielectric constant
that is uniform across the well, we have neglected the
effect of image potentials in Eq. (2).
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The self-consistent solution of Eqs. (2)—(6) gives us the
charge-density profile, the Fermi energy, the subband en-
ergies, and the total potential, which is defined as
VT(z) = V(z)+ VH(z)+ V„,(x). From the eigenfunctions
and eigenvalues, we can obtain the infrared (ir) optical
spectrum of the system.

The peaks in the ir optical absorption do not appear at
frequencies corresponding to the quasiparticle energy
separation. Instead, the resonances are shifted from the
self-consistent subband separation by the depolarization
effect, ' due to the Hartree screening of the resonance,
and by the excitoniclike' or vertex-correction effect. In
fact, the absorption peaks correspond to the collective
modes of the system, which must be determined from the
poles of the appropriate response function. In the case
of a quantum well, in the long-wavelength limit, the
movement of the confined electrons can only be coupled
to an electric field perpendicular to the electronic sheet,
and the charge in the weil absorbs ir radiation only if the
electric field has a component in the perpendicular direc-
tion. We are able to use the dipole approximation in
describing the interaction between light and the electrons
and to neglect retardation effects ' because the thickness
of the typical WPQW is much smaller than the wave-
length of the light with frequency corresponding to the
self-consistent subband separation.

We obtain the optical absorption by using the self-
consistent-field approximation together with the LDA.
In the form derived by Ando, ' the optical absorption per
unit area can be written as

Eq. (9) represent the depolarization and excitonic eff'ects,

respectively, and are given by the expressions
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It is also easy to show that the two-dimensional dynami-
cal conductivity satisfies the sum rule

2

f cr„(co)dco=- n, .
m*

In this model the vertex corrections are given by the
functional derivative of the exchange-correlation poten-
tial with respect to the density. That this correction is in-
dependent of frequency is consistent with the lack of
dependence of the exchange-correlation potential on the
quasiparticle energy. It is important to note that, to be
consistent, the use of the exchange-correlation potential
in the calculation of the excitoniclike effects must be ac-
companied by the inclusion of V„,in the one-dimensional
Schrodinger equation, and vice versa.

o„(co)= ( ico)n,—g z
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where we have introduced a phenomenological relaxation
time ~ and
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where Z„.
„

is the matrix element of the z coordinate be-
tween the states y„and g„.E& in Eq. (8) and U„,„&in
Eq. (9} are the eigenvalues and eigenfunctions of the ma-
trix

2
Ann', mm' En'n ~n'm'~nm

X(E, E„.„)'i(a„„.—P„„.~ ) . (10)

In the above expressions, the indices n, n', m, and m'
refer to the eigenvalues and eigenvectors of the one-
dimensional equation (2). The matrix elements a and P in

P(co) =
—,
' Re[cr„(co)D],

where D is the external electric field directed in the z
direction and o

„

is the modified two-dimensional dynam-
ical conductivity

III. NUMERICAL RESULTS

We are interested in the electronic and optical proper-
ties of the model parabolic potential

45)z
V, (z)= ', e(IV/2 —lzl)+(~, +~ )8(lzl W/2)

and in the effects that different perturbations, when add-
ed to this potential, have on those properties. In our cal-
culations we use the following set of parameters:
@=12.5, 5, =150 meV, 52=75 meV, and m*=0.067
times the free electron mass. The positively charged
donor impurities are in two layers of equal charge densi-
ty, 200 A thick, located just outside the well on either
side. We have checked that our results are insensitive to
the precise location of the positive charges for reasonable
choices of the parameters.

In some of the actual WPQW the parabolic potential is
created by changing the relative thickness of alternating
GaAs and Alo 3Gao 7As layers in a superlattice of period
20 A, so that the average aluminum composition changes
quadraticaily across the well. Since the resulting poten-
tial is very difficult to handle numerically, we have used
the averaged potential in our calculations. To check the
sensitivity of our results to short-wavelength variations in
the potential, we have compared the results for another
fine superiattice with those for its averaged parabolic po-
tential. The fine superlattice we considered had a period
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0 0

of 20 A, a fixed barrier thickness of 10 A, and a barrier
height which changed quadratically from one period to
the next. The differences between the charge-density
profiles obtained for the fine superlattice and for the aver-
aged potential are very small. The superlattice produces
an oscillation of very small amplitude in the charge-
density profile, with the same period as the superlattice.
There are also small differences in the charge-density dis-
tribution at the center of the well, due to the region of flat
potential that the superlattice produces in the center of
the well. This flat region typically corresponds to 3 or 5

periods of the fine superlattice. The effects on the energy
levels and on the optical absorption are also small. The
insensitivity of our results to fine structure in the poten-
tial arises because the reciprocal lattice vector corre-
sponding to the superlattice period has an associated ki-
netic energy much larger than the energy spacing be-
tween the parabolic-well states in which we are interest-
ed. In summary, we have checked that the use of the
averaged potential instead of the fine superlattice poten-
tial does not affect our results.

A. Size effects

In this subsection we study the effects of the finite
width 8'and the additional confining potential 62 on the
properties of the system. We apply the method described
in Sec. II to the potential of Eq. (14), V(z)= V, (z), and
we study the variation of the properties of the system
with the fractional occupation g defined by
7)=n, /(no W), where n, is the number of electrons per
unit area in the system. We have found, in agreement
with Ref. 8, that the number of occupied subbands in-
creases with the number of electrons in the well, that the
separation in energies between occupied subbands de-
creases with n„and that the separation between the Fer-
mi energy and the first subband occupied goes quickly to
the 3D value eF=A' (3m no) /2m*. We have also
checked that the thickness of the electron slab increases
linearly with the fractional occupation g. Our calcula-
tions show that a very uniform slab of electrons is formed
when only two subbands are occupied.

Size effects become important when the fractional oc-
cupation is near 1 and the electrons feel the abrupt
change in potential at the edge of the well. In Fig. 1 we
plot the charge-density profile for g=0.6 and for g=1.
In the g =0.6 case the charge is almost uniform in the oc-
cupied part of the well. The small bumps at the edges of
the slab are Friedel-type oscillations, similar to those
which appear at metal-vacuum interfaces. As the
WPQW moves toward complete filling (q=1), the elec-
trons start to feel the nonparabolic confining potential
(b,z), and the amplitude of the oscillations at the edge of
the charge-density profile increases. For g&1, extra
charge accumulates at the edges of the well, and the dis-
tribution of electrons becomes more and more like two
2D sheets.

Figure 2 shows the infrared optical absorption for
different values of the fractional occupation g. When the
number of electrons in the well is small enough, so that
the charge does not feel the edges of the well (g~0. 8),
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the system absorbs light only at the bare frequency
coo=(86&/W m")'~. This frequency can be identified
with the plasmon frequency of a 3D electron gas of densi-

ty no, since by construction coo=(4mnoez/em')'~ . This
result is expected from the analysis of Ref. 12. In the
parabolic potential there is an exact cancellation of the
depolarization term and the vertex-correction term by
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FIG. 2. Calculated real part of the dynamical conductivity
o „(co)in a WPQW for different values of the fractional occupa-
tion g. The parameters of the WPQW are given in the text.
The value of the phenomenological relaxation time, w, is 0.01coo.

FIG. 1. Potential and charge density in a WPQW for two
different fractional occupations, g=0.6 and g=1. Curve (a)
shows the bare potential V(z) for the well, and curve (b) shows

the total self-consistent potential VT(z). Curve (c) shows the
self-consistent charge-density profile n(z). The parameters of
the WPQW are given in the text.
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the corrections to the quasiparticle energy spacing due to
the electron-electron interaction.

The effects of the finite width of the parabolic well be-
gin to appear when q ~0.8. The effect of the finite width
is negligible for fractional occupations smaller than 0.8
but increases quickly for higher values. For values of g
smaller than l, the perturbation is still relatively small
and has two main effects on the optical absorption of the
WPQW. First, the main peak in the absorption spectrum
is shifted to a slightly higher frequency because the extra
confinement increases the oscillation frequency of the
center of mass of the electrons. Second, small satellites
appear around the main peak because the electric Geld of
the incident light can now couple to the internal motion
of the electrons as well as to the motion of the center of
mass.

B. EKect of a quartic term added to the parabolic potential
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In this subsection we study the effect that a quartic
term of the form

166 z
V (z) = 8( 8'/2 —

~z ~ ) (15)

has on the properties of the WPQW. We apply the
method described in Sec. II to the potential
V(z)= V&(z)+ V~(z). In order to exclude eff'ects due to
the finite width of the well, we fix the fractional occupa-
tion at g=0.6. Note that with thi. s value of q, the ratio
of the quartic potential to the parabolic potential at the
edges of the electronic slab is only one-third the same ra-
tio at the edges of the well.

In Fig. 3, we show the subband energies and the Fermi
energy as a function of 5 . Figure 4 shows the initial po-
tential, the self-consistent potential, and the charge-
density profile for the cases 6 = —40 and 75 meV. The

5.0—

4 0—
CD

E
3 0—

u3
I

u)
2.0—

I.O—

0.0
—40 -20 0 20 40

Qq (meV)
60 80 IOO

FIG. 3. Fermi level cF—c.
&

(solid circles) and energy-level
separation c,; —c& (open circles) as a function of the strength of
the quartic term Aq (see text). The fractional occupation q is
0.6. The parameters of the WPQW are given in the text.

FIG. 4. Potential and charge density in a WPQW for two
different values of the quartic term added to the potential:
leEq 75 meV and 6q = —40 meV. The fractional occupation is

g =0.6. Curve (a) shows the bare potential V(z) = V, (z )+ Vq(z)
for the well, curve (b) sho~s the total self-consistent potential
VT(z). Curve (c) shows the self-consistent charge-density profile
n (z). The parameters of the WPQW are given in the text.

behavior is quite different for different signs of 5 . For
positive values, the quartic potential induces a convex
parabolic correction to the nearly uniform charge distri-
bution produced by the parabolic potential alone. The
positive quartic potential also increases the confinement
of the electrons in the well, so the subband energy spac-
ing increases with increasing 5 .

For negative values of Aq, the quartic potential adds a
concave parabolic component to the charge distribution.
Even a moderate negative hq causes the charge to spread
out considerably in the well and destroys the uniform
charge-density proNe. For small negative values of La'kq,

the main effect of the perturbation is to reduce the
confinement of the electrons and, thus, the intersubband
separation. For values of 6 more negative than those
shown in Fig. 3, the charge builds up more and more at
the edges of the well, and the energy levels approach
those of two 2D electron gases.

In Fig. 5(a) we show the real part of the dynamical
conductivity for different positive values of 6 . For small
values of 5 the effect of the perturbation on the optical-
absorption spectrum is twofold: a small shift to higher
frequencies of the main peak and the appearance of small
satellites around it. This is similar to the effect produced
by the finite width of the we11. But now instead of several
peaks at higher frequencies than coo there is only one ad-
d.tional peak. This shows that the step-potential h2 al-
lows more different transitions than the smoother quartic
potential. At larger values of Aq the quartic term is com-
parable to the parabolic term and several transitions,
with similar intensities, appear around coo.

Figure 5(b) shows the optical absorption for negative
values of 6 . In this case, as mentioned above, moderate
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flat segment of potential of width 8'z centered about
z =0. When added to the perfect parabolic potential,
Vs (z ) acts as a barrier in the center of the well which
tends to separate the electron gas into two 2D systems.
In Fig. 6 we plot the subband energies and the Fermi en-

ergy as a function of 8'z, having fixed g at 0.6 as before
to eliminate finite-width effects. As W„ increases, the

( b )

FIG. 5. Calculated real part of the dynamical conductivity
cr„(co)in a WPQW for (a) positive and (b) negative strengths of
quartic term added to the potential. The fractional occupation

is 0.6. The parameters of the WPQW are given in the text.
The value of the phenomenological relaxation time, ~, is 0.0 1~0.
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In this section we apply the method of Sec. II to the
potential V(z ) = V, (z ) + V„(z ), where V„(z ) is given by
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Vfl ( z ) cancels V, (z ) in the center of the well, producing a

values of hq produce large changes in the charge-density
profile, and the ir spectrum shows several peaks of com-
parable intensity around a main peak that is shifted down
slightly from Q)p.
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FIG. 7. Potential and charge density in a WPQW for two
different widths of the region of Aat potential 8'& = 100 and 400
0
A. The fractional occupation is g =0.6. Curve (a) shows the
bare potential V (z ) = V, (z ) + V& (z ) for the well, and curve (b)
shows the total self-consistent potential VT( z ). Curve (c) shows
the self-consistent charge-density profile n (z ). The parameters
of the WPQW are given in the text.
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FIG. 8. Calculated real part of the dynamical conductivity
o „(co)in a WPQW for diff'erent values of the width of the re-
gion of flat potential. The fractional occupation g is 0.6. The
parameters of the WPQW are given in the text. The value of
the phenornenological relaxation time, ~, is 0.01ruo.

levels tend to become degenerate, as expected for two 2D
electron gases. This is seen more clearly in Fig. 7, where
the self-consistent charge-density profile is plotted for
two values of W„.For Wz =400 A, the charge lies most-
ly to the sides of the barrier created by Vs(z).

As in the case of negative quartic term, the splitting of
the charge-density profile strongly affects the optical-
absorption spectrum, shown in Fig. 8. As Wz increases,
different peaks, with comparable intensities, appear
around the frequency coo.

IV. SUMMARY

same, namely (i) a shift of the main peak due to a shift in
the frequency of oscillation of the center of mass of the
electrons, and (ii) the appearance of new peaks around
the main peak. The additional peaks had zero intensity
in the ideal parabolic case, because they correspond to
forbidden transitions. With the perturbations, the wave
functions change and the transitions are no longer forbid-
den. The number of additional peaks and their positions
depend on the particular form of the perturbation.

When the strength of the perturbation increases, the
importance of the parabolic potential decreases, and the
charge density in the electron slab becomes less and less
uniform. When the uniformity is lost, several peaks with
comparable intensities appear in the ir absorption spec-
trum.

Our LDA calculations are consistent with the result of
Ref. 12, in that the optical-absorption spectrum we calcu-
late in the absence of imperfections shows only one peak,
which falls at precisely the expected frequency. On the
other hand, one should not view this as strong
confirmation that the LDA treats the electron-electron
interaction accurately. The result of Ref. 12 holds for
any interaction of the form V(r —r'), whether Coulombic
or not. Our agreement with the general result shows only
that, as we have used it, the LDA respects the transla-
tional invariance of the electron-electron interaction.

Also, the result of Ref. 12 implies that we must find an
exact canceHation in our calculations of the depolariza-
tion term and the vertex-correction term by the correc-
tions to the quasiparticle energy spacing due to the
electron-electron interaction. In fact, we find that the
cancellation also occurs when the vertex-correction term,
Eq. (12), and the exchange-correlation potential, V„„are
simultaneously omitted. This occurs because the depo-
larization term, Eq. (11), and the vertex-correction term
separately cancel the effects of the Hartree and the
exchange-correlation potentials, respectively.
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