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We present ab initio calculations of the atomic structure, the electronic density of states,
and the photoemission intensities of the trivalent metals Al, Ga, In, and Tl. The investigations
are based on pseudopotential-derived interatomic forces, molecular-dynamics simulations for
the atomic structure, and self-consistent linear-muffin-tin-orbital supercell calculations for the
electronic structure and photoelectron spectra. This study extends similar work on the liquid
di- and tetravalent elements [W. Jank and J. Hafner, Phys. Rev. B 41, 1497 (1990); 42, 6926
(1990)]. We show that the trend from a close-packed structure in liquid Al to a somewhat
more loosely packed atomic arrangement in liquid Ga, but then a return to more close-packed
structure in the heavy elements arises from a modulation of the random packing of atoms by the
Friedel oscillations in the potential and the damping of these oscillations by relativistic effects.
Relativistic effects are also responsible for the formation of a pseudogap separating the s- and
p-orbital-dominated parts of the valence band.

I. INTRODUCTION

In two recent papersi z (hereafter referred to as I and
II) we started a theoretical investigation of the char-
acteristic trends in the structural and electronic prop-
erties of the liquid polyvalent elements across the Pe-
riodic Table. In I we studied the transition from the
open, low-coordinated structures of liquid Si and Ge to
the dense, close-packed structures of liquid Sn and Pb,
and its relation to the transition from a free-electron-
like density of states with strong s-p hybridization in Si
to well-separated s and p bands in liquid Pb. Paper II
was devoted to the investigation of the increasing dis-
tortion of the hard-sphere-like structures accompanying
the onset of the formation of a pseudogap at the Fermi
level in the liquid II-B metals from Mg to Hg, and of the
tendency to a transition-metal behavior in the molten
alkaline-earth metals. We have demonstrated that in the
liquid as well as in the crystalline elements the complex
structures of Si and Ge on the one hand and of Hg on
the other hand arise from the modulation of the packing
(random or crystalline) of atoms by the Friedel oscilla-
tions in the interatomic forces. The amplitude of these
oscillations is set by the on-Fermi-surface matrix element
of the eA'ective ion-electron interaction. The strength of
this matrix element is strongly influenced by relativis-
tic eKects: in the heavy elements, s electrons are more
strongly bonded than p electrons. This explains the ap-
pearance of the s-p pseudogap in the electronic structure,
the damping of the Friedel oscillations, and the return to
close-packed atomic structures.

In the present paper we extend our investigations to
the trivalent elements. Here the trend in the crystalline
and liquid structures is somewhat more complex: first we

observe a transition from a close-packed structure in Al
(coordination number N, =12 and 11.5 in the crystal and
in the melt) to an open, low-coordinated structure in Ga
(N, =7 in orthorhombic n-Ga and N, =9—10 in liquid Ga),
but then a return to more regular, close-packed structures
in In and Tl.s Contrary to this nonmonotonic variation
in the atomic structures, the electronic densities of states
show a gradual transition from a free-electron parabola in

liquid Al to a density of states (DOS) with a gap between
s and p bands in liquid and crystalline Tl.~ s Our study is

based on techniques discussed in detail in the two previ-
ous papers: pseudopotential-derived interatomic forces,
molecular-dynamics simulation for the atomic structure,
and self-consistent linear-muffin-tin-orbital (LMTO) su-

percell calculations for the electronic densities of states
and the photoemission intensity. For the discussion of
the technical aspects we refer entirely to I and II. Our
results are discussed below.

II. INTERATOMIC FORCES AND ATOMIC
STRUCTURE

Aluminum crystallizes in the face-centered cubic struc-
ture. Gallium is known to show at least nine solid

phases, but the only phase stable at room temperature
is the orthorhombic e phase with eight atoms per unit
cell. Each atom is coordinated by seven neighbors. In-
dium crystallizes in a face-centered-tetragonal structure
with an axial ratio of c/a=1. 07. Thallium crystallizes in

a hexagonal-close-packed structure at low temperatures
and pressures, but transforms to a face-centered-cubic
form under elevated pressure and to a body-centered-
cubic form at higher temperatures. The trend in the
liquid structures follows those in the crystalline metals:
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Al is the prototype of a monatomic metallic melt whose
structure is rather well described by a dense random
packing of hard spheres. Liquid Ga has been exten-
sively studied using neutron and x-ray diffraction.
The experiments point to a somewhat loose packing with
about nine to ten nearest neighbors, reflected in a slight
asynirnetry of the first peak in the pair-correlation func-
tion g(R) and a shoulder in the static structure factor
S(q). A change in the local order at melting is also indi-
cated by the anomalous density increase of 3.2%, whereas
most metals show a density decrease by 2—6%. Liquid
In and Tl are again more densely packed (N, =11.6 for
both metals ), only a slight asymmetry in the first peak
of g(R) indicates a somewhat irregular atomic arrange-
ment.

The trends in the crystalline structures were inter-
preted by Hafner and Heineiz is in terms of the variation
of the effective interatomic interaction with electron den-

sity and pseudopotential. This analysis was extended to
liquid metals by Hafner and Kahl. is i~ Their argument
is essentially the following: for small electron densities
and large core radii [measured in units of the electron
density parameter R, = (3V,/4sZ)s, V, is the atomic
volume and Z the valence], the pair potential has a mini-
mum at the nearest-neighbor distance D,z for close pack-
ing, resulting in stable close-packed structures (periodic
or random) —here for Al. As the electron density in-
creases and/or the core radius decreases, the minimum
is shifted relative to D,~ and flattened. This yields dis-
torted structures at first (here for Ga), but then a return
to close-packed structures as the last trace of an oscilla-
tion in the pair potential at D,& has disappeared (here
for Tl). On the lowest level of approximation, using an
empty-core pseudopotential, the essential trend may be
parametrized in terms of (R,/R, ), where R, is the pseu-
dopotential core radius. Within a given group of the
Periodic Table (Z=const), the important point is the de-
crease of (R,/R, ) at an essentially constant R, and we

refer to the paper by Hafner and Heineis for a discussion
on how this trend relates to physical effects such as the
existence of a dio core and the nonlocality of the pseu-
dopotential of the heavy elements arising from relativis-
tic effects. Our present study shows that the arguments
presented by Hafner and Heine are qualitatively correct
but quantitatively we find that a precise evaluation of
the small distortions of the structure functions of Ga, In,
and Tl from a hard-sphere form requires very accurate
pair potentials.

The calculation of the effective pair interaction requires
the specification of the pseudopotential and of the local-
field corrections to the dielectric function of the elec-
tron gas. For the local-field corrections we used the
Vashishta-Singwiis and the Ichimaru-Utsumiis forms,
both of which satisfy the compressibility sum rule for
the electron gas. For the pseudopotential we used both
the local Ashcroft empty-core potential and the first-
principles optimized pseudopotentials originally devel-

oped by Harrisonis and used in slightly different vari-
ants by Hafner, 3 Moriarty, and others. In this

approach exchange and correlation between the core
electrons and the core-valence exchange and correlation
interactions are described in a local-density-functional
framework. Here a certain problem arises from the non-
linearity of the exchange-correlation functional. Sub-
tracting the exchange-correlation potential of the valence
electrons from the total exchange-correlation potential
leads to (we use atomic units)

for the core-valence interaction. This procedure repre-
sents a linearization of the exchange-correlation potential
as a function of the charge density. It is exact by defini-
tion for an atomic configuration. If, consistent with the
electron-gas screening, p„@ is approximated by a homo-
geneous density poz ——Z/V„a systematic error is intro-
duced. This error is small unless p««and p„& are of the
same order of magnitude, i.e., for the light polyvalent ele-
ments. In this case V„, with p„& leads to a systematic un-
derestimate. In our earlier extensive investigations
of the cohesive and dynamic properties of the crystalline
elements we have shown that this can be corrected by
choosing a larger coefficient a in V«. For the electron
gas as well as the free atom the Kohn-Sham value e = s
leads to an accurate exchange potential. We use this
value for the calculation of all core wave functions, and
for V«of the heavy elements (In,T1). For Al we find
that a value of n = 1 brings the phonon frequencies into
agreement with experiment; for Ga we use n = s. Note
that the influence on the pair interactions is quite small.

Figure 1 shows the pair interactions for the triva-
lent metals. For Al the local empty-core potential with
the core radius R, fitted to the zero-pressure condition
(R, = 0.59 A) and the optimized pseudopotential with
o; = 1 lead to reasonably consistent results. The opti-
mized pseudopotential with e = s yields a somewhat
larger amplitude for the Friedel oscillations around the
nearest-neighbor distance. In the pair-correlation func-
tion (Fig. 2) and in the static structure factor (Fig. 3)
this is reflected in larger amplitudes in both S(q) and

g(R), whereas both the empty-core potential and the op-
timized pseudopotential with 0, = 1 yield an excellent
agreement with experiment.

Ga illustrates the difficulties arising from an oversim-
plified form of the potential. We can adjust R, such that
the repulsive part of 4(R) reflects the proper size of the
atom —in this case the amplitude of the Friedel oscilla-
tions is too large and this results in a strongly distorted

g(R) and S(q). If R, is reduced such that the on-Fermi-
sphere matrix element becomes smaller and hence the os-
cillations weaker, this leads to an underestimate of the
efFective size of the atom. A value of R, = 0.44 A. is the
best possible, but not entirely satisfactory, compromise
for the structure of liquid Ga (see Figs. 1—3).

These diiIiculties are even more pronounced for the
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heavy metals, as we have already shown in I for Sn and
Pb. The optimized pseudopotentials lead to reliable pair
potentials and accurate results for the liquid structure,
but only if at least the ionic core is treated in a scalar
relativistic approximation (Figs. I—3). Again this is com-
pletely analogous to our results for Cd, Hg, Sn, and Pb.
With the semirelativistic pseudopotentials ~e achieve a
rather accurate description of the liquid structure. Note,
however, that small kinks in S(q) subsist at q 2k& (at
the foot of the first peak). This indicates that there is still
a weak modulation of the structure by the Friedel oscilla-
tions, although it, is difficult to see in the pair-correlation
function.

The trend in the liquid structures appears also very
clearly in the distribution of the bond angles, although
the asymmetry of the first peak of the pair correlation
function makes the definition of a nearest-neighbor bond
somewhat ambiguous. If we define a nearest neighbor as
having a distance shorter than the distance R;„ofthe
first minimum of the pair-correlation function, we calcu-
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late coordination numbers of N, =12.4, 14.8, 13.6, and
14.0 for Al, Ga, In, and Tl. If we determine the coordi-
nation number by integrating over the symmetric part of
the first peak, vie find N, =10.1, 7.2, 8.6, and 9.1 for Al,
Ga, In, and Tl. The diff'erence of these numbers is a direct
measure for the distortion of the atomic arrangement rel-
ative to a hard-sphere-like structure (where it is nonzero,
but small). The distribution formed by all bonds up to
Rm;„ is shown in Fig. 4. Al, In, and Tl show a bond-angle
distribution with peaks close to the icosahedral angles
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FIG. 1. ER'ective interatomic potentials for the trivalent
metals. Dotted line, calculated with the local empty-cere
model potential; solid and dashed lines, optimized nonlocal
pseudopotential calculated with relativistic and nonrelativis-
tic core orbitals. The dot-dashed line for Al represents a po-
tential calculated with a smaller valence-core exchange inter-
action (see text).
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FIG. 2. Pair-correlation function g(R) for the liquid triva;
lent metals, calculated with the potentials shown in Fig. 1

(same symbols). The open circles show the experimental re-
sults (Ga after Ref. 11, Al, In, and Tl after Ref. 3).



42 STRUCTURAL AND ELECTRONIC. . . . III. . . . 11 533

8=63.54 and 114.54, indicating an atomic arrangement
that is essentially a polytetrahedral packing (the icosa-
hedron being the ideal nearest-neighbor arrangement in
a polytetrahedral structure). In liquid Ga the peaks are
shifted to smaller bond angles and broadened. The distri-
bution derived from the simulations with the local model
potential are particularly diA'use and are similar to those
calculated for I-Si and I-Ge (see I). This indicates that,
like I-Si and l-Ge, I-Ga is considerably more disordered
than normal liquid metals. However, there is also an im-
portant difference: in liquid Si the shortest bonds (with a
maximal bond length equal to the covalent bond length)
form angles distributed around the tetrahedral bond an-
gle of 8=109'. These bonds represent a fraction of 25—
30%%uo of all nearest-neighbor bonds. In Ga we find no
qualitative changes in the bond-angle distribution if we

gradually restrict the maximum bond length. This indi-

s (q)

T= 953 K

cates that the importance of covalent bonding effects is
less important in I-Ga than in /-Ge (see our remarks on
covalency and pair forces in I).

Note that the form of the potential calculated for Ga is
in reasonable agreement with an empirical potential de-
duced from accurate neutron-diH'raction data via an iter-
ative inversion procedure. The straightforward calcula-
tion of 4(R) and the structure factor inversion result in

a potential that is entirely repulsive around the nearest-
neighbor distance and ascribe the anomalous structure of
liquid Ga to the change of the curvature of 4(R) around
D,&. In In and Tl the curvature must be completely
monotonic in order to recover the more symmetric form
of the structure functions. Of course such details depend
rather sensitively on the various ingredients of the poten-
tial. It is therefore very gratifying that the calculations
based on the optimized pseudopotentials extend and con-
firm the analysis based on the simple model potentials.
In II, the same conclusion had been reached for the di-
valent metals. We have also repeated the construction
of the potential and the molecular-dynamics simulations
for liquid Si and Ge and find that the approach used for
Al and Ga also yields very accurate liquid structures for
these elements. Hence we obtain coherent results for all
elements from groups II to IV.
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FIG. 3. Static structure factor S(q) for the liquid trivalent
metals. Same symbols as in Figs. 1 and 2.

FIG. 4. Bond-angle distribution functions for the liquid
trivalent metals. Same symbols as in Figs. 1 and 2.
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III. ELECTRONIC STRUCTURE

In the following we discuss the electronic densities
of states calculated using the linear-mufIin-tin-orbital

(LMTO) methodzs z for supercells containing represen-
tative configurations of the liquid metals (see I and II
for any technical details) and for the stable crystalline
structures.

A. Aluminum

For both face-centered-cubic and liquid Al the calcula-
tions predict a DOS close to the free-electron parabola,
the bandwidth being slightly reduced compared to the
free-electron prediction (Fig. 5). The predicted narrow-

ing of the band is in good agreement with the estimate de-

rived from the photoemission spectra~ z (for a detailed
comparison of the calculated photoemission intensities
with experiment, see Sec. IV). The small structure in
the crystalline DOS arises in a well-known way from the
opening of gaps at the surfaces of the first, second, and
third Brillouin zone. Some of this structure is also found
in liquid Al; the first peak in the static structure factor
acts as a smeared-out reciprocal-lattice vector. Although
the s states are concentrated at the bottom of the band

and the p states close to the Fermi edge, there is a large
overlap characteristic for a free-electron band.

B. Callium

Unlike in Al, big changes in the electronic DOS oc-
cur at the melting of Ga (Fig. 6). Body-centered-
orthorhombic o;-Ga (Ref. 29) has a strongly struc-
tured DOS with a deep minimum at the Fermi energy.
The DOS minimum is well confirmed by photoemission
studies 0 the structure in the DOS is in good agreement
with the optical spectrum of a-Ga. i These characteristic
features are completely destroyed upon melting. Liquid
Ga shows a nearly completely free-electron-like parabolic
band with only a small kink 3 eV below EF. This kink
is also found in the measured ultraviolet-photoemission-
spectroscopy (UPS) spectra. It indicates a more pro-
nounced separation of the s and p states; it is a precursor
of the pseudogap found in Ge and in the heavy elements
from groups II to IV.

Clearly the changes in the electronic DOS reflect the
drastic changes in the short-range order on melting (note
that the total loss of long range or-der has little eff'ect

on the electronic DOS of nearly all liquid metals). The
partial covalent bonding character of the o; phase (most
evident in the deep DOS minimum at E~) is destroyed
on melting and this results in more metallic properties
for the liquid.
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FIG. 5. Total and angular-momentum-decomposed elec-
tronic densities of states for liquid and face-centered-cubic
Al. Solid line, total DOS; dotted line, s states; dashed line,
p states; dot-dashed line, d states. The parabola sho~s the
free-electron DOS.
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FIG. 6. Total and angular-momentum-decomposed elec-
tronic densities of states for liquid Ga and body-centered-
orthorhombic a-Ga. Symbols as in Fig. 5.
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tion cross section ot(E, h~) with the binding energy E
and the angular moment l of the excited electron and
with the energy hu of the photon. These partial pho-
toionization cross sections can be calculated from the
self-consistent one-electron potential in a single-scatterer
final-state approximation. For details, see II and
Ref. 35.

A. Aluminum

Figure 9 shows the partial photoionization cross
sections o ~ (E, hu) and the photoemission intensities

I(E,hu) = P& o't(E, h~)nt(E) for liquid Al, calculated
for several photon energies in the x-ray photoemission
spectroscopy (XPS) and the ultraviolet (UPS) energy
range. For XPS energies the spectrum is dominated by

the s states, with a small contribution of p states at low

binding energies. The theoretical result is in quasiperfect
agreement with experiment. The agreement extends even
to details such as the small dip at 2.5 eV, which has also
been found in the photoelectron spectrum of crystalline
Al. s These structures have a double origin: the weak-
structure-induced modulation of the free-electron DOS
(see the discussion in Sec. III A) and the large difference
in the o((E, ~), n, )) cr„.

The UPS spectra are all of a triangular form, similar to
the UPS spectra of Na (Ref. 35) and Mg. z The triangular
shape arises from the increase of all partial photoioniza-
tion cross sections with decreasing binding energy, which
modifies the form of the spectrum (especially of its s-
electron component) relative to the DOS. A variation of
the photon energies affects mainly the relative weight-

ing of the s, p, and d contributions without changing the
form of the spectrum.
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FIG. 9. Partial photoionization cross sections n~(E, h~)
(dotted line, a, ; dashed line, n„; dot-dashed line, oe) a,nd pho-
toemission intensity I(E, hu) (solid line, total; dotted line, s
electron; dashed line, y electron; dot-dashed line, d electron
contribution) for liquid Al at various energies of the exciting
photon. For UPS energies the calculated intensity has been
multiplied with a Fermi function, for the XPS spectrum the
calculated intensity has been additionally Gaussian broad-
ened (+=0.50 eV) to account for the lower experimental res-
olution. The experimental results of Indlekofer et al. (Refs. 4
aud 28) are shown for comparison. For the sake of clarity the
zero of the experimental intensity has been shifted.
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FIG. 10. Photoemission intensity I(E, fin) for liquid and
crystalline Ga, cf. Fig. 9. For crystalline Ga the calculated
partial p-DOS (cf. Fig. 6) is shown for comparison with the
measured UPS spectrum. See text.
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For liquid Al the 3p electron DOS can also be tested
against the Al I&P soft-x-ray-emission spectrum. Again

the theoretical prediction is in full agreement with exper-
iment.

B. Gallium

For Ga only UPS spectra have been measured. The
strong changes in the electronic DOS at the Fermi level

on melting are clearly reflected in the UPS spectrum (Fig.
10). When we compare the photoemission spectra for
crystalline and liquid Ga, we must remember that the
approach used for the calculation of the photoionization
cross sections involves the complete neglect of wave-

number conservation. For the liquid this is acceptable at
all photon energies as the wave number is not a conserved
quantity. For the crystal this is acceptable if the energy
of the exciting photon is much larger than the binding en-

ergy of the electron (hu » E), i.e. , only for XPS spectra.
For the ha=16.8-eV UPS spectrum of liquid Ga, we find
that the spectrum is entirely dominated by the p states

(oz » o„a'~) with a oz that depends only weakly on the
binding energy. Tentativley we assume that the same
holds for n-Ga [unfortunately no atomic photoionization
cross sections are available for 4p and 4d electrons in Ga
(Ref. 38)]. The important point is that both theory and
experiment agree very nicely in the changes of the DOS
near EF on melting.

For liquid Ga, the spectra recorded with low photon en-

ergies again have a triangular shape. The strong changes

in the electronic DOS at the Fermi level on melting are
clearly reflected in the UPS spectrum (Fig. 10). At
higher photon energies the exitation of s electrons be-
comes more important. This explains the flatter form
of the spectrum, which approaches a free-electron shape,
except for a slight dip at 3-eV binding energy, which in-

dicates the incipient dehybridization of s and p states.
Again we note good agreement between theory and ex-
periment.

The spectra recorded with low photon energies again
have a triangular shape. The strong changes in the elec-
tronic DOS at the Fermi level on melting are clearly re-
flected in the UPS spectrum (Fig. 10). At higher pho-
ton energies the exitation of s electrons becomes more
important. This explains the flatter form of the spec-
trum, which approaches a free-electron shape, except for
a slight dip at 3-eV binding energy, which indicates the
incipient dehybridization of s and p states. Again we

note good agreement between theory and experiment.

Tl whose form close to E~ reflects very clearly the DOS
minimum (see Fig. 8). At higher photon energies the
spectrum assumes a more rounded form —this is a good
example that only a calculation of the variation of the
cross sections with the photon and electron energies al-

lows a reliable interpretation of the spectra.
The comparison with experiment is complicated by the

onset of an Auger transition, which masks the lower edge
of the band. With this restriction we observe again a
very good agreement between theory and experiment.

V. CONCLUSIONS

In

%a= 1253.6 eV
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This work completes the first ab initio investigation of
the trends in the structural and electronic properties of
the liquid polyvalent metals.

The increasing distortion of the structure factors and
pair-correlation functions in the liquid divalent metals
from Mg to Hg; the occurrence of a rather unique, loosely
packed structure in liquid Ga, but then the return to

C. Indium and thallium

The UPS spectra of liquid In and Tl are characterized
by a pseudogap 2 eV below the Fermi energy. The DOS
minimum is particularly pronounced in the case of Tl
where the pseudogap is seen to separate an s band from
a p band (Figs. 11 and 12). The shape of the p band close
to the Fermi edge is almost triangular at low photon en-
ergies. This contrasts with the spectrum of crystalline
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FIG. 11. Photoemission intensity I(E,hu) for liquid In,
cf. Fig. 9.
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Tiw = 1253.6 eV

18.f eV

21.2 eV
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FIG. 12. Photoemission intensity I(E, h~) for liquid Tl,
cf. Fig. 9.

more close-packed structures in In and Tl; the complex
open structures of liquid Si and Ge and the transition to
close-packed structures in Sn and Pb are found to arise
from the modulation of the basic dense-random packing
structures by the Friedel oscillations in the effective inter-
atomic interactions and the damping of these oscillations
in the heavy elements.

Of course these effects are closely related to the trends
in the electronic structure. It is important to notice that
the electronic structure of the elements that show the
most pronounced deviation from a dense-random packing
of spheres (Si,Ga) is essentially free-electron-like. This

shows that our picture based on Friedel oscillations and
hence metallic screening is basically correct. The am-

plitude of the oscillations is set by the on-Fermi-sphere
matrix element of the electron-ion potential. VVe have
shown that relativistic effects are important in under-
standing the reduction of the on-Fermi-sphere matrix el-
ement and the change to a soft-repulsive pair interaction
in the heavy elements. A reduction of the matrix element
for momentum transfers around q = 2k~ is paralleled by
an increase of the matrix element at smaller momentum
transfers in the range q (1 —1.5)kz (see Fig. 22 in I)
close to the position of the first maximum in the static
structure factor. We find that a sharp first peak in the
static structure factor acts as a smeared-out reciprocal-
lattice vector If .the electron-ion matrix element is large,
this may lead to structure-induced minima in the elec-
tronic DOS. Such pseudogaps are found in the first-row
elements Li and Be (see II and Ref. 35) where they are
related to the strong nonlocality of the ionic pseudopo-
tentials and in the heavy polyvalent metals Hg, Tl, and
Pb (to a lesser degree also in Cd, In, Sn, and Ge), where
the structure-induced pseudogap ls enhanced by the rel-

ativistic s-p splitting.
We find that as a rule the electronic structure is rather

similar to that of the crystalline phase. Notable excep-
tions are Ga, Si, Ge, and Sn, where the change in the
electronic DOS reflects the change in the local atomic
order on melting.

Our study also includes the alkaline-earth metals where

we show that the electronic structure is strongly influ-

enced by s-1 hybridization. Liquid Ba must in fact be
treated as a liquid transition metal.

It is a particular advantage of our technique com-

pared to methods such as density-functional molecular
dynamics that it applies to d-bonded as well as s, p-
bonded systems (besides it is also less expensive in com-

puter time by about a factor of 10z). First results for
the molten transition metals are planned to be reported
soon. 40
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