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Temperature-dependent exciton linewidths in semiconductors
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The temperature-dependent linewidths of excitons in semiconductors due to the interaction of the
exciton with both LO phonons and with acoustic phonons are studied with use of a Green s-

function approach in which the exciton-phonon interaction is treated perturbatively. The interac-
tion between the excitons and the LO phonons is taken to be of the Frohlich form, and the contribu-
tion to the linewidth is obtained in closed form. In this case it is found that scattering of the exciton
to both bound and continuum states is important and that it is important to treat the continuum
states fully as Coulomb scattering states. In describing optical-absorption processes, the fact that
absorption occurs from polariton states, which are states composed of excitons coupled to light, is

taken into account. The linewidths due to the exciton-LO-phonon interaction are evaluated for a
series of II-VI and III-V compound semiconductors, and are shown to account for the existing ex-
perimental results for temperatures ~ 80 K. The contributions to the linewidth due to the interac-
tion of excitons with acoustic phonons via both the deformation potential and the piezoelectric cou-

plings are treated, and it is found that the deformation-potential coupling dominates for all of the
materials considered. Because of the small velocity of sound, scattering to only intraband inter-
mediate states, i.e., those in which the internal exciton quantum numbers do not change, is found to
contribute to the linewidth. In the case of acoustic phonons, it is found to be important to treat op-
tical absorption as originating from polariton states in order to evaluate properly the magnitude of
this contribution to the linewidth. The acoustic-phonon contribution to the linewidths is compared
with experiment for temperatures 80 K, for which it dominates the temperature dependence.

I. INTRODUCTION

Excitonic features dominate the emission and absorp-
tion of clean direct-band-gap semiconductors near the
band gap. These features arise from phonon-assisted pro-
cesses, and include the phonon-assisted exciton-
absorption edge and the finite widths of exciton lines.
Thus the absorption of light by the interacting exciton-
phonon system is a basic problem concerning the optical
properties of solids, and the temperature dependences of
these features provide important information about the
dynamics of this interacting system. '

Over the years substantial experimental and theoretical
work has been done to establish our understanding of the
absorption process itself. Considerably less work, howev-
er, has been done to data on the related problem of the
exciton linewidth due to interactions with phonons which
determine the shape of the exciton-absorption and -emis-
sion lines.

Experimental studies of exciton linewidths in several
II-VI materials have been made in reflectance spectrosco-
py, and CdS (Ref. 5) and GaAs (Ref. 6) have been stud-

ied using absorption measurements. Recently, an impor-
tant development in this area has been the emergence of
experimental results for exciton linewidths in semicon-
ductor quantum wells grown by molecular-beam epitaxy,
especially the GaAs/Ga, „Al„As system. Experimental
results for exciton linewidths in these systems have re-
cently been reported using absorption, reflection, and
luminescence techniques. Excitonic features in these
systems with confined geometries are of interest for possi-
ble device applications.

In this paper a formalism describing the exciton
linewidths due to interactions with phonons is presented,
and detailed results are given for a series of bulk systems
of particular interest using the best available band
masses. The interactions between the excitons and LO
phonons via the Frohlich interaction and with acoustic
phonons via both the deformation-potential and
piezoelectric interactions are included. A preliminary
version of work along these lines was presented earlier by
Segall. ' Our results for the temperature-dependent life-
times in semiconductor quantum-well systems have been
presented separately. "
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The basic formalism for phonon-assisted optical ab-
sorption and exciton lifetimes was developed by Toyo-
zawa' and by Segall and Mahan, and it was applied to
describe absorption and emission in a number of materi-
als by Segall. ' These authors' discussed light absorp-
tion by an exciton in the context of linear-response
theory. The absorption then is given by the imaginary
part of the exciton Green*s function, and for weak
exciton-phonon interaction it has a Lorentzian shape
with a half-width given by the imaginary part of the exci-
ton self-energy evaluated at the exciton resonance fre-
quency. Apart from an asymmetry factor, the absorp-
tion W(co) is given by

coW(co) =n
(co —co ) +I (k, cu)

D~ ( k, co ) =4~c /[ co'e( k, co )
—c k ], (1.2)

and obtained the dielectric function e(k, co) by assuming
a linear relation between the total vector potential in the
medium and the applied current; c is the speed of light.
In studying absorption, one seeks solutions at a given fre-
quency co, and then the absorption is given by the imagi-
nary part of the corresponding wave vector. Solutions
for the transverse modes of the system are given by the
zeros of the denominator in Eq. (1.2). Here the dielectric
function e(k, co) is expressed in terms of the self-energy of
the polariton rather than that of the exciton.

Tait's' formulation provides the basis of our treatment
of the line shape of the absorption near the excitonic res-
onance. His work justifies the criteria of Osaka et al. '

where JM is the optical matrix element. For energies near
the exciton resonance coa, the width I (k, co) is evaluated
at the exciton energy co0 and at exciton wave vector k -0,
which gives a Lorentzian absorption line.

Hopfield, however, pointed out that the interaction of
light with excitons does not by itself result in light ab-
sorption, because for each wave vector k and exciton
internal quantum number k. the system is diagonalized by
the polariton states in which energy oscillates between
the photon and the exciton states. Then, true absorption
requires that the polariton be coupled to a continuum of
the final states such as that given by phonon scattering of
the exciton.

This question was studied further by Osaka, Imai, and
Takeuti, ' who gave a qualitative criterion for the validity
of treating the exciton-photon interaction as a time-
dependent perturbation. They argued that if EL&rifi & 1,
then results like those in Eq. (1.1) based on photon-
exciton perturbation theory are appropriate. Here, EL&
is the longitudinal-transverse exciton splitting, which
measures the strength of the coupling between the pho-
ton and exciton, and ~ is the polariton lifetime. On the
other hand, if EL&~/A &&1, the polariton is a well-defined
mode, and its damping is given in terms of I in Eq. (1.1),
with the exciton dispersion replaced by that of the polari-
ton.

A systematic study of the interacting photon —exciton-
phonon system was given by Tait. ' He calculated the
photon Green's function D~ (k, co ) in the form

We have found that for the materials of interest in the
present work, the condition EL~/I & 1, where I is the
total exciton linewidth, is generally satisfied. Then, the
exciton line near the resonance is Lorentzian, with a
half-width given by the polariton self-energy. We shall
show that in the case of LO-phonon interaction, the re-
sulting exciton linewidth is changed from that which
would be obtained from a perturbation treatment of the
photon-exciton interaction mainly through changes in
the relevant interaction matrix elements. In the case of
acoustic-phonon coupling, there are additional changes
in the results arising from the difference between the po-
lariton dispersion and that of the exciton.

In general, the temperature dependence of the width of
the lowest-lying 1S exciton in semiconductors has the
form'

I ( T) = I +sr T+yNLo(T) . (1.3)

The second term on the right-hand side of this equation
arises from exciton interactions with acoustic phonons.
The last term arises from interactions with LO phonons
and is proportional to the Bose function N„o( T) for LO-
phonon occupation. The constant term in Eq. (1.3) arises
from scattering due to impurities and imperfections, and
will not be considered here.

In the present work the interactions of excitons with
LO phonons are described by the Frohlich interaction.
The processes involving the LO-phonon interaction are
shown on the right-hand side of Fig. 1, where it is seen
that the phonon can scatter the exciton to the same
bound state (intraband contribution), to higher-lying
bound states, and to continuum states. In the present
work we obtain a closed-form expression for the contri-
bution of the LO phonons to the linewidth by separating
the Coulomb problem for the relative electron-hole
motion in parabolic coordinates. We find that the contri-
butions from both the bound and continuum states are
important, and that it is important to treat the continu-
um states as Coulomb-scattering states rather than
plane-wave states. In calculating the contribution to the
exciton linewidth from acoustic phonons, both
deformation-potential and piezoelectric interactions have
been included. The processes involving acoustic phonons
are shown on the left-hand side of Fig. 1, where it is seen
that only intraband scattering contributes because of the
small velocity of sound. We find that the contribution to
the exciton linewidth from deformation-potential interac-
tion is considerably greater than that from the piezoelec-
tric interaction.

The contribution to the exciton linewidth arising from
the interaction with LO phonons has been evaluated for a
series of II-VI and III-V bulk semiconductors including
CdS, CdSe, Agar, ZnSe, Zn Te, GaAS, GaSb, InP, and
InAs, for which experimental data are available. It is
found that the continuum states contribute significantly
in all cases. For example, for GaAs this contribution is
about 80% of the total. The contribution to the
linewidth from the interaction with acoustic phonons has
also been evaluated for a series of materials of interest.

The accuracy with which the values of the effective
masses are known varies from material to material. In
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appear in the results for the linewidth contribution due to
LO-phonon coupling are given in the Appendix.

II. EXCITON LINEWIDTHS
DUE TO INTERACTIONS WITH PHONONS

/
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The electron-hole excitations of these systems will be
described in terms of excitons. The interaction of exci-
tons with photons and phonons arises from the interac-
tions of the electrons and holes with these excitations. It
can be shown that, in a system where conduction-band
electrons and valence-band holes are created and annihi-
lated in pairs, one can rewrite the electron-phonon Ham-
iltonian in terms of phonon (a, a ) and exciton (B,B)
operators"

FIG. 1. Schematic illustration of the processes contributing
to the phonon-induced lifetime of the lowest-lying exciton state.
The solid lines indicate exciton-bound states, the hatched area
indicates continuum states, and the dashed lines show the polar-
itons. Processes involving LO phonons are shown on the right-
hand side of the figure, and processes involving acoustic pho-
nons are shown on the left.

H..=Q E~,B~.qBi.,
A. ,q

Hph P Stcam)qa qa q
q

H,„zh= g V (q)B&i,+ B&&(a&+a z) .
A, , A, ', k, q

At low density the excitons can be treated as bosons, '

(2.1)

(2.2)

(2.3)

(2.4)

addition, we use the spherical approximation for the
masses of the holes and electrons, thus neglecting the
possible effects of nonparabolic bands and coupled
valence bands. We take care to extract from the mea-
sured polaron masses the values of the bare masses to be
used in the calculations. In the present work we have
tested the sensitivity of the results to the imperfect
knowledge of the band masses, and we find that the re-
sulting variations in the linewidths are not especially
large.

Toyozawa' has pointed out that if the exciton band-
width is sufficiently small, the exciton-phonon interaction
sufficiently large, or the temperature sufficiently high, the
exciton line shape will be Gaussian rather than Lorentzi-
an as a result of higher-order processes in perturbation
theory. We find here that, for the materials and ternpera-
tures of interest, the conditions are such that Lorentzian
line shapes result.

This paper is organized as follows. In Sec. II the basic
formalism for the linewidth contributions from exciton-
phonon interactions is given. In Sec. III the results for
linewidths arising from LO-phonon interactions are
presented. The effects on the linewidth due to coupling
of the exciton and photon into a polariton are discussed
in Sec. IV, and the modifications in the LO-phonon con-
tributions to the linewidths are given. Comparison with
experimental results for the linewidths due to LO-phonon
interactions is also given in there. In Sec. V results for
linewidths due to acoustic-phonon interactions are dis-
cussed, and the results are compared with experiment.
The validity of the weak-coupling approach and of the
Lorentzian line shape for the exciton absorption is com-
mented upon in Sec. VI. Two lengthy expressions which

u'=u"=[27re Aco (E' ' e')V —']' q (2.6)

where coLo is the LO-phonon frequency, V is a volume of
the system, and e„,eo are the high- and low-frequency
values of the dielectric function.

For the deformation-potential interaction with acous-
tic phonons, '

u'" =q' "(A/2pv V )'"D„, (2.7)

where v is speed of sound, D, (i =e, h) are the deforma-
tion constants, and the isotropy of the elastic properties
of the system has been assumed.

For the piezoelectric interaction' with acoustic pho-
nons,

u~=uz=geq&e, , g;(cr, q)q, [q eo(q)] '[iri/2pco (q)]'

(2.8)

where e&; is the piezoelectric tensor, g, (o,q) is a Carte-
sian component of the unit polarization vector, co (q) is

Here, E& is the exciton energy for a state with internal
quantum number(s) X and center-of-mass wave vector q,
and irido(q) is the energy of a phonon of wave vector q.
We can write the matrix element for exciton-phonon in-
teractions as

V (q)= J d r P&(r)P&(r)[uqexp( iq rm, /—M)

—u &exp( iq rmi, /M ) ] . (2.5)

Here the effective-mass approximation has been used
with electron and hole masses m, and m&. M =m, +mz
is the total mass.

For the Frohlich interaction with LO phonons,
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I » =I ",~ +I,~+I,~,
where, for each type of interaction, '

r„=~~fd'q(2~) 'N(q)II',
, »(q)l'

(2.9)

the acoustic-phonon frequency, and 0. indicates the three
phonon polarizations.

If the exciton self-energy is evaluated to the lowest or-
der' in perturbation theory, these interactions contrib-
ute additively to the half-width of the Lorentzian absorp-
tion line for the lowest-lying 1S exciton state, which can
be written

P(r) is an eigenfunction of the Coulomb problem given by

$2 e2
Adr)=E~O~(r) .

2p EoT
(3.6)

Here, p '=m, '+m& ' is the optical mass of the exci-
ton, and eo is the static dielectric constant. The zero of
energy is chosen to be at the bottom of the conduction
band, so that —E& is the exciton binding energy.

As in Eq. (1.3), we define a temperature-independent
linewidth parameter y»,

X5(Eis Ei(q)+~~(q)) . (2.10)
I =y N (T) . (3.7)

Here the linewidth has been evaluated at the energy E,~,
and

N(q) =[exp(iiicv(q)/ks T) 1]—
is the Bose function for phonons.

The goal of the present work is to evaluate Eq. (2.10)
for each type of interaction, taking into account all ener-
getically available states k.

III. LINEWIDTH CONTRIBUTION
DUE TO EXCITON- LO-PHONON INTERACTION

In the effective-mass approximation the exciton energy
is given by

The matrix element v, s z in (3.2) for the scattering to
final states in the continuum should be evaluated using
the exact Coulomb wave functions. For the Frohlich in-
teraction, we find that it is useful to use the fact that the
Schrodinger equation for the r ' potential can be
separated in parabolic coordinates. ' ' Thus we choose
the functions P(r) to be the eigenfunctions of L, and A„
where L and A are the angular momentum and the
Pauli-Lenz operators. ' We find that the use of parabolic
coordinates greatly simplifies the calculations for the con-
tributions from the continuum part of the spectrum. Par-
abolic coordinates (, il, and a are defined by

x =(g7))'~ cosa, y =(gri)' sina, z= —,'(g —ri),
(3.8)

0~ (,ri( ~, 0 (a (2', d r = ,'(g+ri)dgd—rida .

Ei(q)=E&+Pi q /2M, (3.1)

r'„'(E„)=(cM/x')y q, ,g Ives, g(q&, ~) I' . (3.2)

Here, q &
is given by

where the second term represents the energy of the
center-of-mass motion. By integrating over q in Eq.
(2.10), we obtain, for the LO-phonon contribution to the
exciton linewidth,

A. Discrete part of the spectrum

The bound-state energies of the exciton are given by'

E =—
n

e 1

2
eoaa 2n

(3.9)

where aii is an exciton Bohr radius, as =fi~evlpe, and n

is given by

fi q, /2M=A'cur, o+Eis E, (3.3) n =n, +n~+ lml+1, (3.10)

and

C=NLo(T)e ficoLo(«o
v, s z(q) = fd'r Pi*„(r)P,s(r)[exp(iq rmi, /M )

—exp( —i q. rm, /M ) ] .

(3.4)

where n, and n2 are non-negative integers, and m is the
orbital angular momentum projection quantum number.

The exciton eigenstates are given by'

=(eras )
' n f„(g/ann )f„(ri/aiin)e™a,

(3.11)

(3.5) where

1f„(x)=
l

n +l l!m
e " e ~ F (

—n, , lml+l, x),
n, t

(3.12)

and &F& is a confluent hypergeometric function. The Q, (i =e, h) are defined by

Q„=qmi, /M, Q, = —qm, /M .

It follows from (3.11) that v&s „„=0unless m =0, and so only the states with m =0 contribute to (3.2).
1 2

(3.13)
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After some lengthy manipulations, we obtain, for the contribution of the bound electron-hole states to the linewidth
of the 1Sexciton,

M
71S,dis ~~LQ

Pl o
(Ro/IEol)(e. ' —eo ') y ~.(qi)lsgnEO+n '&i/IEOII '", (3.14)

where Eo =AcoLQ —B„where B
&

is the binding energy of
the lowest-lying exciton state [8,=~E,s~ in Eq. (3.9)],
Ro=e"mo/2' An. (q, ) involves some lengthy expres-
sions, which are given in the Appendix. The upper limit
N of the summation in (3.14) depends on the material pa-
rameters and is given by

AcoLQ & B],
A'aiLo & B„N= [( I —iriaiLo/& i )

' '] (3.1&)

Here, [x] denotes integer part of x. For most semicon-
ductors that we consider here, Ace„Q & B, , and thus
N= ~. For large n, An ~ n, and we find that the sum

in Eq. (3.14) converges rapidly. In fact, the first few
terms give most of the contribution to this sum.

B. Continuum part of the spectrum

As seen in Fig. 1, transitions to the electron-hole con-
tinuum or scattering states contribute to the linewidth if
flcoLQ )8 ) This condition is satisfied for most of the ma-
terials of interest here. For the continuum states we
define an energy parameter k by

(3.16)

Once again, only the m =0 states give nonzero U&& &.
The m =0 eigenfunctions in parabolic coordinates are
given by

0kp (2ir) ' "Nkpexp[ ik(g+ ri)—l2] iFi ( —,
'

+i pi/as k, 1, ik() iFi( —,
'

+ipse/a&

k, 1, ikri) (3.17)

with I3, +p2=1. The subscript p on p indicates that the function depends on one of the /3; (i =1,2). Nkp is tile normali-
zation factor.

For these continuum states we normalize the functions on a 5 function, '

fd V gkpgq p =5(k —k')5(P —P') . (3.18)

This requires that lim(gg'f)& „be finite. From the asymptotic behavior of the hypergeometric functions, it follows
that I3, is real for —~ &P, & ~. In order to obtain Nkp, we integrate the functions in Eq. (3.17) over k and P in the
form

f dV f dk' f d13'Pkp(g, ri)fi, p(g, ri)=1, (3.19)

where b k and bP are arbitrary positive intervals. We observe that as b, k and AP go to zero, the contribution from any
finite volume vanishes. This allows us to use the asymptotic values of P(g, ri) for large g and ri to evaluate Eq. (3.18). In
this way we obtain the exact value of the Nk&,

Nkp=(2nas )

'(ask�

)' exp(~/2kap )~I ( ,'+i13, /k—ap )I ( ,'+iPz/kas ) ~—, (3.20)

where I is the gamma function.
After some lengthy manipulations, we find that, for A~LQ&8, , the contribution of the continuum states to the

linewidth parameter @is in Eq. (2.10) is given by

Xo

y, s „„,=128AaiLo(cole„—1)(M/p)' dx x(1+x )[1—exp( —2m. /x )] '(F„+Fbi, 2F,I, ) . —
0

(3.21)

I'„, F&h, and I',& involve somewhat lengthy expressions,
and are given in the Appendix. x o= (p/mo )

'
—,
' eo(EO /Ro )', and the integration over x

must be performed numerically. Here, mo is the vacuum
electron mass, and Ro is 13.6 eV.

Formulas (3.14) and (3.21) now can be used to evaluate
the contributions of exciton —LO-phonon interactions to
the linewidth. The parameters required for a number of
materials are given in Table I. Here, m,-* (i =e,h) are the ao=e (e eo )(mo/ZcoLoA' ) (3.22)

measured masses of the electron and hole, which are po-
laron masses. In the perturbative approach we have used
here for the electron-phonon interaction, the masses that
appear in the equations —strictly speaking —are bare
masses that we must extract from the measurements.
The polaron coupling constant for the LO-phonon in-
teraction is' ' '
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TABLE I. Parameters used in calculating the contribution of LO-phonon interactions to the
linewidth. m,*,mz* are the experimental electron and hole (polaron) masses, AcoLo is the LO-phonon en-

ergy, eo, e„are the experimental low- and high-frequency dielectric constants, B;" ' are the experimen-
tal values of the exciton binding energies, and ao are the polaron coupling constants defined in Eq.
(3.26). B 1 {E'o) is the exciton binding energy given by the simple hydrogenic formula
B1(eo)=p*e /2eoA', as discussed in the text. The materials parameters and the experimental values of
the exciton binding energies for all systems, except for InAs, are taken from Ref. 22. The parameters
for InAs are taken from S. M. Sze [Physics of Semiconductor Deuices (Wiley, New York, 1981)j and
from D. L. Stierwalt and R. F. Polter [in Optical Properties of III VCo-mpounds, edited by R. K. Wil-
lardson and A. C. Beer (Academic, New York, 1967), Vol. 3].

Cds
CdSe
AgBr
CdTe
ZnSe
Zn Te
GaAs
GaSb
InP
InAs

0.205
0.13
0.288
0.0963
0.18
0.16
0.0665
0.047
0.0803
0.023

m&

0.981
0.62
0.96
1.09
1.266
0.68
0.52
0.32
0.58
0.4

AQ) LO

(meV)

36.8
26. 1

17.3
21.2
30.5
25.5
36.8
29.8
42.8
30.5

&o

8.58
9.4

10.6
10.31
8.8
9.9

12.35
15.7
12.6
14.6

5.26
6.2
4.68
6.9
6.2
7.3

10.48
14.4
9.6

12.3

B1(&o)
(meV)

28.0
12.6
20
7.03

16.3
12.8
5.25
2.02
4.7

BexPt
1

(meV)

27
15
16
10
21
11
4.2
2.8
4.0

ao

1.41
1.25
3.35
1.21
0.99
0.83
0.278
0.118
0.442

where mo is the mass of the free electron. For spherical
bands in first-order perturbation theory, ' the polaron
mass is given by

m =m;(1 —a;l6) . (3.23)

Here the coupling constants a, (i =e, h ) are given by Eq.
(3.22), with the electron or hole mass substituted for mo.
For the coupled heavy- and light-hole (H, L) valence
bands of zinc-blende systems, the polaron mass is given
by a generalization of this form

the continuum states y, z „„,—vary from material to ma-
terial. In general, the contribution from the continuum
states is substantial; in the case of GaAs it is approxi-
mately 80% of the total. Thus it is necessary to treat this
contribution accurately. In the case of exciton linewidths
in semiconductor quantum wells, we have compared cal-
culations done by us, " using the full scattering states for
the continuum, with calculations done by others, in
which plane-wave states were used to represent the con-
tinuum. Such a comparison suggests that the plane-wave

mL, H ™L.,a '1
1/2

11 3 mL a
10'5 --..

' 1/2 ' —1

3 mHL

2

TABLE II. y[s, s is the intraband contribution to yls, the
parameter defined in Eq. {3.7) characterizing the total linewidth
due to exciton —LO-phonon interactions. yls d;, is the contribu-
tion of all discrete states, and is given by Eq. (3.14) in the text.
y, s „„,is the contribution from the continuum states, and is
given by Eq. (3.21).

(3.24)

The bare electron and hole masses are obtained by invert-
ing Eqs. (3.23) and (3.24) to lowest order in a, .

For simplicity in the present work, we use parabolic
electron and holes bands. In the case of coupled heavy-
and light-hole valence bands, we use the heavy-hole mass.
For ellipsoidal bands, ' we use the optically averaged
mass, which is given by

(3.25)

These are the mass parameters given in Table I.
Results for the contributions of the exciton —LO-

phonon interaction to the exciton linewidth calculated as
described above for a series of materials of interest are
given in Table II by the entries without asterisks. Here
one sees that the relative sizes of the contributions to
fLQ from intraband transitions y ",z,z, from transitions
to all of the bound states y1&d;„and from transitions to

CdS
Cds*
CdSe
CdSe*
AgBr
AgBr*
CdTe
CdTe
ZnSe
ZnSe*
ZnTe
ZnTe
GaAs
GaAs
InP
InP*
InAs
GaSb

LO
y 1S„1S

24. 1

28.9
12.9
15.2
6.84

15.3
17.8
22.5
20.0
24.2

8.58
9.32
3.30
3.44
6.74
6.29
1.79
0.454

LO
y[S,dts

34.8
43.7
16.5
18.9
26.42
15.3
19.6
24.0
26. 1

33.0
11.6
12.8
4.44
4.61
9.06
8.54
2.44
0.645

LO
y1S,cont

27.1

19.8
11.7
10.9
5.86
0
4.82
2.29
8.48
5.77

10.7
10.3
16.9
16.3
33.8
35.9
9.15
8.88

LO

61.9
63.6
18.3
29.9
32.3
15.3
24.5
26.3
34.7
38.8
22.5
23.2
21.4
21.0
42.8
44.5
11.6
9.5
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approximation for the continuum states may lead to
differences in the linewidth by a factor on the order of 2.

A comparison of the results obtained above with exper-
imental data is made at the end of the next section.

IV. POLARION EFFECT ON THE LINEWIDTH

In the preceding section we developed a formalism for
calculating, perturbatively, the exciton linewidth due to
the exciton-phonon interaction. We indicated in the In-
troduction that the resonant interaction between photons
and excitons, which gives rise to polaritons, modifies the
magnitude of the linewidth. Strictly speaking, in this
case one is calculating the linewidth of the exciton polari-
ton rather than that of the exciton. Various aspects of
excitonic polaritons and their coupling to phonons have
been discussed in the literature. ' ' Here we brieAy
discuss the effect on the linewidth of this resonant in-
teraction between light and excitons.

The exciton-photon Hamiltonian is diagonalized by a
unitary transformation ' that gives the exciton operator
8 as a linear combination of the polariton operators
y;k, g;k, where i =1,2, labels the lower and upper polari-
ton branches, respectively:

~k ul(k)f 1,k+u2(k)P2, k

+U1 ( —k)IP1 k+U2 ( k)lP2 —k ~ (4.1)

If E, ( k ) and W, ( k ) are the lowest-lying exciton and
polariton energies, respectively, measured from the top of
the valence band, then in the neighborhood of the
exciton-photon crossover,

and

I W(k) —E(k) l/[ W(k)+E(k)] «1, (4.2)

U;(k) «u, (k) .

Then, for co near Wi /iri, we can show that'

(4.3)

E1 m.P, /e0
iu, (k)

E, irp, /E0+ (E, —W, )
(4.4)

where p1 is the contribution to the polarizability froin the
1Sstate.

From Eqs. (2.3), (4.1), and (4.3), an approximate Ham-
iltonian can be written that describes the interaction of
the lower-branch polaritons with phonons for energies
given in (4.2):

H»„„—— g V«(q)u, '(k+q)u, g, „+,j',k(u, +u, ) .
A, , A, ', k, q

Then, applying perturbation theory to the polariton-phonon interaction, we obtain, for the polariton lifetime,

I'g'(k, E,s) =~I'lu I (k)l'g f d'q(2~) '&,
I v, ,s(q)l'lu', (k+q) I'~(E,s —W, (q)+1)i~„o) .

(4.5)

Here the polariton energy W(k) is determined by

A c k /W =EQ+4iip, /(I —W /E ), (4.7)

where E(k) is a transverse exciton energy that is given in
Eq. (3.1). The result for the polariton lifetime in Eq. (4.6)
replaces that for the exciton lifetime in Eq. (2.10), where
W(k) is a polariton energy, and E(k) is a (transverse) ex-
citon energy given by Eq. (3.1).

The linewidth is modified in two ways by the interac-
tion that gives rise to the polariton: (i) the matrix ele-
ments in Eq. (2.10) are modified by the factors of u in Eq.
(4.5), and (ii) the density of final states is changed by the
replacement of the exciton dispersion E(q) in Eq. (2.10)
with the polariton dispersion W(q) in Eq. (4.7). We find
that the first effect plays a role in the case of LO-phonon
coupling, and the second in the case of acoustic-phonon
interactions. These modifications in the exciton
linewidth are sometimes referred to as "polariton
effects. "

We now discuss the case of the exciton —LO-phonon in-
teraction. The solutions at a fixed frequency, which are
sometimes called "forced harmonic'* solutions, ' are re-
quired in treating absorption. These solutions are given
by setting the denominator of Eq. (1.2) equal to zero and

solving for k at a fixed co= W/fi. These solutions will be
near the resonance, which is given by W, =Ei(k=0),
where E is measured from the top of the valence band.
On the other hand, there are also solutions at a specified
k, which are sometimes called "quasiparticle" solutions. '

The resonance for these solutions is at the wave vector
k„, at which the exciton and photon energies crossover,
and is given by

Pick„/Qea =E, ( k„) . (4.8)

For k near k„, we obtain, from (4.7),

[E2+EE (E2E2 +2E3E )1/2]1/2 (4 9)

In general, E))ELT, the longitudinal-transverse exciton
splitting (see Table III), and then (4.9) reduces to

I W El =(EELT/2)' '— (4.10)

We now consider the effects of the factor u(k). This
factor is given by Eq. (4.4), and P, is related to ELr by the
expression 2m'Pi /@0 =ELr /E 1. When

~
W E~—

—O(ELr), u =1. On the other hand, when k is close to
k„, W-O(0. 5(Ei TE))'/, and u =0.5. In Eq. (4.6) the
factor u,' (k) = 1 because k is determined by
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TABLE III. E, is the exciton energy measured from the top of the valence band, and ELT is the
longitudinal-transverse exciton splitting. y",z is the total linewidth parameter from LO-phonon interac-
tions defined in Eq. (3.7). y/z is the value of the linewidth parameter including the effects of the reso-
nant interaction between light and excitons to form polaritons as described in the text. y;P" are the ex-
perimental values of the linewidth parameters. The values of the parameters E& and ELT are taken
from Ref. 23.

Cds
CdTe
ZnSe
ZeTe
GaAs
InP

'Reference 5.
Reference 4.

'Reference 6.

(meV)

2553
1595
2802
2380
1515
1418

ELT
(meV)

1.9
0.4
1.45
0.8
0.08
0.14

HALO

(meV)

61.9
24.5
34.7
22.5
21.4
42.8

(meV)

59.6
19.8
29.2
19.9
17.7
35.9

)xexg~

(meV)

41'
17+7
30+7
16+7

7c

k =k(E, /fi). The factor in Eq. (4.5) involving u(k+q),
however, is more complicated. If q=k, then, for those
directions in q space where ~k+q~ &k„, u(k+q) can be
significantly less then 1. In general, q depends on A,

through the 5 function in Eq. (4.6), and the angular inter-
gration goes over all directions Thus, in principle, one
should perform this angular integration first and then do
the sum over k.

In the present work we use a simple approximation for
the factor involving u(k+q) in Eq. (4.5). We exclude
from the integral for the continuum states, which occurs
in the generalization of Eq. (3.21), an interval where the
integrand is significantly reduced by the angular integra-
tion. The criterion for this choice is somewhat arbitrary
and is given by excluding the region az q
& (aii k„+ai'ik, ), where k„ is given by (4.8), which gives

aiik„=(e /iric)E, /2+epII, , (4.1 1)

and k, is given by the polariton dispersion relation
k, =k&(E, /fi). We restrict the integration for the contri-
bution of the continuum states to x & [xp—(p/M)(aaq& )], where q& =k„+k„and xp is defined in

Eq. (A32) in the Appendix.

Discussion

Values of the longitudinal-transverse exciton splitting
are given in the second column of Table III for a number
of materials of interest. Results for the exciton-polariton
linewidths obtained from Eq. (4.6) using the treatment of
the polariton factors above are given by y'&&"' in Table
III. For comparison, the y&& are the exciton linewidths
from Eq. (2.10) without the polariton corrections (as
given in the last column of Table II). The polariton
corrections result in modest decreases in the magnitudes
of the linewidths. For most of these materials, the polari-
ton correction makes only modest changes in the
linewidths, and thus, for them, a better estimate of the
angular integration in Eq. (4.6) is not necessary. In the
cases of GaAs and InP, the corrections are larger, and

better estimates of the angular integration might be use-
ful.

The available experimental results for the LO-phonon
contribution to the linewidth are given by y&sP' in Table
III. These results were obtained by fitting the data to a
form such as that in Eq. (1.3). Experimental uncertain-
ties are fairly large and are listed for CdTe, ZnSe, and
ZnTe. In these cases the theoretical results are in agree-
ment with experiment within the experimental uncertain-
ties. No experimental uncertainty is given for CdS. The
poorest agreement with experiment is for GaAs, which
we will discuss below. It should be noted that in all cases
the modifications introduced by the polariton factors
reduce the calculated linewidths and bring them into
better agreement with the experimental results.

We now discuss some factor involved in comparing the
present theoretical results with experiment. Our treat-
ment has been carried out systematically in perturbation
theory in the exciton-phonon interaction. Thus it is
proper to use the bare masses in the lifetime calculation,
as discussed above. This is appropriate for systems in
which the phonon energy AcoL~ is smaller than the exci-
ton binding energy. If Aco~o is larger than the exciton
binding energy, there may be higher-order corrections to
the exciton lifetime due to polaron self-energy effects. As
seen in Table I, fico„o is often comparable to the exciton
binding energy. In order to estimate the upper bound to
the magnitude of such higher-order effects, we have also
calculated the linewidths using the polaron masses, which
are indicated by asterisks appended to the material's
designation in Table I. The differences between the cal-
culations using bare masses and polaron masses vary
from a few percent in a case like GaAs, for which the
coupling constant o.o is small, to a factor of 2 in the
unusual case of AgBr, for which ao is very large.

In the present treatment the exciton mass and dielec-
tric constants enter as parameters, and the exciton bind-
ing energy is given implicitly in terms of these parameters
by the simple hydrogenic formula 8, =pe /2E'pi6

=(p/mp)Rp/ep where Rp = 13.6 eV, and

p ' =m, '+ mz '. Because the exciton mass and binding
energy enter the theory in this way, it is not consistent to
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use experimental values for the exciton binding energies,
but, instead, the binding energies given by the hydrogenic
formula should be used. In Table I we compare theoreti-
cal results for the exciton binding energy, denoted 8, (eo),
with experimental values. Here we have used the polaron
masses in the evaluation of B,(eo) T.he experimental and
theoretical values of the binding energy are in reasonably
good agreement. The differences between the two arise
from effects like central-cell corrections, which are out-
side of the scope of the present work.

For simplicity in the present work we have used a sin-
gle parabolic band for each the electrons and the holes.
For cases like GaAs, which have coupled heavy- and
light-hole bands at the zone center, it is not possible to
choose a single hole mass to represent properly both the
center-of-mass motion of the exciton and the relative
motion, which enters the exciton binding energy. The
dynamic processes studied here involve scattering of the
center of mass of the exciton by LO phonons. Kane has
shown that for the coupled hole bands in GaAs, for the
energies of interest here, the appropriate mass for the
lowest-lying exciton band is that for the heavy hole,
which we have used here. As seen in Table I, the heavy-
hole mass (0.52mu) gives an exciton binding energy
somewhat larger than that seen experimentally. The "op-
tical mass" of the hole band, (phh'+p~h') ', gives an ex-
citon binding energy in better agreement with experi-
ment. We have checked the sensitivity of our results for
the linewidth to our choice for the hole mass for GaAs,
and we find for GaAs that by decreasing the hole mass by
a factor of 2 the linewidth is increased by 50%. We feel
that in the case of GaAs a better treatment of the coupled
valence band is probably necessary to obtain a quantita-
tive understanding of LO-phonon contributions to the
linewidth.

V. LINE%'IDTH CONTRIBUTION
DUE TO EXCITON-ACOUSTIC-PHONON

INTERACTION

In the beginning of this section we will consider the
propagating modes to be excitons, and calculate the
linewidths due to deformation potential' and piezoelec-
tric' interactions. The linewidth due to exciton-
acoustic-phonon interactions will be written in terms of
these two contributions as I "=I ' + I ""'. Later in the
section we will consider the modifications in these results

arising from the fact that the initial state is a polariton.
For the 1S ground state of the exciton with momentum
k=o, energy conservation for one-phonon absorption
gives

AqE + —E —AUq =0,
2M 1s (5.1)

where U is the angularly averaged sound velocity. Real
solutions to Eq. (5.1) require Ez E,s &—Mu /2. For typ-
ical values of the parameters for materials of interest (see
Table IV), this condition is satisfied only for 3,=1S, i.e.,
for intraband contributions, as indicated in Fig. 1. In ad-
dition, for T & 10 K the Bose factor for the acoustic pho-
nons can be expanded to give N~ =ks T Ifiuq.

We first consider the deformation-potential interaction
with longitudinal-acoustic phonons. Substitution of Eqs.
(2.7) and (5.1) into Eq. (2.10) for A, = 1Sgives

X[D (1+a P ) D(1+a —P ) ]

(5.2)

where P, =m, U/A, p is the density, and a is the exciton
Bohr radius. Typically, P, a «1, and thus Eq. (5.2) be-
comes

1 ' lk T=(M lnuA p)(D, D„)— (5.3)

The values of the required parameters for materials of in-
terest are listed in Table IV. We write

(5.4)

and give the values of cr ', obtained from Eq. (5.3), in
Table IV.

For materials which lack inversion symmetry,
piezoelectric interaction of electrons and holes with
acoustic phonons (both LA and TA) must be taken into
account. This interaction is known to provide an impor-
tant scattering mechanism in semiconductors with wurt-
zite and zinc-blende structures. We rewrite Eq. (2.8)
in terms of the piezoelectric constants, which are listed
in Table V: For cubic structure systems,

uq=(2ee, 4/epq )[AI2pcu (q)] (q„q g, +q q, P+q„q, P~),
and for wurtzite structure systems,

u =[e/q e(q)][A'/2pcu (q)][e»(q, +q )P+e33q~P+(e, 5+e» )q, (q„P+q P~)],
where

(5.5)

(5.6)

e(q)=e»sin 8+e»cos 8, (5.7)

8 is the azimuthal angle, and g is the polarization unit vector of the phonon.
After summing over polarizations and using a space-averaged eo in place of (5.7), we obtain, for the contribution to

the linewidth due to the piezoelectric interaction, the following: For cubic structure systems,
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I "'/k& T = (e i4/70tt)(e2/peon)(3/u LA + 8/u TiA ) 3 ~,

and for wurtzite structure systems,

I i'"'/ks T=(1/120ir)(e /pe&iiri)[(1/uL~ )[—'„(e3i+3e33/4+2ei& ) +7e33/4]

+(2/uT~)[(e» —e» —e»/3) +56e»/9]] 3

(5.8)

(5.9)

where

A =(1+a* P )
' —(1+a' P ) (5.10)

%e find that the contribution to the linewidth due to the
piezoelectric interaction is negligible compared to that
from the deformation-potential interaction. The small
magnitude of the contribution from the piezoelectric in-
teraction arises from the fact that the electron and hole
contributions to A in Eq. (5.10) nearly cancel. A similar
situation arises in calculations for resonant Brillouin
scattering, where the same factor A makes the ratio of
TA- to LA-phonon-scattering efficiencies small. The
authors of Ref. 23 suggested that the cancellation in
(5.10) is due primarily to the effective-mass approxima-
tion, and that a better calculation of the exciton envelope
wave function could increase the factor A in (5.8) and
(5.9) by up to 1 order of magnitude. Even if this were the
case, however, we would find that the contribution of the
piezoelectric interaction to the linewidth would be far
smaller than from the deformation-potential interaction.

%e now consider the effects on the linewidth due to the
fact that the initial state of the system is a polariton rath-
er than an exciton. The initial state of the polariton is
given by a specified frequency co, which is taken to corre-
spond to the maximum of the absorption curve. Then the
wave vector for the dispersion k(co) is obtained by setting
the denominator of Eq. (1.2) equal to zero and solving for
k. For exciton interactions with acoustic phonons, both
phonon absorption and emission can contribute to the
linewidth. Because the sound velocity is small, the
exciton-acoustic-phonon collision is almost elastic, and
after angular integration in k space, one obtains, '

I 't/k T=(Mk/irpA u )(D, D„)— (5.11)

The resonance condition is defined by ~
W E~—

(O(ELT ), so that k ) k„, which is defined in Eq. (4.8). If
the polariton dispersion k(co) is sufficiently flat in the res-
onance region, then I ' given in Eq. (5.11) for the polari-

TABLE IV. D, —Dz are the experimental values for the difference between the deformation-
potential coupling constants for electrons and holes, ULA are measured velocities of the LA phonons,
and p is the mass density. o. ' is de6ned in Eq. (5.4) and gives the contribution to the linewidth parame-
ter from interaction with acoustic phonons. o'f",crf" are defined in Eq. (5.12) and give the contribution
to the linewidth parameter including the effects of the resonant interaction between light and excitons,
and are evaluated at coT and coL, respectively. I, is the critical value of the damping parameter ob-
tained from Eq. (5.13}.

D, —D,
(eV)

~ol &~ol r,
( 10' cm/s) (g/cm ) ( 10 me V/K) ( 10 meV/K) ( 10 meV/K) (meV)

CdTe
Zn Te
ZnSe
GaAs
InP
Cds
CdSe

—4.5'
—5.88'
—6.74
—9.77
—6.35'

2.2h

—2.17'

3.2
4.0
4.2
4.8
4.6
4.2
3.7

6.20'
5.51'
5.65'
5 3'
4.78'
4.82
5.81

0.72
0.55
1.96
0.64
0.40
0.18
0.06

1.46
1.38
3.1

0.95
0.64
0.35

3.53
2.41
6.90
1.12
0.86
0.83

0.3
0.92
1.0
0.24
0.29
1.3
0.60

'D. G. Thomas, J. Appl. Phys. Suppl. 32, 2298 (1961).
J. D. Wiley, Solid State Commun. 8, 1865 (1970};B. Weber, M. Cardona, C. K. Kim, and S. Rodri-

guez, Phys. Rev. B 12, 5729 (1975).
'H. Muller, R. Trommer, and M. Cardona, Phys. Rev. B 21, 4879 (1980).
M. Cardona and N. E. Christensen, Phys. Rev. B 35, 6182 (1987).

'M. Neuberger, III VSemiconductor C-ompounds, Vol. II of The Handbook ofElectronic Materials (Ple-
num, New York, 1971).
A. J. Moses, The Practicing Scientist Handbook (Van Nostrand/Reinhold, New York, 1978).
'Obtained from the elastic constants given in footnote f above.
"J.E. Rowe, M. Cardona, and F. H. Pollak, in II-VI Semiconducting Compounds, edited by D. G. Tho-
mas (Benjamin, New York, 1967), p. 112.
M. Grynberg, in Proceedings of the?th International Conference on the Physics of Semiconductors, edit-
ed by M. Hulin (Dunod, Paris, 1965).
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ton can be substantially larger than that for the exciton,
which is given by Eq. (5.3). In fact, the ratio between
them is equal to kA/Mv.

Here we treat the lifetimes using a two-branch polari-
ton model in which the dispersion k(r0) is obtained
from Eq. (4.7). The polariton dispersion relations for
ZnTe and GaAs are shown in Figs. 2(a) and 2(b), respec-
tively. We now note that scattering from the 1S exciton-
polariton state to polariton states formed from the excit-
ed states of the exciton can take place. The density of
final states for such transitions is very small, and we in-
clude only intraband scattering.

It has been argued that the maximum in the absorp-
tion curve is shifted from the transverse exciton frequen-
cy mz toward the longitudinal exciton frequency
mL =cur+EL~/fi. Thus we have evaluated the linewidth
at both ~~ and mL, and we define

UJ

LLI

I 4-

0-

-5-

(a)

I ac( ) &~olZ I ac( )
—

&cooly (5.12)

The results obtained here for rr(" and trf" are given in

Table IV for a number of materials. There it is seen that
o f" and th)" are considerably greater than trd', and thus
in the case of acoustic-phonon interactions it is important
to include the effects of the resonant interaction between
the light and the exciton which forms the polariton in
treating the linewidth correctly.

The polariton dispersion used here was obtained
neglecting the effect of damping on the dispersion rela-
tion itself. It is known' ' that this effect can be neglect-
ed as long as the total damping, e.g., that in Eq. (1.3), is
smaller than the critical value I „which is given by

8-
W

I

IlJ

I

4
C)

I, /EL =(8E~e /EL~Me )' (5.13)

Values of I, also are given in Table IV. In many of
those systems for which experimental data are avail-
able, " the magnitudes of the low-temperature damping
is comparable to I „and at higher temperatures the mag-
nitudes can be larger than I,. Thus, a more complete
treatment of the polariton dispersion would include a
self-consistent treatment of the polariton damping in
determining their polariton dispersion. We believe that
such a treatment would not substantially affect our re-
sults, and we have not carried it out here. We might note
that when a two-branch polariton model is not adequate,
such as might be the case for the coupled valence bands
of zinc-blende systems, a more complicated model, such
as a three-branch model, could be used, or the experi-
mental polariton dispersion could be used.

We now consider the available experimental data for
the linewidths due to acoustic-phonon interactions. The
experimental results are obtained by fitting a form like
Eq. (1.3) to data for the temperature dependence of the
linewidths. The acoustic-phonon contribution dominates
the temperature-dependent part of the linewidth only for
temperatures & 100 K. The resulting estimates of the pa-
rameter o. for the acoustic-phonon contribution from ex-
periment are fairly crude. Segall' has noted that the es-
timate 0.—8.6 X 10 meV/K is consistent with the

0-

-4-
(b)

I

5
k/k„

FIG. 2. Polariton dispersions W(k) for two materials based
on the two-band model. Here, E& is the transverse exciton en-

ergy measured from the top of the valence band, and k„, which
is defined in Eq. (4.8), is the wave vector for which the exciton
and light dispersions cross. The solid curves are the lower and

upper polariton branches formed from the 1S exciton, and the
dashed curves are for polaritons formed from the first-excited
exciton states. (a) The case of ZnSe, for which the parameters
are E~=2.80 eV, EL~=1.45 meV, co=8.8, and M=1.44, (b)
The case of GaAs, for which the parameters are E+ =1.515 eV,
E„~=0.08 meV, co= 12.35, and M =0.587.
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TABLE V. Values of the components of the piezoelectric
tensor taken from experiment. Values in this table are taken
from G. Arlt and P. Quadflieg [Phys. Status Solidi 25, 323
(1968}]and from D. Berlincourt, H. Jaffe, and L. R. Shinozawa,
Phys. Rev. 129, 1009 (1963).

e14
(C/m )

CdTe
ZnTe
ZnSe
GaAs

0.031
0.0284
0.049
0.16

e15
(C/m )

e33

(C/m )

33 31

(C/m )

Cds
CdSe

—0.210
—0.138

0.44
0.35

0.731
0.507

temperature-dependent linewidth data of Marple for
ZnSe, CdTe, ZnSe, and ZnTe, and that the same value is
also consistent with the data of Gutsche and Voigt on
CdS. We have fitted the data for the temperature depen-
dence of the linewidth of the Alperovich et al. for GaAs
and obtain the estimate 0 —12 X 10 me V/K.
Schultheis et al. have given an estimate of 0.-8 X 10
meV/K for GaAs based on optical-dephasing experi-
ments. We are not in a position to estimate the uncer-
tainties in these experimental values. The theoretical re-
sults in Table IV are less than these experimental values.
We do not currently understand the origin of this
discrepancy. Some additional theoretical consideration
may be necessary.

VI. "WEAK COUPLING"
VERSUS "STRONG COUPLING"

IN THE EXCITON-PHONON INTERACTION

The theory of the absorption line shape given by Eq.
(1.1) is obtained by retaining only second-order terms in
the exciton self-energy. ' ' This approximation is ap-
propriate for weak exciton-phonon interaction or for a
wide exciton band. If one considers the case of strong in-
teraction or of a sufficiently narrow band, then, to the
lowest approximation, the exciton dispersion can be
neglected. Then, for energies away from the resonance,
one can resurn ' the perturbation series for the exciton
Green's function to obtain a Gaussian line shape for the
absorption, with the half-width D given by

f d g(2ir) (2N +1)iVi is~ . (6 1)

Here the exciton-phonon interaction matrix element
V&,s is given by Eq. (2.5), and N is a phonon occupation
number.

Toyozawa' derived a criterion to distinguish this
"strong-coupling" case from the "weak-coupling" case in
which lowest-order perturbation theory is appropriate.
He compared a correlation time given by r, =hI /D,
with a relaxation time given by L (wit }= 1, where L(r } is
the Fourier transform of the linewidth. He found that
the linewidth is Lorentzian if I /D &&1, and that it is
Gaussian if I /D » 1, where I is given by Eq. (2.10).

Here we estimate D]z, the value of D for the 1S state,
by the intraband contribution D,z,z, and we compare it
to the intraband contribution to the linewidth, I,z]z.
The result for LO-phonon coupling is

D Lo —(2N + 1 }1/2dLo

where

(d~iso, s)i=Cd[ —,', (h, +hh )
—

—,'h, hi (h, +hi', )/(h, hh) +—2(h, hh ) /(h, —
hi, )(h, +hh )] .

Here, h, =M/m;, and

C, =4Ro~rvLO p/Corno (E~ 60

(6.3)

(6.4)

(6.5)

For the systems in Table I, we find that I /D (0.3 up to room temperature. Thus the line shape should be Lorentzi-

an, and the treatment given here for the linewidth, based on perturbation theory for the exciton-phonon interaction, is

appropriate. For temperatures large compared to fico, the ratio goes as T', so, in principle, at high enough tempera-
tures, the line might become Gaussian.

For the interaction with acoustic phonons, we obtain, from the deformation-potential interaction,

D;z=[4fi/(ir aiipv)] f dx x [1+2[exp(2irivx/a~kiiT) —1] 'I[D, /(1+x h, ) D, /(1+x hh )—] .
0

For this interaction, we obtain I /D in the range 0.1 —0.3
up to room temperature, and thus this contribution to the
line shape is also Lorentzian.

VII. SUMMARY

We have presented a detailed treatment of the exciton
linewidth due to the interaction of the exciton with LO
phonons and with acoustic phonons. Complete summa-

tions over all intermediate states of the exciton, including
the exact scattering states of the continuum, have been
included. The effects of the resonant interaction between
photons and excitons to form polaritons have been taken
into account. Results for LO-phonon coupling for a
series of compound semiconductors are in generally good
agreement with available experimental data. Results for
acoustic-phonon coupling are smaller than current exper-
irnental estimates.
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APPENDIX

In this Appendix we give two lengthy expressions which occur in the evaluation of the LO-phonon contribution to
the exciton linewidth. The quantities b, „(q) ) that occur in the contribution of the discrete states in Eq. (3.14) are

)4I [r3 2(n —2)( g ~2+ g»2)+i3 2(n —2)( g ~2+ g»2)]

1)(2n 1)(r3 2(n —2)B2+i3r2(n —2)B2)+n(n 1)( t3r2(n —2)B g' +t3 2(n —2)B

(&, &h )—(r, rh )" [2a)D) +(D2a2+D2'a3)+ ,'B,Bha—4]I (A 1)

where q& is defined by Eq. (3.3), and the other parameters
in this expression are given by

( 1 1/n )2+a n2Q2
p

2

(1+lln) +a+ Qi

F„=(r„r2,) (m, lmh) y[(m, lmh) y +(1+x )/3],
(A18)

Fhh=(r, hr2h) (mhlm, ) y[(mh/m, ) y +(1+x )/3],

r2 [(1+1/n )2+a e2Q2] —)

3;=r;exp(iP; )+nr exp( iP; )
——(n —1)exp( iy, )—,

B, =2r, (sinP, —siny, ),

(A3)

(A4)

(A5)

Fh =(r) r2 r)hr2h ) yx[»n(d/x)/»nh(d)]

X cos(25) +d /x )exp( —52/x )

X [y +y r) ( m, /mh —mh /m, ) —2) —r2],

(A19)

(A20)
A,.'=Re A, , 3;"=Imd;, (A6)

a, =sin(un )/sinu,

a2=(n —1)a, ,

a3 = [a, ncos(un )—/cosu ]cotu,

a4 =[n (n —1—) ]a, + 2n cos( un )cotu /sinu

—sin(un)cot u/sinu —sin(un)/sin u,
u =a, —ah,
tana, =(2a&Q, /n )(1—1/n +as Q, )

tanp;=Q;a2)/(1+1/n), y;=a;+p;,
D )

= 3,' A~ + 3,"AI", ,

D )' = A,"A~ —A,'A~',

D2 = A~'8, + A,"BI, ,

D2 —AI, 8, —A, B~ .

(A7)

(AS)

(A9)

(A10)

(Al 1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

The quantities F„,Fhh, and F,„ that occur in Eq. (3.23)
for the contribution from the continuum states in the
case of LO-phonon interactions are given by

where

r „=1+(s;+x )

r2, =1+(s;—x )

d =ln(r
1 r2h r2 rib )

2
Q

2
Q

2

~1,2 ~ le +42e —( 4 1 h + 42h ) ~

r) =x cothd —cot(d/x),

r2=(x /sinhd ) —1/sin (d /x ),
s, =ym, /m&,

sh — pmh / ne

tang„=x+s;,

tan/2, =x —s, ,

xo=((M/mo) '~ eo(Eo/Ro))~2 .

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)
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