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We study the crossover between two- and three-dimensional behaviors of the Villain form of the
XY spin model on a three-dimensional lattice with anisotropic couplings J,=J,=J, J;=aJ
(0<a=1). The a dependence of various quantities is examined by means of duality transforma-
tions, Migdal renormalization group, and Monte Carlo simulations. For the specific heat, a cross-
over into the Kosterlitz-Thouless behavior takes place around a=0.2, which corresponds to
s ==0.015 in the cosine form of the XY model. Some implications for models of high-T, supercon-

ductivity are discussed.

I. INTRODUCTION

Various kinds of experiments on high-T, superconduc-
tors have exhibited that the relevant structure of these
materials are layers of two-dimensional Cu-O planes.
Holes (or electrons) at each site have short-range hopping
interactions within the plane. In addition, there are weak
but finite couplings between the layers. There are claims!
reporting that the superconducting phase transition is of
Kosterlitz-Thouless (KT) type,2 a characteristic phase
transition available in pure two dimensions. They are
based on the observations of the KT behaviors in electric
transport properties mainly in the temperature interval
(~0.2-3.0 K) between Ty (KT critical temperature)
and T, (Ginzburg-Landau mean-field critical tempera-
ture).! Some authors consider the possibility that flux
vortices in the conventional theory might engage in the
KT behaviors, while others speculate that yet unknown
novel objects might be invoked in explanations.! It
should be pointed out that all these experiments do not
rule out genuine three-dimensional (3D) critical behaviors
that might still appear in the very vicinity of the transi-
tion temperature T,.

Still, most theoretical approaches to high-7, phenome-
na work with models defined on the two-dimensional
(2D) lattice explicitly. To consider these as realistic mod-
els it would be necessary to evaluate the effects of the
weak interplane couplings mentioned above, since, as is
well known, the dimensionality of the system is crucial
for determining the universality class of its normal super
phase transition. Such an evaluation would be useful to
check the consistency not only of models themselves but
also of assumptions employed in theoretical and experi-
mental analyses.

In this paper we study the effect of such anisotropic
coupling (=a) in the context of the classical XY spin
model by using various methods available. We choose
the XY model, since it is the canonical representation
with local interactions exhibiting the KT transition in
two dimensions. Apart from its close relation to the
high-T,. phenomena, such a study is also of interest from
the view point of the statistical mechanics of topological
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excitations. In two dimensions (a=0) the system is
equivalent to an ensemble of pointlike vortices with loga-
rithmic interaction, while in three dimensions (a=1) it
can be described as an ensemble of vortex loops, with
parallel line elements interacting via the usual Coulomb
potential < 1/r. What is happening in the intermediate
region of a? To investigate this question we choose in
this paper the Villain form of the XY model,® instead of
the cosine form, since it is known that topological excita-
tions and spin waves are simply decoupled in the Villain
form.

In 2D the XY system exhibits a KT transition that is
characterized by its smoothness (being formally of infinite
order). There appear no long-range orders nor singulari-
ties in thermodynamic quantities for zero external fields.
The transition point Ty is located by an exponential
divergence of the correlation length £ and the susceptibil-
ity ¥ at B=1/T=0.73 (Ref. 4) [or, in the cosine model,
at fB.,,=1.114+0.003 (Ref. 5)]. More precisely, ap-
proaching Ty from high temperatures, the correlation
length £ and the susceptibility y exhibit the KT behavior?

be
ngz_", 172% . (1)

E~exp , be=1.7,

For low temperatures, T <Tgy, both £ and x stay
infinite. The specific heat C, on the other hand, develops
only a very smooth, finite peak located about 20% higher
in temperature than Tyq.°

In 3D the system exhibits a second-order transition at
B=0.33 (Refs. 7 and 8) [B.,,=0.4539 (Ref. 9)] where the
correlation length and the susceptibility diverge, and the
specific heat develops a cusplike singularity with a jump,
as in the A transition of liquid helium.!® The critical be-
havior can be described by power laws,

E~|T—T.|7% v=0.669+0.002 , (2a)
x=|T—T,|"", y=1.316+0.0025 , (2b)

where we have taken the critical exponents v and y from
the standard renormalization group calculation.!' Ap-
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plying the scaling relation a-=2—Dw, this implies for
the specific heat C of the 3D XY model a negative ex-
ponent a. (which should not be confused with our an-
isotropy parameter a),

C=|T—T,| “¢, ar=-0.007%0.006, (3)

showing that C remains finite at 7,. Note that due to
this property the maximum of C can, in principle, be dis-
placed from the location of the cusp. In the low-
tempelrlature phase, the magnetization m develops accord-
ing to

m=~|T—T,|%, B=0.3455+0.020 . @)

It is quite interesting to imagine how the two trajectories,
the maximum of C and the peak of y, vary as functions of
a from three dimensions to two dimensions. Are they
separated from the beginning (at three dimensions)? Or
do they move together until just the end at two dimen-
sions, and then jump discontinuously at two dimensions?
We will see below that the most natural case is the fol-
lowing: The cusp of C is always accompanied with the y
singularity. The power-law behavior of C near the cusp
at three-dimensions exists for all =0 and is converted
into the essential singularity as =~ exp[ —bc/V' T — Txr]
at two dimensions (a=0). Due to the finiteness of C, the
maximum of C can deviate more and more from the loca-
tion of the cusp, thus tracing its own trajectory with de-
creasing a and ending up with a 20% deviation at two di-
mensions.

The paper is organized as follows. In Sec. II, the Vil-
lain model and its topological representation are intro-
duced. In Sec. III, several theoretical analyses are col-
lected. In Sec. IV, the results of Monte Carlo (MC) simu-
lations are given. Section V is devoted to discussions.

II. MODEL AND VORTEX-LOOP REPRESENTATION

The partition function Z of the Villain form of the an-
isotropic XY model is given by

zZ=3 III f_ﬁﬂde(x)/Zﬂ

fn} | x

exp(—Sy),

SV=£23- S [(V,6—2mn,)>+(V,0—2mn, 2

+a(V,6—2mn,)?],

where x =(x,,x,,x;)EZ’ are the sites of a three-
dimensional cubic lattice, and i(=1,2,3) denote the
directions. The angles 6(x) parametrize O(2) spins
s(x)=(cosB(x), sinf(x)), the lattice gradients are
V,0(x)=06(x +i)—6(x), and the integer variables n; sit
on the links (x, x +i). The parameter 8 is the inverse
temperature times the exchange coupling constant
J=J,=J,, and a=J;/J measures the anisotropy of (1,2)
plane versus 3 direction. Note that the case a=1 repro-
duces the correct 3D expression, while the case a=0
gives rise to a set of independent layers, each of which is
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described by the 2D model.

Now we follow the standard method of duality trans-
formation.!? The periodic Gaussian factors in (5) have
the Gaussian Fourier components

> expl —3B(¢—2mn 2= > fr(b)explibe) ,
nez beEZ

-1.2 2 (6)
fy(b)=Q2mB) expl—b°/2B] .
The integration over 6 yields
Z=C 51,2; II Bvlb’,oexp[ —S(b)],
C= H (27TB)~3/2a~1/2 , 7

Sb)=0128) "' [bi+bi+a 'b2].

The constraints V;b,(x)=3,[b,(x)—b,(x —i)]=0 are
solved by introducing the integer-valued gauge field a;
through

bi=€; Va(x +i). (8)

Z now takes the form of a sum over q;, which is rewritten
by the Poisson summation formula,

S fla)=[7 d4a 3 f(A)exp(amidl) . ©

aE€Z 1€Z

Then, following the treatment of the 3D case,'? we have
Z=C [ [1d4, ({4} 3 [16s, qexp[—S(4,D],
x,i iy x
(10)

S(A4,D=02B8)""3[(V,4;—V34,)*+(V34,—V 4,

+a NV, 4,V 4 127 3 Al .

As can be seen from (8) and (9), 4;(x) is a gauge field,
and the functional ®({ 4 }) has been introduced to fix the
gauge invariance under A4,— A4;+V,;A(x). The integer
link variables I, describe conserved currents (V,L;=0)
coupled to A;. They can be interpreted as line elements
of vortex loops on the lattice. Actually one may establish
the relation

Li=e€jVin(x +i), an

at the level of stationary points. In the continuum termi-
nology, n; of (5) measure fdxia,-e, hence /; counts the
vorticity f d 6 around a plaquette in the (j,k) plane. By
integrating over A;, we arrive at the system of such vor-
tex elements,

Z=C3Y |1 BV,II,OCXP[ =Sy,

i

S(=4mBL 3 L(x)V,(x,x ) (x"), (12)

where the potential V,»j(x,x’) between two line elements
is a diagonal matrix with elements given by
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Vii(x,x")=diag(a,a, 1)V (x —x')

- d3k eik(x—x')
Vix—x")= (13)
o f— P [Ki+K}+aK3]’
K?Ez(l—cosk,) .

1

Z reduces to the correct expressions in the limits of
a=0,1, owing to the a dependence of V(x). In particu-
lar, at a=0 only the line elements /5 survive and interact,
within each plane, through a logarithmic potential (there
is no interplane interaction). Note that similar expres-
sions have been derived in Ref. 13 for a 2D system with
continuous imaginary time, describing its quantum statis-
tics.

For the later discussion it is useful to establish a rela-
tion with the cosine form of the XY model which is ob-
tained by replacing S in (5) by
S —Beos 2, [cos(V,0)+cos(V,0)+a,cos(V30)] .

X

cos —

(14)

The b-loop representation corresponding to (7) is then ob-
tained by replacing

(277.3)_3/2a_1/2_’10(ﬁcos )71 cosBcos ’
exp(—b%/2B)—I,(Boos) /10 Beos) » (15)
_b2/2aB)—"Ib(acosﬁcos)/lo(acosﬁcos) ’

where 1,(B_,) are modified Bessel functions. Following
an argument given in Ref. 8, we may equate the first non-
trivial Fourier components (b, ==*1) to obtain

exp(

I](Bcos)
—1/28)=1"
exp(—1/2f3) IyB)
I ( cos COS)
exp(—l/2aﬁ)=ll(z—£) . (16)

This defines a locus B=P(B,), @ = a4, B.0s) in the f-a
plane, say, along which the two XY model forms become
almost identical over a wide temperature range, including
the critical points.

III. THEORETICAL ANALYSIS

A. Renormalization-group and scaling argument

One of the main interests in the intermediate region,
O<a<1, is to calculate the a dependence of the critical
temperature T.(a). The shift T .(a)— Txr has been es-
timated in Ref. 14 for small o by using renormalization-
group (RG) and scaling arguments. For later discussion
it is useful to review it here. For small a and high tem-
peratures, the (XY) planes are essentially decoupled, and
£ and y behave as in a pure 2D system. As Tgp is ap-
proached from higher T’s, larger and larger clusters of
correlated spins will grow. These may be considered as
block spins with an effective interaction in the z direction
given by

JSF~as(|C|), (17
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where (|C|) is the average size (area) of clusters. The
crossover into 3D behavior takes place around JF~7,
ie.,

al|C|)=1. (18)

Hikami and Tsuneto'* then employed the relation
(IC|) =E*=Ejexp[2b: /V/'T — Txr] to derive the cross-
over temperature Ty(a),

4ph2
0f o1 (19)
[In(&3a)

P (na)?
where we have gathered all numerical constants in fo.
Assuming that T.(a)~=Tyx(a), this implies the desired es-
timate of T.(a).

Let us make a few comments on this estimate. Al-
though we agree with the final 1/(Ina)? law, one should
use the relation {(|C|)=ky/B (k is a constant) to esti-
mate {|C|), which is known to be valid for the stochasti-
cally defined clusters in the Ising model [with k=1 (Ref.
15)], and to be satisfied very well numerically for the 2D
XY model [with k~0.8 (Ref. 15)]. Since both &* and

X ==£27 7 exhibit an exponential behavior in the 2D XY
model this y1e1ds the same estimate (19), apart from the
replacements 4b} —b2 =(2—n)*b2and £3 ¥ 3.

For a model w1th a conventlonal critical point
governed by power-law singularities {~¢ ", y~t "7 (e.g.,
the Ising model), our estimate yields the power deviation

Ty(a)—T,(0)=a'7, (20)

Tx(a)—Txr=

in agreement with general scaling analyses.'® Using
(|C|) =~£?* as in Ref. 14, on the other hand, would have
resulted in a different power law ~a!/>'=q 1/(7/+’7"’ No-
tice that the XY-model behavior (19) can partly be
recovered from (20) by taking the “infinite order” limit
y — o, yielding a® and thus suggesting some logarithmic
behavior.

Let us also give a remark for the nonlinear O(3) o
(Heisenberg) model, which is considered to describe the
antiferromagnetic behaviors of high-temperature super-
conducting materials. It has the transition temperature

T.(0)=0, and &=~exp(b./T),x=~exp(b,/T)."” Using
these properties, a similar estimate gives rise to
1
T =~ —_— . 2
(a)=Tyla)x na| 2n

This is in accord with one-loop RG calculations'® (which
are simpler in this case, since 7,.(0)=0, so that a pertur-
bative calculation becomes applicable).

Let us finally discuss the precise meaning of a in
(17)-(19). Since the coupling J between spins referred to
in Eq. (17) is clearly the coefficient of s; s, in this subsec-
tion a should have been that in the cosine form, a . For
small a, the mapping (16) gives the relation

lIna | =~ (22)

R |~

This logarithmic mapping generates a dramatic conse-
quence, since upon inserting it into (19) we find for the
Villain model,
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In the Villain model we thus expect a smooth approach
Of Tc(a) to TKT ~ 1/0.73 as a—0.

B. Approximate self-duality

In Ref. 19 a method has been presented for estimating
the transition point 3, for a=1. It is based on the duali-
ty between the two loop-gas representations (7) and (12) if
the potential in (13) is approximated by its value at the
origin. A similar approximate self-duality (ASD) argu-
ment can be applied to our case to find 3, for each a. Ex-
plicitly it leads to the following relation:

$=27T2ﬁa v(0) 24)
with V' (0) being the a dependent potential in Eq. (13).
Note that the a dependences appear in such a way that
the single condition (24) is sufficient to realize ASD for all
three directions simultaneously. The curve of (24) is
drawn in Fig. 1.

C. Migdal renormalization group

Here we shall use Migdal’s recursion?® to examine the
RG trajectory of the system for general values of a to get
an overview of the crossover phenomena.

Let us consider the renormalization-group equation of
the model (5). We generalize the Migdal recursion equa-
tion?® to systems having anisotropic couplings. Hence
our parameter « is regarded as an effective (running) cou-
pling constant. If we introduce the lattice spacing vector

1.0 T T v (B)t
| |ASD
x o crit. point
0.8+ o C peak
ﬁn»c_ x RG
0.6¢
ﬁ .
0.4-
0.2t
A
0 (C) L L (7}
0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Phase diagram in the a-f plane. The continuous line
shows the critical points estimated by the approximate self-
duality (ASD). The symbols (O ) and (@) are the critical points
and specific-heat maxima determined from Monte Carlo (MC)
simulations with L =16. The symbols (X ) are the critical
points given by the Migdal renormalization group (RG). The
arrows illustrate typical flows of RG into the infrared region.
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a, the partition function can be written in the following
form:

Z= [ [I d6(x)F,(V,0)F,(V,0)G,(V6) . (25)

Here we have introduced effective local Boltzmann fac-
tors F for the (1,2) direction and G for the 3 direction.
Reflecting the O(2) symmetry of the system they are
periodic functions and can therefore be expanded into
Fourier series

F,(p)= 3 f.(b)explibp),
beZ
(26)

G, (p)= 3 g,(b)explibp) .
bez
To obtain recursion equations from the spacing a to Aa,
we consider the Ginzburg-Landau expansion with a com-
plex order-parameter field ¢(x), corresponding to our sys-
tem,
ZoL=

I1 [deé(x)dg*(x) |exp(—SgL) »

(27)

Sor= [ d*x[18,61*+ 8,6 +aldyp12+m2|g]2+gg/*] .
Note the a in front of |3;4/>. Upon rescaling,

xi=a "x; , (28)

this becomes «|d;0|>=103¢|%, and the action Sg;
simplifies to a symmetric one in terms of the (x,x,,x3)
coordinates. For such a symmetric system, Migdal recur-
sions are written down with all three scaling factors
A, Ay, A5 being set equal to A. This means that, for the
original (x,,x,,x;) coordinates, we should choose A; to
be

M=Aga)=1+ValA—1), (29)

as read from (28). Then the critical properties should be
unchanged. Explicitly the recursion equations from the
lattice vector a=(a,a,a;) to a,.,=(Aa,Aa,Aq4a;) turn
out to be

F, (@)=|3 [f.0)] explibp) |,
bEZ
X . (30
G, (@)= |3 [8.(b)] "explibg)
bEZ

From the original argument®® one can easily identify the

places at which A is replaced by A.;. The extension to
D-dimensional lattice with anisotropic couplings a, is
straightforward. Now let us define a couple of relevant
coupling constants. Actually we are interested in the re-
normalized (inverse) temperature 5(a) and the renormal-

ized anisotropy parameter a(a), which are defined as
F,(@)= exp[ —1B(a)p*+0(p")],
(31)
G,(@)= exp[ —1B(a)ala)p’*+O0(gp*)] .

The results of our numerical study of (30) are given in
Fig. 1. The line of critical points, (a.,B.), separates the
low- and high-T phases. There are then the following
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fixed points (see Fig. 1):

(case 4): a=1, B=0 (3D high T), (32a)
(case B): a=1, B=w(3Dlow T), (32b)
(case C): a=0, B=0(2D high T') . (32¢)

Some typical renormalization flows are also shown. We
observed that a remains zero when it was initially zero.
For a nonzero starting value of a (>0), it is always
driven into a=1. The recursions have been initialized
with the Villain action, and the scale parameter has been
chosen to be A=1.6 so that 8, at a=1 agrees with the
correct value (=~0.33).

It has been shown?! that the Migdal equation fails to
reproduce the KT transition at a=0. Instead, it predicts
only the high-temperature phases; hence B.,= o for
a=0.

D. Series expansions at high temperatures

The representation (7) is a convenient starting point for
a systematic high-temperature (character) expansion. As
B—0, large b loops are energetically suppressed by
powers of exp(—1/pB), so what one needs to do is to or-
ganize the sum over loop configurations according to the
growing total length of loops, /, as
2N N

! [1+Z,+Z,

V2B

1

Z= S S
V2mBa

++Z+ ]
(33)

The leading contribution Z, comes from the elementary
plaquettes with b, ==x1, which appear in 2X3 XN posi-
tions: The factor of 2 accounts for the sign of b;’s (direc-
tion of flows), and the factor of 3 counts the directions of
plaquettes. By taking the lattice anisotropy into account,
we readily find

Z,=NQW*+aw*w?),
(34)

1 =W1/a X

W= exp —EE;‘

1
— % , W= exp
In the next order of / =6, there are three different shapes
of loops: the “flat” (six links of successive directions hav-

ing, say, 1,1,2,—1,—1,—2); the “bend” (say,

1,2,—1,3,—2,—3); and the “twist” (say,

1,3,2,—1,—3,—2). We find that
Z=N[AWS+36W Wi +4Wwwi]. (35)

The enumeration of Zj is quite tedious, since there are al-
ready three two-dimensional and eight three-dimensional
shapes that are geometrically distinguishable, and one
disconnected graph. The result reads

Zy=N[4Ws+220WW2 + 108W*W: +aWW$
+NQWE+SWeW2 +8WWwi)] . (36)

It is easy to check that all disconnected configurations
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cancel in the free energy, as they should because it is an
extensive quantity.

The high-temperature expansion of Y proceeds in a
similar manner. The main difference is that this time one
must consider loops and chains, since Y is a lattice sum
over spin-spin correlations, each having starting and end-
ing points.

IV. MONTE CARLO STUDY

For a quantitative analysis we shall now present the re-
sults from Monte Carlo (MC) simulations. In Ref. 22 a
MC analysis has been done to obtain the curve of critical
temperature T, as a function of a in the cosine form of
the XY model. Here we present a set of MC results for
the Villain form of the model, including the specific heat,
the susceptibility, and the density of vortex loops.

A. MC simulation

Let us first describe the setup of our MC simulations.
We used simple cubic lattices of sizes L> with L up to 24
and periodic boundary conditions. For updating the
configurations, it is convenient to sum over the integer
variables n;(x) in Z explicitly, and to apply the standard
Metropolis algorithm only to the phase variables 6(x).
We approximated them by Qw/N)k,k=12,...,
N =100. The update was organized in a checkerboard
scheme to allow for efficient vectorization on a Cray X-
MP supercomputer. Because of the peculiar properties of
the two-dimensional XY model, a study of the crossover
from the 3D behavior requires both measuring “thermal”
and ‘“magnetic”’ observables. For the former we have
chosen the internal energy e and specific heat ¢ (per site),

) 3 _ om0
= =—B—e. 7
aBan /L°, ¢ B aBe (37)

The specific heat was calculated by measuring the energy
fluctuations involved.”> The “magnetic” observables are
the magnetization m and the susceptibility y (per site)
defined as usual by

m={|m|), y=BL(m?)—m?], (38)

o= —

where the angular brackets denote averages with respect
to the partition function (5), and 7 =3 5(x)/L? is the
magnetization of one configuration. To locate the transi-
tion points we found it convenient also to record the cu-
mulant?*

k=1—(m*)/3(m ?)?, (39)

which measures essentially the kurtosis of the spin distri-
bution. For small S, the distribution becomes Gaussian,
and « approaches 1, while for large B,« tends to 2. It is
known?* that x exhibits a sharp crossover at the transi-
tion point B,. This criterion for determining S, is usually
less sensitive to finite-size effects than, e.g., using the lo-
cation of the susceptibility peak.

Furthermore we have measured the density and (to
some extent) the distribution of the vortex lines /;(x) cal-
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culated from (11) with n; determined from minimizing
(V;0—2mn;)? at each link. (Recall that in our update
procedure the n; variables are summed over so that they
are not explicitly available.) This procedure is easily seen
to be equivalent to the more conventional method pro-
posed by Tobochnik and Chester,® which amounts to
adding up V,;0(mod2m) around each plaquette.

Most data points are averages over 100000
configurations, after discarding 10000 sweeps through
the lattice for thermalization. The statistical errors are
estimated by dividing each run into blocks of, say, 1000,
2000, and 5000 sweeps, calculating the block averages,
and taking the variance of these averages.

B. Results of MC

Let us now turn to the results of our simulations. In
Fig. 1 we compare the Monte Carlo critical line in the a-
B plane (denoted by circles) with those derived in the
preceding sections, the continuous line determined by
ASD and the crosses by Migdal recursion. In 3D(a=1)
the transition point is known from previous MC calcula-
tions”® to be at B.~0.33. ASD predicts B,5p=0.317.
In the opposite limit of 2D(a=0) the Villain model un-
dergoes a KT transition at Bgr=~0.73.* It is defined as
the diverging point of ¥ and the correlation length £. Re-
cently, Chui and Giri*? have performed MC simulations
of the cosine form and determined several critical points
of B, for values of a ,, down to 0.01. We have checked
that their values of critical points, when mapped into our
a-f plane through the relation (16), are consistent with
our values of critical points. However, we have proceed-
ed far more into the 2D region because, according to (16),
near the transition the smallest value of a=0.1 in our
simulation corresponds to a ,,~0.0003.

For all a0, the critical behavior in the very vicinity
of B, is supposed to be governed by algebraic singulari-
ties, as in the 3D case. This can be seen, e.g., from the
GL expansion (27). In the strict sense of universality, the
point a=0 is an isolated discontinuity. However, in the
broader region of temperature away from the critical
point, various observables are expected to show a con-
tinuous crossover from 3D-like to 2D-like behaviors as a
decreases.

That this is really the case is demonstrated in Fig. 2,
where the specific heat on a 10° lattice is plotted for vari-
ous a’s. Notice that our specific heat at =0 is J bigger
than in the pure 2D XY model due to the extra prefactor
C in Eq. (7). Also note the discontinuity at B=o0:
limg_, . c(@=0)=1 while limgz,  c(a>0)=1. The
shapes at @=0.1 and 0.2 are very similar to that of 2D;
they are clearly distinguishable from the 3D behavior
with sharp peaks as observed for a > 0.4. It is interesting
to note that this crossover value of a accords nicely with
the region of breakdown of ASD (see Fig. 1). Of course
this MC crossover is lattice-size dependent. In order to
estimate the finite-size effects, we have repeated the simu-
lations for a couple of a’s on lattices with L varying be-
tween 8 and 24. As an overall tendency, we observed
that the size dependence increases quite rapidly with de-
creasing a.

In Fig. 3 we show the finite-size effects for a=0.2. The
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FIG. 2. Specific-heat curves on a 10° lattice for @ varying be-
tween a=1 (3D) and =0 (2D).

continuous curves in the e and ¢ plots show the high-
temperature character expansion obtained from (33)-(36)
by keeping b loops of four, six, and eight links (indicated
by the boxes). A similar expansion with b chains and
loops with five, six, and seven links yields the susceptibili-
ty curves shown in Fig. 3(d). The MC data in Fig. 3 show
quite pronounced size dependences even for the largest
lattice available. From the crossing point of the cumu-
lant curves in Fig. 3(e) we estimate B, ~0.57. For a=0.1
the plots look similar, but the peak height of ¢ seems to
be saturated now around c,,,, =~2.2 for lattice sizes up to
L =24. (Actually it is even slightly decreasing with in-
creasing size.) The location of the peak, however, is still
size dependent. It moves into lower temperatures with
increasing size. This is consistent with the interpretation
that, on smaller lattices, one observes apparently a KT
behavior with T, displaced to higher values than T,
while only for very large lattices can the genuine 3D-like
critical behavior be seen.

The overall behavior of the crossover phenomena can
be understood intuitively by referring to the vortex de-
gree of freedom. In Fig. 3(f) the average numbers of line
elements of vortex loops are shown, where M, (®,0) and
M,=M, denote the numbers of nonvanishing elements
l,,1, directing in the x, and x, directions, and M,
(A,A) denotes the number of /5 in the x; direction.
More and more of them are excited as the temperature
increases.

In Fig. 4 snapshots of vortex configurations are
displayed. For small a vortex elements along the x;
direction appear always in pairs with small spacings and
opposite directions of flow. As mentioned earlier, follow-
ing Eq. (13), they can be interpreted as precursors of the
2D pointlike vortices that play the dominant role in 2D
thermodynamics layer by layer. They are connected by
long and complex networks of vortex lines lying within
the (1,2) planes.

In Fig. 5(a) we show the variation of the ratio
R=M;/M, of line-element numbers with respect to a
and B. The ratio decreases, as a decreases, showing that
“interplane” elements /; indeed become suppressed com-
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a=1.0 £-0.36

a=0.20

B-0.64

FIG. 4. Snapshots of typical vortex-loop configurations for
L=10. (a) a=1.0,5=0.36. (b) a=0.2, 3=0.64.

pared with those in the (1,2) plane. We observe that R
depends on the temperature only weakly, with shallow
dip near .. A possible explanation of these dips is as fol-
lows. For low temperatures, there are only a few closely
spaced pairs of /; elements connected by networks of [, ,
(see Fig. 4). As the temperature approaches the transi-
tion point, these pairs start to dissociate. While the total
number M, is roughly fixed in this process, the total
length of the connecting networks in the layers increases
rapidly. As a consequence, the ratio R decreases sudden-
ly.

In Fig. 5(b) we plot R versus a (i) at fixed 5=0.6 and
(ii) at the a-dependent transition points B.(a) (i.e., near
the dips). Again we observe a crossover behavior around
a=0.1—0.2.

V. DISCUSSION

Being motivated by recent discussions on the KT be-
haviors of high-T, superconductors, we have investigated
the XY model (in the Villain form) with anisotropic cou-
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plings. The overall picture that emerges from our analy-
ses is as follows. For a>0.2, the phase transitions are
driven by a proliferation of complicated three-
dimensional networks of vortex loops. With decreasing
a, the line elements /5 tends to appear in the form of
pairs with opposite directions, resembling pairs of point-
like vortices in two dimensions. Their interaction is
governed by the potential (13), which automatically be-
comes logarithmic in the limit a=0. This is in strong
contrast with another mechanism, well known from mag-
netostatics, in which the logarithmic potential between
two parallel rodlike vortex lines along the 3 direction is
generated by summing over the 1/r potential between all
line elements.

As far as the critical behaviors in the very vicinity of
the transition points are concerned, the point a =0 exhib-
its exponentially divergent KT behaviors and is to be dis-
tinguished from the rest (a>0) governed by algebraic
divergences. The phase transition is of second order for
all >0. Still, the shapes of many observables show a
smooth crossover into their 2D forms around
a=0.1~0.2. Preliminary analyses of the finite-size
effects have indicated that they become more pronounced
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for smaller a.

Concerning the global structure of the a dependence of
the specific heat C, we understand the following behavior
to be most natural and consistent with our MC simula-
tion. The location of the power singularity and the loca-
tion of the maximum may be two independent quantities.
While they seem to coincide at 3D, they follow two
different lines as a decreases. The power singularity will
eventually be converted into an essential singularity in
the very end at 2D. The location of the maximum, on the
other hand, will be smoothly connected with the KT peak
in 2D. It is important to recognize that this scenario is
possible due to the finiteness of C at its cusplike power
singularity, which, in turn, is supported by the negative
value of its 3D critical exponent a in (3).

Let us finally consider some implications of our study
to models of high-T, superconductivity. We would like
to point out that in determining experimental values of a
for high-T, materials one should be extremely careful in
using consistent assumptions: The values of a near Ty
in the Villain and cosine form of the XY model differ by
orders of magnitude. For example, using the vortex pic-
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ture, Martin et al.! have estimated @~ 1073 from the ob-
served anisotropy of the conductivities. This corresponds
t0 @.,=~1073" or when it is the other way around,
@eos=1073 would yield a~0.13. Apart from other as-
sumptions, the vortex picture itself suggests that the Vil-
lain model is more natural, since the cosine model suffers
from large renormalization effects due to the spin-vortex
coupling. In any case, a consistent use of one representa-
tion is crucial for a correct estimate of a.

Finally, we hope that our results will be useful for pre-
dicting the phase properties of microscopic models of
high-T,. superconductivity, which can be mapped
effectively onto the anisotropic XY model.
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