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We apply a finite-temperature functional-integral approach by means of which Arovas and Auer-
bach analyzed low-dimensional Heisenberg spin models to the ¢-J model in the slave-fermion repre-
sentation. Using a perturbation theory of the z-J model for ¢ << J, self-consistent equations are de-
rived for finite hole concentration that reduce to those in the case of the pure Heisenberg spin mod-
el, i.e., to those of Arovas and Auerbach, and Takahashi as a special case. Numerical solution of
the corresponding self-consistent equations for the one-dimensional z-J model at sufficiently low
temperature suggests that, if the transfer ¢ is not too large, there is a phase-separation state into a
hole-rich and a no-hole phase as conjectured recently by Emery et al.

I. INTRODUCTION

It has been clear recently that a detailed study of the
motion of holes in an antiferromagnet is of fundamental
importance for the understanding of the mechanism of
hole-type high-T, superconductivity.! The parent com-
pounds such as La,CuO, and YBa,Cu;0 are antiferro-
magnetic insulators described by the Heisenberg spin
model with spin § =1, but when holes are introduced
into the CuO, planes by doping, some compounds be-
come high-T, superconductors. It indicates that antifer-
romagnetic ordering probably is related to the supercon-
ductivity of holes in the metallic state. This behavior of
holes in the superconducting metallic state is expected to
have a strong connection with low-lying magnonlike exci-
tation due to the creation or destruction of a spin singlet
on nearest-neighbor sites in the antiferromagnetic order-
ing state. We are interested in investigating this connec-
tion between the holes and magnonlike excitations. As
the simplest effective model for studying this problem,
the -J model was proposed.”® To begin, we review
briefly how the t-J model in the slave-fermion representa-
tion can be established from the one-band Hubbard mod-
el.

We focus on the one-band Hubbard model on a d-
dimensional lattice. The grand canonical Hamiltonian is

given by

— T i
H=—t (2) 2(610C10+H C. +UECiTCiTCilCil
iLj) o i

—uy zcit,cia . (1.1)
1 g
Here c,-(,(cit, ) is the annihilation (creation) operator of an
electron with spin o (=1 or |) at lattice site i. These
operators  satisfy the anticommutation relation
[¢io:¢jor ]+ =885, The notation ¥ (; ;) means summa-
tion over nearest-neighbor bonds, ¢ denotes the transfer
amplitude, and U (>0) the on-site Coulomb repulsion.
The chemical potential u is introduced to enforce the re-
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lation ((I/N)E,-Eac,-’:,cm )=1—3§, where N is total num-
ber of lattice sites and 8 is the hole concentration per site.

When we use the slave-fermion representation and
neglect doubly occupied states, we can introduce two bo-
son creatlon operators a,TT and a,Tl, and a fermion creatlon

?erator e corresponding to three basis states c,T |0),

,10), and [0) at each site i. The original electron
operator c;, is expressed by c¢;, = eTa,-(,, and then the com-
pleteness condition I a;.a;,te/'e;=1 for each site i
should be imposed in order to satisfy anticommutation
relations of the original operators c;, and c,t,. Such a for-
mulation in a slave-fermion representation was applied to
the one-band Hubbard model by Matsui* and to the t-J
model by Yoshioka.’ In this formulation the Hubbard
model in the limit ¢t /U <<1 is equivalent to the Heisen-
berg spin model in the Schwinger boson representation of
spin operators. Arovas and Auerbach used such a formu-
lation to analyze the problem of the low-dimensional
quantum Heisenberg spin model.®

When we write the one-band Hubbard-model Hamil-
tonian (1.1) in the slave-fermion representation and then
perform a canonical transformation which retains terms
only up to the first order in ¢ /U,>? the effective Hamil-
tonian for ¢t /U << is given by

H=-2t 3 zee awaﬂ,
(i,j) o
+(J/2) (a] a; aT a.—ala, al__a.__)
2 2 io%i—o%j—a%jo ioc%io%j—o%j—0o
(i,j) o

ﬂﬂN—Equ (1.2)

with J=4¢2/U.
o;,=(07,0%,0%) as

By defining the spin operator

a1
a'l

]

+

cr?=(a,«TTa,»l )o & , (1.3)

with Pauli spin matrices 0% (a=x,y,z) and number
operator n, as
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(1.4)

we can rewrite the Hamiltonian (1.2) in the following
form:

H=-2t Y Ee,-efait,aja-%(JM) > (o;70;—n;n
(i,j) o (i,j)

—uw(N—Tele) .

)

J
(1.5)

The Hamiltonian (1.5) should, of course, be accompanied
by the completeness condition zaa,-’:,am+e,7e,- =1 for
each site i. The first term in (1.5) denotes the transfer en-
ergy characterized by the magnitude ¢ of the transfer in-
tegral, the second one denotes the Heisenberg exchange
interaction characterized by the magnitude J of exchange
integral, and the last one is the chemical potential term.
This effective Hamiltonian (1.5) written in slave-fermion
representation is equivalent to the well-known ¢-J model
Hamiltonian® written by applying the Gutzwiller projec-
tion to the original electron operators c;, and c,-’:, or to
the one® written in the slave-boson representation. Al-
though it is true that the t-J model describes well behav-
iors of the one-band Hubbard model when ¢t /J >>1 (i.e.,
t/U << 1), we will see from the following discussion that
it is very significant to study the ¢-J model Hamiltonian
(1.5) for arbitrary values of ¢ and J.

According to the Zhang-Rice mapping,’ the ¢-J model
Hamiltonian on a two-dimensional lattice is expected to
contain sufficient physics to describe the high-T, super-
conductivity of copper oxide materials. The electronic
state of undoped copper oxide materials is formed from a
Wannier localized orbital about each copper site which
produces the copper local moment of § =1 because of
large on-site Coulomb repulsion U. That is to say, a
Mott-Hubbard-type insulator is built up. A superex-
change interaction transmitted via oxygen couples
nearest-neighbor copper spins. As holes are doped in the
insulating copper oxide materials, oxygen holes are pro-
duced and then a spin singlet between the oxygen hole
and the copper localized moment is built up because of
strong antiferromagnetic exchange interaction between
them due to hybridization of the copper and oxygen or-
bitals. The resulting singlet complex can be mapped as a
hole produced in the antiferromagnetic spin system with
§ =1. The suitable model Hamiltonian describing this
system of spinless holes inserted in the antiferromagnetic
Heisenberg spin model is the #-J model Hamiltonian (1.5).
So it is important and necessary to study the behavior of
holes moving in an antiferromagnet for arbitrary values
of t and J.

Next, we use the slave-fermion representation (i.e., the
Schwinger boson one) to study the ¢-J model Hamiltonian
(1.5) on a d-dimensional lattice system. Arovas and Auer-
bach® use this representation to describe the antiferro-
magnetic spin fluctuation accurately for low-dimensional
Heisenberg spin models. The definition of the spin opera-
tor in terms of expression (1.3) exactly corresponds to the
Schwinger boson representation of spin with §=4. It
will be seen later that these Schwinger boson operators
a;,(c=1,!) imply low-lying magnonlike excitations in-
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duced in the antiferromagnetic ordering background, as
was suggested by Arovas and Auerbach® and Takahashi.®
On the other hand, the spinless fermion operator e; de-
scribes a hole whose motion is determined via the
transfer term of the Hamiltonian (1.5). Recent experi-
mental results’ on various hole-type high-T, supercon-
ductors by many different methods show a common
feature that hole carriers in the CuO, planes induce su-
perconductivity. These form a square lattice which
possesses a strong antiferromagnetic spin correlation
with §=1. It means that the antiferromagnetic spin
correlation has something to do with the appearance of
superconductivity on holes. In this respect we are very
interested in studying the ¢-J model Hamiltonian (1.5),
taking the strong antiferromagnetic spin correlation into
consideration.

We proceed as follows. In Sec. II we will establish a
finite-temperature functional-integral formalism in order
to study the z-J model Hamiltonian (1.5) in the slave-
fermion representation. In Sec. III we will develop the
perturbation theory effective for ¢ <<J. In Sec. IV this
perturbation theory will be applied to the one-
dimensional #-J model. Section V will be devoted to con-
clusions and future problems.

II. FUNCTIONAL-INTEGRAL FORMALISM
OF THE t-J MODEL

According to a study of the antiferromaﬂgnetic Heisen-
berg spin model by Arovas and Auerbach,” we introduce
a bond operator S;; for nearest-neighbor sites (i,j)
defined by

Sian,-Ta]-l—a,-lajT . (2.1)
This bond operator describes the destruction of a spin
singlet on nearest-neighbor sites. The grand canonical
Hamiltonian (1.5) can be then rewritten in the following
form:

H=2t Y Yelalae,—/2) 3 Sks;
(i,j) o (i,j)

—w(N—3ele), 2.2)
where we have written it in the form of normal-ordered

product. In addition to the Hamiltonian (2.2), the con-
straint of the completeness condition

Ea-"a- +e,Te,.=1 (2.3)
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should be imposed for each site i. Let us separate the lat-
tice into two sublattices 4 and B. For the A4 sublattice
we leave the operators a,, (0=1,!) and e; as they are,
while for the B sublattice we introduce the new operators
b;, (0=1,1) and f; via the following unitary transforma-
tion:

ait——b;y, a;;—b;, e—fi. (2.4)

For sublattice B, therefore, the following relationship
holds between spin number operators in the original a;,,
e; and in the new b,, f;:
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' ’ ' '— + 3
o¥=—a?, ot=0op, oi=—0/, an(.i n; =3 ,b;,b;,, respectively. As a result of the above
n,=n! unitary transformation, the bond operator Sj; is written
1
, as S;;=3,a,,b;, for the nearest-neighbor sites of the
where we have defined the o;* (a=x,y,z) and n; b LY oo e . .

! Y i oy i€ A and jE B sublattices, and so the grand canonical
by Hamiltonian (2.2) with the constrain (2.3) can be written

U:'a=(biTTbiTl )o & b , as follows:

il

=-2t (Z) fltalib; —af\br)e;— (2) ef(bfia; —bia;1)f;
iedien Y
-J 3 Si;‘s’ij_.u' N—3 eiTei_ 2 fini ’ 2.5)
(i j) i€EA i€EB
icdjeB

accompanied by the constraint

> a,t,a,-a-’r-efei =1,
g
for each site i€ 4, and (2.6)

> bi't;bia"'filr =1,

for each site i EB.

Now we apply a finite-temperature functional-integral method'” to this normal-ordered canonical Hamiltonian (2.5)
with the constraint (2.6). As a simplification, we assume that a Lagrange multiplier A;(7) for each site i, which multi-
plies the constraint (2.6), is time independent, spatially uniform, and takes a real value A. When we note that the a;,’s
and b;,’s are boson operators, while the ¢;’s and f,’s are fermion ones, the general partition function Z; =Tr(e ~#H),
taking the above simplification of the Lagrange multiplier A into consideration, can be written in the form of a function-
al integral with respect to imaginary time 7. With the inverse temperature 5=1/T, then Z; is expressed as

d[a,a)d[b,b)d[e,e]d[f,f1d[A]exp

_ _ B -7
Zs=[ B=a0)6(B)=b deTL(a,a,b,b,e,e,f,f,k) , 2.7)

e(B)=—e(0),f(B)=—f(0)
where the imaginary time Lagrangian L is given by

_ 3 r i
iezAa,-a(r) 3, a;,(1)+ ingia('r) 3 b (1)

(2) Fi(Dla;(r)b; (7)—a; (1)b;1(1)]e; (1)
ie,;',’je]s

L(a,a,b,b,z,e,f,f,M)=T

2

z(r)3 AR
+ 3 e(r) a7_e,-('r)+ > filr) an,-(T)

i€A i€EB

—2t

= 3 gDlby(na; (1) =by(Daj(Ofi(r) | =T 3 Sy(0Sy(7)
ieg:ye,q ie(/;',Jj)eB

+k[2

i€ A

3 3, (Ta(T)+E(Pe(r)— 1]+ 3 [2Eio(r)b,-a(r)+f,-(r)fi(r)—l”
o i€EB | o

—pi [N— S e(ne(n— 3 filn)fin)] . (2.8)

i€A i€EB

We now apply a Hubbard-Stratonovich transformation to the bilinear product §,-j(7')S,- ;(7) of the bond variables in (2.8).
An auxiliary field x;;(7), which is introduced via this transformation, is also assumed to be time independent, spatially
uniform, and to take a real value Y, again as a simplification. This assumption corresponds to including only an uni-

form mean-field state due to antiferromagnetic ordering. Consequently, we obtain the following grand partition func-
tion Zg:
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Ze=[ s p—aiornipr—sio) 4@:a1d[B,b1d[2,e1d[F,f1d[A1d[x]exp
e(B)=—e(0), f(B)=—f(0)

—B[Z(Z/J)x —uN— EAH

(ij)

X exp f r | EA ,a(f) —a,(1)+ ngm(f) b;,(T)
+ Ze(f) e(7)+ S film)—fi(7)
i€EA i€EB
—2t 2 f_'j(T)[aH(T)bjl(T)_ail(T)bjT(T)]ei(T)
ie<,;’,]j>eB

- (% €, (T)[b;1(T)a; (1) —b; (T)a; (D)]f;(7)
iEBlzﬁ'EA

4 (i j)
i€ A,jEB

-2xS I S [@i,(T)bj(T)+ by (7)F;,(1)]

+ S 4Py (1) By (1)E,(1)]
ie(B':f')e A

A [ 3 a,(Ta,(n+ 3 E,U(T)big(r)]

o i€A i€EB

+(A+p) [ 3 (e (n)+ 3 Filr)filr)

i€EA i€EB

] . (2.9)

It will be shown later that for the Heisenberg exchange interaction term in the Hamiltonian (1.5), we can describe very
well low-lying antiferromagnetic magnonlike excitation even under such approximate simplifications with respect to A
and Y.

The effective grand canonical Hamiltonian which corresponds to the above grand partition function (2.9) takes the
following form:

Hg=—2t (2) flafib; —al\b;1)e;,— (2) ef(bla; —blla;))f;
i,j ij

i€EA,jJEB i€EB,jEA
-3 3 (@b, +bLal ) A (3 ala,+ 3 bit,bi,,]+<x+u) S ele,+ S £, @10
o </;j B o |i€4 i€EB i€ A i€EB
i€EA,JE

Let us perform Fourier transformations defined by

1 —iqR; —iqR;

a;,, = ——— a,e , €= e,e s
Y VN2 ? a ‘ \/N/2 2’
for each site i € A4, and
biy= oo™ fi= L3 fe ™,
\/N/2 vVN/2 G

for each site i € B, where R; denotes a lattice vector of site i and the summation ¥, runs over half of the first Brillouin
zone. The Hamiltonian (2.10) is then written as

1

t(al —at —ot (pt _pt
Heg=—1 N/2 2 zyql—q38q1+qrqz—q3’0[fq1(anqual aqzlb‘w)e% eql(b'lzfaqzl qulaqsf)f‘h]
q;-92:93.94
X3 3 27q(aqrbgs Fbisals) +xzz(aqaaqo+b;0bqa>+(x+mz(e;eq+f;fq). @.11)
q o q

Here z denotes number of nearest-neighbor sites, and we have defined v, by v,=(1/2)3se ~i48 in which 8 denotes a
nearest-neighbor unit vector. For the purpose of diagonalizing the corresponding Heisenberg exchange interaction
term, furthermore, we introduce the following Bogoliubov transformation forc =1, |:
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_ t
Ay, =coshf a,, +sinh6g by, , (2.12)
By, =cosh0,b, +smh9qaqa .

The boson commutation relation holds both between the 4., and A;a, and between B,, and B;U. When the
coefficients coshf, and sinh6 satisfy the relations given by

cosh26,= A R (2.13a)
q wq

Z
Sinh20q= _XZ¥q , (2.13b)

(1]

q
and

z[}\.z_(XZ']/q)Z]I/Z , (2.13¢)

the remaining part of the Hamiltonian (2.11) can be diagonalized except for the transfer term. The diagonalized part of
the Heisenberg exchange interaction term describes a system of low-lying antiferromagnetic magnonlike excitations.
After performing the Bogoliubov transformation (2.12), the effective Hamiltonian (2.11) is written as

Hyg=3 3 (0~ M+Ho(4', 4,B",B,ele,f1,f)+H (A", 4,B",B, el e, £ 1), 2.14)
q 0
where
HO(A*,A,BT,B,e*,e,fT,f)=zzwq(Aqu -+-B'r )+(k+,u)2(e +f:;fq), (2.15a)
q o
and
H,(AT, 4,BT B et e, f1,f)
- —t—%qpqglyq‘,zyql_<I380h+<l4_q2"q3'°[COShOQZCOSheqs[f:l( 4 TZ?B LZLB%T )eq

—el (Bl 14q —B] 441)fq ]
+sinh0, sinh, [e! (B 1 dq | =Bl Aq )fq —f4 (A} 1Bg 1~ 4] B 1)e
—coshOg sinhO [f] (AL 1AL — AL AL deq —el (Ag Ay —Aq 4q1)f ]
—sinh6, cosh6, [e} (BY (BY | —BY Bl {)fq —f4 (Bq1Bq1—Bq Bq1leg]} -
(2.15b)
It is expected, however, that this resulting effective grand canonical Hamiltonian (2.14) describes well a system of holes

interacting with antiferromagnetic magnonlike excitations. By substituting the normal-ordered form (2.14) into expres-
sion (2.9) of the grand partition function Z;, we obtain

= [diAdixlexp | BN | |

v LT 21\7/25-'2 ”

Xf a(B)=a(0),b(B)=b(0) d[a,a)d[b,bld[e,e)d[f,f]

e(B)——e(O) f(B)=—f(0)

X exp —foﬂd‘rl (™) +co A1)+ B (1) | =+ |Bg,(7)
+3 %+k+,u (NHTo) | oA At | £l
q
+H(4(7), A(7),B(1),B(1),8(7),e(7), f(7),f (7)) ] (2.16)

According to this grand partition function (2.16), we stress that holes with uniform density interact with antiferromag-
netic magnonlike excitations because of the neglect of the site-i dependence of the Lagrange multiplier A;. This point is
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important later in discussing the possibility of a phase separation state into a hole-rich and a no-hole phase, which was
conjectured by Emery, Kivelson, and Lin."!

III. PERTURBATION THEORY FOR ¢t /J << 1

We first consider the case without the transfer term, i.e., ¢ =0. In this case we can immediately calculate the func-
tional integrals in (2.16), and then its grand partition function Z;/|, _, is expressed as

|

The thermodynamic potential per site, Qy= —(1/BN)InZ;|, -, in the steepest-descent approximation becomes

=22 9y _ _,Begy 1 —BA+p)
Qo=7X—2A—p+ 2N/222 a BN/zzzlnn e 9 gin(1+e ). (3.2)

2
—Bo,_ . _ -
Zgl,—o= [d[Ald[x]exp | —BN j x:—2\— ,u,+2 N/zzzw O (1+e AREHN - (31)

MMII(—e

This expression describes a noninteracting system of antiferromagnetic magnonlike excitations and holes with uniform
density. The saddle-point equations determining self-consistent values of A, x,, and p, for the case of t =0 are to be
derived from the minimization relations 9€,/0A =0, 3Q,/3x =0, and the chemlcal potentlal relation 1 —8=—9Q,/du
in which 8 denotes the hole concentration per site §=([1/(N/2)](3;c 1€ e +2,egf, fi)). Thus we have the self-
consistent equations with respect to Ay, X, and ug:

5 _ 1 1 1

1-5=723 cosh26) ot | (3.3a)

q o 9—1
ZXo _ 1 0 1 1
——= +—=1, .
7 =73 % >, 27 5inh26, ng—l > (3.3b)
and

5= — L (3.3¢)

eB(A0+u0)+1 ) :

Here a) =[A3—( XoZ¥q 21172, cosh20° Ao/w and sinh202= - )(Ozyq/wg. These self-consistent equations (3.3a)-(3.3c),
which have been derlved by mtroducmg the contribution of holes with uniform density, are the extension of the ones
which were obtained for the antiferromagnetic Heisenberg model with spin S =1 by Arovas and Auerbach® and
Takahashi.?

We now investigate a system of the antiferromagnetic magnonlike excitations interacting with holes with uniform
density. Under the assumption of ¢ /J << 1, now, we apply a perturbation theory to the grand partition function Z; of
(2.16). That is, let us consider the transfer term H, as a perturbation. As a result, we have the following perturbation
formula:

ZG=fd[k]d[X]expl—BN[ X—2A—p+ > N/2 EE ‘ ]

XZGo<eXp [—fOBdTHl(Z(T),A(T),E(T),B(T),E(T),e(T),f—(T),f(T)) ]>0

_ _ EA I
—fd[k]d[)c]exp[ BN| |2 -2h—ptg s ]
2 (=" 8 = 4
XZgo 3 Tfod’ﬁ‘"dT,,<H1(A(7'1),~--,f(T1))"‘H1(A(Tn)’~--,f("'n)))o’ (3.4)
n=0 °

where the unperturbed grand partition function Z is given by



10 184 MAMORU UCHINAMI 42

d[@,ald[b,b]d[e,eld[f,f]

—foﬂdfl >

ZGO_I a(B)=a(0),b(B)=b(0)
e(B)=—e(0),f(B)=—f(0)

a+w

Xexp 37

d
E—-f—a)q

Ay (T)+ By, (1)

an('r) By, (7)

|

and for a certain quantity Q(A(r,), ..., f(1,)) we have defined the thermal average {Q Yo in the unperturbed Hamil-
tonian by

1 ~ r — 7
(@0=5 =, smators@=si0 43:a1d[B,b1d[2,ed[].f]
GO (B)=—e(0), f(B)=—f(0)
—fﬁdr
0

d d
_+ + _.+ + y 3.5
oar At or Aty 3.3)

+2

q

2y(7) eq(1)+Fo(7) Sq(m)

X exp 9 +a)

q(,(1') q(,(‘r)+1?q¢,(7') a—+a) By, (7)

|

QUA(T)), ..., f(r,). (3.6

eq(7) a +}»+y e (‘rH—fq T) +)L+u fqlm)

2 e
q

At the moment it seems to be impossible to calculate systematically terms higher in order than the third order. We will
take only contributions up to the second-order term of O(z/J)?) into consideration. We find immediately that the con-
tribution of the first-order term vanishes. To calculate the second-order term, let us introduce the following single-
particle thermal Green’s functions:

(A4 (1) Ay (7'))g=( By (T)B (7)) =848, Gog(T—7') , (3.72)

and
Ceq(1)Eg (7))o= o(T)f g (7))o =8.80(T—T") . (3.7b)
Here Gog(7—17') in (3.7a) and go(7—7') in (3.7b) are given by

Goq(,r_,r’)=e—wq(r—f’)[o(T“T'_’T])(1+nq)+9(T'—T+1’)nq] ’

and

golr—7)=e AW Q(r—r' — )1 =71, )— 07 — T+, ],
respectively. These Green’s functions have been evaluated straightforwardly by introducing the step function 6( - - - )
and the limit 7—0+ at equal time. The expression n, denotes the Bose distribution function ng=1/(e” %—1) for an
antiferromagnetic magnonlike excitation, while #, denotes the Fermi distribution function , =1/(e#**#)+1) for a

hole as a spinless fermion. By using these single-particle thermal Green’s functions, we can thus write the total grand
partition function Z up to O((t /J)?) as follows:

fd[k]d[x]exp{—BNH ] 22— “+2N/222 H

Bo 2 N
q)—ll [1+e—ﬁ‘“/"] (1+Zg,), (3.8)

where the contribution Zg, of the second order in (3.8) is given as
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Zs, tz)zf drdr,—— (N/2)2

qu_‘h
X 3 5q1+q4—q2—q3,ogo(”2_"'1 )go(T—73) 2
9;-9,93.94

X{[y a- ‘13( cosh26qzcosh2(9‘13 +1)— Yq,- qzsinh26'q2sin}126q3]

X [Goqz(rz—rl)G0q3(71—12)+G0q2(7'1 —TZ)GOqJ(TZ—Tl )]
+ [yq1 _ q3(cosh2¢9qzcosh29% —1)— Vq, _qzsinh29qzsinh20qj]
X[Goqz(’rz—’r])GOqJ(TZ—Tl)"—GOqZ(T]—Tz)Gqu(T]_72)]} . (3.9)

When we introduce the following frequency representation for the bosonic Green’s function Gq(7—7') of the antiferro-
magnetic magnonlike excitation,

Goq(T—‘T')z:“l' —iwn(rvr)-__l__ ’

B o i©, — o,
with w, =2nw /P, and also introduce the following one for the fermionic Green’s function g,(7—7") of the hole,
(T—T')":—l‘ e—iv"(T—T')____]—_

g0 B < v, —(htp)

with v, =(2n + 1)m /B, expression (3.9) can be written as

=l -1 _r hole _2 -
Zg, 2BN B %ivn—(k-i- ) (v, v) vz'} i, "()»+}l) (3.10)

In (3.10) the effective potential F'$' that denotes interaction between holes is given by

hole(,v —V )

= (12— Yo ey (cosh26, cosh26, +1)— inh26, sinh26
4 /27, qzq 2 [7q,—q,(cosh26, cosh26, ¥ q,—q,5iNh20 sinh26 ]
| e vAhe X
ot 1 1 3 1
By, Bog iv,—v))tw, —o iv,—v))—w, +o
e -1 e 3-—1 n n 9 9 n n 9 q;
—[7q,~q,(c0sh26 cosh26, —1)—v, —q,5inh26, sinh26, ]
w1t 1 1 3 1
Beg ~Bog ilv, v )tow, +o ilv, —v)—ow, —o )
e —1 e -1 n n 9 a3 n n q, q3

(3.11)

Furthermore, by summing with respect to the imaginary frequencies, calculation of (3.11) gives the following more
compact form for the Z,:

1
Zg=—BN(2)*f, (1= ) ———
G2 B h "N /2)
yql_‘h . . 1
X ¥ 5 [‘yql ,qa(cosh29q2cosh26q3+ 1 )—yql_qzmnh2t9qzsmh20q}](nq2 —ng, )m—
9,495,493 9 q3
. . 1
_ [7"11 _qs(cosh20q2cosh20q3 — 1=y, _qzsmh26qzsmh20q3]( ng, tngt 1) g +ag
2 3
(3.12)
Consequently, the thermodynamic potential per site, Q= —(1/8N)InZg, up to O((t/J)?) in the steepest-descent ap-

proximation is
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Q=J

1
+(t2)%7, (1 — 7, ) ———
D) )

>

q;-9,,9;

1
‘h— q3
1

@, + @q,

X(nqz—nq3)w

X(nq2+nq3+l)

The first part of the perturbation term proportional to t?
in (3.13) gives the contribution from one magnonlike ex-
citation, while the second part gives the contribution
from two magnonlike excitations. From the thermo-
dynamic potential (1 of (3.13) up to the second order
O(t/J)?*), the saddle-point equations determining self-
consistent values of A, Y, and u are to be derived by cal-
culating the minimization relations 9d{/0A=0 and
dQ/dx=0, and the chemical potential relation
1—58= —09£/du with hole concentration per site §. Al-
though we can write explicit expressions of these three
self-consistent equations with respect to A, Y, and u, they
are very complicated equations. At the moment it seems
to be very difficult to treat them analytically and even nu-
merically.

It is convenient to calculate the free energy per site F
from the thermodynamic potential per site {) by using a
thermodynamic formula F =Q+pu(1—4§). It enables one
to compare the free energy F at sufficiently low tempera-
ture with the ground-state energy E at T =0.

IV. APPLICATION TO THE ONE-DIMENSIONAL CASE

We apply the formulas obtained in Sec. III to the one-
dimensional #-J model. The #-J model for the case of
t=0 (i.e.,, without the transfer term) describes the
Heisenberg spin system together with holes with a uni-
form density. If the hole concentration § is zero, it
reduces to the pure Heisenberg spin model. Then the
self-consistent equations (3.3a) and (3.3b) at T =0 can be
written in a compact form by using the complete elliptic
integrals K (m) and E (m) of the first and second kind, re-
spectively. Taking m =(zx,/Ay)?, we have the corre-
sponding equations:

7=K(m), (4.1a)
Ao _am—E(m)
J  (7/2)m (4.16)

These equations [(4.1a) and (4.1b)] obtained for the one-
dimensional antiferromagnetic Heisenberg model are
equlvalent to the ones which were derived by Arovas and
Auerbach.® A solution for them is

X—Z}L ”+5N—/222 q B N/ZEZIII(I“‘e

—[74,-q,(cosh26, cosh26, —1)—
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B“’Q)—éln(1+e—’3‘““’)

[7q,-4; cosh26, cosh26, +1)—v, —q,5inh26, sinh26, ]

¥ q,—q,SiNh26 sinh26, ]

(3.13)

Ao Xo

7 1.3800, 7 =0.6793 .
And then the index m which illustrates degree of gapless-
ness (rigorously gapless as m =1.0) has got m =0.9691.
Although the excitation spectrum for the one-
dimensional antiferromagnetic Heisenberg model must be
rigorously gapless (i:e., des Cloizeaux-Pearson magnon
spectrum) according to rigorous theory,'® the approxima-
tion used in this paper indicates that one has obtained a
very small but finite gap. We have called this excitation
the antiferromagnetic magnonlike excitation because it is
almost gapless. Although a rigorous value of the
ground-state energy E, of the antiferromagnetic Heisen-
berg spin model is —In2 also, the approximate value of
E, obtained here is

EE=—0.9228

which is lower than the rigorous value.

Next we examine the Heisenberg spin system in the
presence of holes with a uniform density. For an arbi-
trary value of hole concentration § in 0<8 <1, we have
to solve numerically the self-consistent equations
(3.32)-(3.3c) with ¢t =0 at sufficiently low temperature
T/J=0.01. The results calculated numerically for the
dependence of the auxiliary field y, and the Lagrange
multiplier A, on § are shown in Figs. 1 and 2, respective-

(4.2)

(4.3)

0.7r
0.6}
051
04}
0.3t
0.2t
0.1t

Xo

0 02 04 5 06 08 10

FIG. 1. Dependence of ), on hole concentration § at
sufficiently low temperature T/J =0.01, when we consider the
one-dimensional ¢-J model without taking the transfer part into
consideration (i.e., with  =0).
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1.5}

06r

" I

0 02 04 06 08 1.0
)

FIG. 2. Dependence of p, on hole concentration & at
sufficiently low temperature T/J =0.01, when we consider the
one-dimensional #-J model without taking the transfer part into
consideration (i.e., with t =0).

ly. By using these numerical results of x, and A,, the §
dependence of the index m, which represents the degree
of gaplessness, is evaluated and is shown in Fig. 3. The
values of x, and A in the limit of §=0 approach the cor-
responding values of the pure Heisenberg spin model in
(4.2), respectively. Also, the value of m in the same limit
approaches m =0.9691. The result calculated numerical-
ly for the & dependence of the free energy per site,
Fy=Qy,+uy(1—38), at sufficiently low temperature
T /J =0.01, for the case of t =0, is shown by (a) in Fig. 4.
The limiting value of F,, at §=0 approaches the approxi-
mate value (4.3) of the ground-state energy of the pure
Heisenberg spin model. Let us consider next the & depen-
dences at sufficiently low temperature T /J =0.01 for the
case of t =0. As seen in Figs. 1 and 2, both x, and A de-
crease almost linearly as the hole concentration & in-
creases from 0.02 to 0.96. The value of x| is seen to rap-
idly approach to zero as 8 becomes near one (i.e., as only
holes exist), because it describes the auxiliary field for the
resulting spin singlet generated with the insertion of a
hole. We see from Fig. 3 that as § increases from 0.02 to
0.96, the degree m of gaplessness deviates more and more
from m =1, and so the magnonlike excitation becomes
more and more massive. The corresponding result on the
free energy F, which is shown by (a) in Fig. 4 indicates an

1.0r
08t
o.6r
04t

0.2r

0 02 04 06 08 10
)

FIG. 3. Dependence of the gapless index m on hole concen-
tration & at sufficiently low temperature 7/J =0.01, when we
consider the one-dimensional ¢-J model without taking the
transfer part into consideration (i.e., with £ =0).
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FIG. 4. Dependences of the free energy F on hole concentra-
tion & at sufficiently low temperature T /J =0.01, when we con-
sider the one-dimensional #-J model. The curves (a), (b), (c), and
(d) are the ones for the case of ¢t /J =0, 0.4, 0.8, and 1.0, respec-
tively; the dotted straight line denotes a curve conjectured un-
der the existence of the phase-separation state into a hole-rich
and a no-hole phase.

upward convex curve connected between the value F,=0
at 8=1 and the extrapolated value of F, sufficiently near
(4.3) at 6=0.

We can make the following considerations on this be-
havior of the free energy F,,. According to a recent study
on the ¢-J model due to Emery, Kivelson, and Lin,!' and
Imada,'? it is suggested that, in the region of small ¢ /J,
such a mean-field state with a uniform antiferromagnetic
ordering over the whole lattice obtained above is unstable
against phase separation into a hole-rich and a no-hole
phase. This phase-separation state means that all of the
doped holes exist in one phase, while the other phase is
the undoped pure antiferromagnetic Heisenberg spin sys-
tem. Under the conditions of this phase separation, we
can conjecture a straight line connecting between the
values at §=1 and O for the 6 dependence of the ground-
state energy E,. However, we find that our actual curve
[Fig. 4(a)] of the case t /J =0 of the free energy F,, which
is obtained at sufficiently low temperature, lies higher in
energy than the expected straight line in the region of
0<8<1. Note that the curve we have obtained is the
one derived by solving numerically the self-consistent
equations (3.3a)-(3.3c) under the assumption that the
mean-field state is uniform over the whole lattice. We
thus conclude that when we neglect the transfer term
(i.e., for the case of t =0), the phase-separation state con-
jectured by Emery, Kivelson, and Lin appears in the re-
gion of 0 <8< 1.

Taking account of the transfer term, now, let us con-
sider the case of 0 based on the perturbation theory
developed in Sec. III. We pay attention to the expression
(3.13) of the thermodynamic potential ) up to the second
order O((t/J)?) for t/J <<1. As a matter of fact, we
have to solve the self-consistent equations determining
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the values of A, ¥, and u to be derived from the minimiza-
tion relations 0Q/9A=0 and 92 /3y =0, and the chemi-
cal potential relation 1—8= —09Q/du with a hole con-
centration 8 of uniform density. But it is very difficult to
solve them even numerically. By substituting the above
numerical results of Aq, Xg and p, which we have ob-
tained for the case of ¢ =0, it is therefore possible to esti-
mate a contribution of the second-order perturbation of
t/J to the free energy F =Q+pu(1—45). Such an estima-
tion corresponds to neglecting the renormalizations of A,
X, and p, which are caused by taking the transfer term
into consideration. The 8 dependences of the free energy
F up to the second order O((t/J)?) calculated under this
estimation are given in Fig. 4 for various values of
t/J=0.4, 0,8, and 1.0 at sufficiently low temperature
T/J=0.01. As the transfer term is introduced, we find
that in the region of 0 <8 <1 the free energy F for t70
becomes lower than the one F; at t =0. For compara-
tively large ¢ /J there is a possibility that the free energy
F becomes lower than the conjectured straight line of the
phase separation state by Emery, Kivelson, and Lin'! in
the region of small 8. We then find that the contribution
to lowering of the free energy is dominant at sufficiently
low temperature from the term of two magnonlike excita-
tions in (3.13). Thus for the small transfer ¢/J the
phase-separation state is stable for arbitrary hole concen-
tration, but we may conclude that the introduction of the
large transfer ¢/J supports an appearance of the mean-
field state, uniform over the whole lattice for small hole
concentration, while the phase-separation state remains
elsewhere.

V. CONCLUSIONS AND FUTURE PROBLEMS

We have extended the Arovas and Auerbach ap-
proach® for the Heisenberg spin model to the z-J model
which has a strong possibility of describing an essential
mechanism of the high-T, superconductivity. By apply-
ing the approximation of the mean-field state with uni-
form antiferromagnetic ordering over the whole lattice to
the J term (i.e., the Heisenberg spin part) in the ¢-J mod-

el, we have developed the perturbation theory with
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respect to the ¢ term (i.e., the transfer one) for ¢t <<J. As
a consequence we have obtained the self-consistent equa-
tions containing the hole concentration & which are
effective for ¢+ <<J. Up to now, the self-consistent equa-
tions have been numerically solved only for the one-
dimensional ¢-J model, and then the § dependences of
various physical quantities have been obtained.
Specifically, the study of the contribution of the transfer
part to the free energy has indicated that the two mag-
nonlike excitations have a much more dominant contri-
bution than the one magnonlike one at sufficiently low
temperature. If the magnitude ¢ of the transfer term is
not too large, then there is not a realization of the mean-
field state with uniform antiferromagnetic ordering over
the whole lattice but the phase-separation state with
coexisting hole-rich and no-hole phases for arbitrary hole
concentration. If its magnitude ¢ becomes large enough,
we have the possibility that the uniform mean-field state
appears in the region of small hole concentration, while
the phase separation state remains elsewhere.

As a matter of fact, with respect to the high-T, super-
conductivity, we are particularly interested in solving the
corresponding self-consistent equations numerically for
the two-dimensional #-J model. Although we have ap-
plied an approximation of uniform mean-field to the J
term in the ¢-J model in the finite-temperature
functional-integral formalism, it is expected that a result
for the two-dimensional ¢-J model is a better approxima-
tion than for the one-dimensional #-J model from the
point of view of mean-field theory. This is our future
problem.
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