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Critical temperature of an Ising magnetic film
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In this paper, we studied the critical temperatures T,f of the magnetic-nonmagnetic phase tran-
sition of an Ising magnetic film with spin —, by the mean-field method. %e found that, depend-

ing on the values of the exchange integrals near the surface region, the film critical temperature
may be lower, higher than, or equal to that of the bulk. %e also examined the dependence of T,f
on the number of film layers in these three cases, and found that the critical temperature of the
semi-infinite system is always approached when the film becomes thicker. Some analytical ex-
pressions are also presented.

I. INTRODUC~rON

Recently, the development of the technique of mol-
ecular-beam expitaxy has allowed us to fabricate high-
quality thin films. ' Among them, the magnetic film con-
sisting of a few parallel atomic layers is of particular im-
portance, for it has been used as a convenient model for
theoretical and experimental analysis of a variety of mag-
netic phenomena. For example, it is an ideal model to
study the magnetic size effect and surface and interface
magnetism. Because it loses symmetry in the direction
perpendicular to the surface, it cannot be studied within
the conventional framework used for the bulk system.
Many approaches have been employed recently in investi-
gating the magnetic behaviors of the model thin-film sys-
tem, e.g. , the finite-size scaling method, the renormal-
ization-group method, etc. Though each method has
its own advantage over others, there are certain limita-
tions in any of them in treating the film system.

One of the more interesting problems to investigate in a
magnetic system is the critical temperature T, at which
the system undergoes a magnetic-nonmagnetic phase
transition. Of particular interest is the change of this
temperature when the magnetic system becomes finite in a
given direction. We know that a semi-infinite system
(e.g. , a surface system) may present different behaviors
from that of the bulk. Briefly, depending on the values of
magnetic coupling constants near the surface region, two
different behaviors at the surface can be demonstrated:
(i) The surface critical temperature is the same as the
bulk one when the coupling constant on the surface is
smaller than a critical value. (ii) The surface critical tem-
perature may be higher than the corresponding bulk one
when the surface coupling is larger than the critical value.

As for the film system, which is finite in one direction, it
is well known that its magnetic properties can differ great-
ly from those of the corresponding bulk. ' A recent ex-
periment' showed that the critical temperature of a vana-
dium film depends on the film thickness and its critical be-
havior is like that of the two-dimensional system rather
than that of the three-dimensional bulk. Due to the finite
size and the different environments between atoms in the
surface region and in the bulk, we expect that the film
transition temperature may be different from the bulk

one. In this paper, we study the critical temperature of an

Ising magnetic film with spin 2 in the mean-field theory.
The results we got are compared with the bulk transition
temperature' obtained in the same way.

It should be noted that this paper is devoted to a
theoretical study of the transition temperatures of mag-
netic films. We have no specific magnetic materials in

mind and our intent is to give a basic understanding of
this class of phenomena that one may encounter in such
systems.

The method in this paper was previously proposed to in-

vestigate the semi-infinite magnetic system by Aguilera-
Granja and Moran-Lopes. ' Here we extend it to fit the
film case.

In Sec. II, we give a brief description of the method.
The results and discussions are contained in Sec. III.

II. METHOD

Below, we study an Ising magnetic film with spin —,
'

per
atom. We expect the results that we got will also hold for
any value of spin. We consider a ferromagnetic (antifer-
romagnetic) single-crystal film with two free surfaces,
which is schematically shown in Fig. 1. The system is
subdivided into planes parallel to the surface planes. The
coupling constant between spins in the ith and jth layers
is denoted by J;J. We use Zo and Zl to represent the
number of nearest neighbors of an atomic site on a single

FIG. 1. Magnetic film with parallel planes numbered

1,2j ~ ~ ~ j )la
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plane and between planes, respectively. In principle, the
treatment below is suitable for any number of JJ differing
from the bulk value J. For simplicity we assume, in this
paper, only Joo (the surface coupling constant) and Joi
(the coupling between the surface and the first layer) to
be different from the bulk J.

In the single-site approximation, for each plane there
are two different probabilities, i.e., the probabilities of a
site being occupied by a spin-up or a spin-down atom.
These probabilities are denoted by P;, where i 1,
2, . . . , n are the labels of layers and o f, ) is the spin in-
dex.

We define the magnetic long-range order parameter at
the ith plane

Ui Nll( 2 ZQJiini Zl Ji,i+irji% +'1) ~ (2.2)

where Ns is the total number of spins per plane. The en-
tropy of the ith plane is

S; kaN—s[P;, 1 lnP;, 1+ (1 —P;, 1)ln(1 —P;,1)],

1+@; 1+g; 1 —g;—ksNs
'

ln
' + '

ln
2 2 2

(2.3)

For ith plane, we can write the interaction energy U; be-
tween spins in the plane and spins in other planes as

gi Pi. t Pi, &, i 1,2, . . . , n. (2.1) The free energy of the film system can be written as

a r

F U —TS Nt g ( —
—,
'

ZoJ;;rl; —Z1J;;+1rl;g;+1)+ksT g ln + ln
1+g; 1+g; 1-q, 1-q,

i l i
(2.4)

To obtain the equilibrium values of the order parameters,
we must minimize the free energy,

F ~0, i 1,2, . . . ,n, (2.5)

which leads to the following coupled equations for
1,2, . . . , n:

1+pi—2 (ZoJoogi +Z1Joi r12) +ks T ln
1 —g)

(2.6)
2(Zl Ji l,i rli —I+Zo—Jiigi+ZI Jii+ 1 gi+, 1)

I

Substituting (2.7) into (2.6), the number of variables in
(2.6) is reduced to n n/2—

Near the critical temperature T,f, we can expand the
logarithmic terms in Eq. (2.6) as a series powers of rt;.
Qmitting the higher terms of rl; and keeping only the
linear ones, we obtain the set of equations

(2.8)

where A is a matrix of order n —(n/2) with elements

(ks T,f ZoJ )b—

1+g;
+ksTln 0.

1 —
g;

The number of variables in (2.6) is n.
For an ideal film system, there exists symmetry in the

direction perpendicular to the surface, which allows us to
write

Z1Jm—n(bm+ i,n+ ~~,m+1)

and rl is a column,

'l2

(2.9)

(2.10)

gl gns g2 gn —ls ~ ~ ~ (2.7)
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FIG. 2. The critical temperature as a function of the number
of layers for a fcc crystal film with (100) surface when

Joo Jol
FIG. 3. The dependence of film critical temperature on Joo/J

when J=Jfora, n 4;b, n 6;andc, n
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The critical temperature T,r can be obtained from

detA 0. (2.11)

FIG. 4. The boundary for T,f T, for films more than two
layers thick.
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FIG. 5. The dependence of the film critical temperature on

the number of layers for a, Jpp 0.8J, Jpi J, corresponding to
the case T,f& T,; b, Jpp 2.5J, Jp~ J, corresponding to the
case T,f& T,. e, Jpl J and Jpp assume the values given by
(3.1a), (3.1b), and (3.1c), corresponding to T,f T,.

III. RESULTS AND DISCUSSIONS

Joo, J forn 1,Z
Zo

Joo,,+Jol,, J for n 2,Z
l

(3.1a)

(3.1b)

Joo Joi
Z Zo Z)J J 0

fornax

3,

where Z Zo+2Zi is the bulk coordination number. The
case (3.1c) is schematically shown in Fig. 4. For a mag-
netic film more than three layers thick and with values
(Joo,Jol) laying inside (outside) the curve, it will disorder
at temperatures lower (higher) than the bulk one. On the
curve, the film disorders at the same temperature as the
bulk T, . One may note that the expressions for critical
eouplings are the same for a film with more than two lay-
ers. This implies at this situation T,f is independent of the
film. thickness. It can also be seen that the expression
(3.1c) for the critical values of Joo, and Jol for the film

(3.1c)

Using the method illustrated in the above section, we
first study the critical temperatures of a film whose cou-
pling constants in the surface region are the same as the
bulk J. Figure 2 shows the results. It can be seen that in
this case the film critical temperature is lower than the
bulk one, i.e., the film disorders at a lower temperature
than the bulk does. Figure 3 shows that as we enlarge the
values of Joo and Jol, the film critical temperature T,r will

be raised, and when Joo and Joi are larger than the critical
values Joo,, and Joi „the film T,r will be higher than bulk
T, . The exact expressions for the values Joo, and Joi,
can be obtained through Eq. (2.11) by letting Tgf T,
-ZJ/kii.

is the same as that for the semi-infinite surface system. '

In Fig. 5, we present the behavior of T,r as a function of
the number of layers n. We first studied the dependence
of T,r upon n when the film T,r is lower than bulk T,.
Curve a illustrates that T,r increases as the number of film
layers n increases. And when n becomes larger, the film

T,r approaches the bulk value rapidly. Next, we exam-
ined the relation between the film T,r and its number of
layers n, when the film T,r is higher than bulk T,. In this
situation, we can see that contrary to the first case, the
film T,r decreases when n increases. This is because the
surface region in this case is magnetically harder than the
inner region, and as n increases, the strength of the molec-
ular field in the film layers decreases, which leads to a de-
crease of T,r. Curve c illustrates that when the film T,r

equals T„ the film T,r is independent of the number of
film layers as is mentioned in the above paragraph.

We also analyzed the dependence of T,&/T, on Joo/J for
several films with diff'erent thicknesses. The results are
displayed in Fig. 3. The extreme case in these situations is
that when the film is infinitely thick, its phase-transition
diagram (curve c), as is expected, is the same as that of
the semi-infinite system.

Within the above method, we can calculate the magne-
tization of each layer of the magnetic film through the
solution of the nonlinear set of Eqs. (2.6) and (2.7), but to
do this would cost somewhat more computing time. This
work is now in progress.

In summary, we conclude that the critical temperature
of a magnetic thin film may be lower (higher) than or
equal to the bulk one, depending on the values of magnetic
coupling constants near the surface region. The critical
temperature of the semi-infinite system is always ap-
proached when the thickness of the film increases.
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