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Isotope eff'ect on displacive-type ferroelectric-phase-transition temperatures
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The isotope effect on the ferroelectric transition temperature T, is investigated within the polar-

izability model. The enhancement of any of the involved sublattice masses always yields an in-

crease in T, and its magnitude is a function of T,. While the increase in the rigid-ion mass only

induces a small enhancement of T„ the replacement of the nonlinearly polarizable unit by its iso-

tope shows large effects for small transition temperatures and is zero for high T, 's.

The isotope effect on the ferroelectric transition temper-
ature T, is experimentally well investigated and also the
replacement of any of the involved sublattice masses by
isovalent ions is well known to affect T, . '

Theoretically the hydrogen-bonded ferroelectrics and
especially the KH2PO4 (KDP) family have attracted
much interest and tremendous efforts have been undertak-
en to explain the large effect of deuteration on T, as well

as on the Curie constant and the spontaneous polariza-
tion. 2 The first theoretical models for these compounds
can be traced back to Slater and Takagi, who intro-
duced a pseudo-spin-formalism for the order-disorder
transition of the protons (deuterons) to explain the
phase-transition mechanism. Within this model the iso-

tope effect is found to be small and the model itself exhib-
its unphysical properties as long-range dipolar interac-

tions and tunneling are not included. In a coupled proton
lattice model' both terms are considered and quantum
tunneling between the hydrogen-bond double wells is
taken into account. A variety of physical properties can
be described using this concept, but still the isotope effect
remains an open problem.

In this paper we do not only concentrate on KDP and its
isomorphous compounds but investigate, in general, the
isotope effect for displacive-type ferroelectric systems
within the framework of the polarizability model. The
model, its applications, ' and nonlinear solutions"'2
have been extensively discussed in a variety of recent pa-

pers, and it has also been shown that extensions of this
model may well be suited to describe the dynamical and
quantum-mechanical properties of superconducting ox-

ides. ' ' The polarizability model Hamiltonian reads

0 T+V+V2,

T 2 g(m;u;„+m„v;„) (i i,2), (ia)

2 Z[f ( inu+i ui ) +f( nvtu2n) +f(vtn+i u2n) ],
n

V2 —,
' g[g2(v )„—u t„)'+ —,

'
g4(v )„—u t„)'], (lc)

where m;, m„, u;„, v;„(i 1,2) are the ionic and electron-
ic masses and their respective displacements in the n th
cell, f' and f are harmonic intersite phonon-phonon and
electron-phonon couplings, respectively. V2 represents an
on-site double-well potential which combines harmonic at-
tractive electron-phonon interaction g2 with a stabilizing
repulsive electron-two-phonon coupling term g4. The mi-
croscopic reasoning for this potential is due to the local in-
stability of the oxygen ion 0 which leads to a volume-
dependent nonlinear polarizability. ' '

In the following, we concentrate on V2 which will be
treated in the self-consistent phonon approximation
(SPA). With the definition vt„—ut„w~„ the SPA

I

I

yields for the equations of motion g2w ~„+g4w~~„
(g2+3g4(wt, )r)wt, gw~„, where g now represents an

effective harmonic but temperature-dependent quantity.
The phase-transition temperature is defined by g =0, i.e.,
(w ~„)T —g2f3g4. Thus, by evaluating self-consistently
(w~„)T for fixed parameters, the infiuence of increasing
any of the involved masses on T, can be investigated. The
mean value (w t„)T is given by

(w&, )T —p . w& (q, j)coth ', (2)2 I & 2 . hta(, )
N q,~ to(q, j) ' 2kT

with w~ (q,j) being the eigenvector squared

[mtto (q,j) 4f'sin qa]—[m2to (q,j)—2f]
mtg [m2ta (q,j)—2f] +4m2cos qa[mtto (q,j)—g 4f'sin qa]— (3)
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Here the ro(q, j) refer to the q-dependent dispersions of
the jth mode. The one-dimensional dispersions are ex-
tended in an isotropic Debye approximation to account for
the three-dimensional lattice. Thus„ the summation in (2)
refers to the three-dimensional Brillouin zone. Here it has
to be pointed out that quantitative agreement between a
full three-dimensional calculation' and our treatment for
&w~„&T has been obtained' which justifies this simplified
model and simultaneously demonstrates that the fer-
roelectric properties are highly anisotropic.

In the high-temperature approximation, i.e., hro(q, j)
(2kT, an analytical expression for T, can be derived

from Eq. (2) as

Ig2I 3 2 8f'fsin qa

9s, V~ " 2f+4f'cos qa

Obviously, any mass dependence in T, vanishes.
In a numerical investigation the parameters of f, f'

were taken from SrTiOi and g2, g4 were determined self-
consistently from the experimental inelastic neutron-
scattering data' of the temperature dependence of the
soft mode squared (Table I).

A variation in T, was achieved by changing the depth
of the double-well potential given by g2. Yet, it is obvious
from Eqs. (2) and (3) that the variation could also be car-
ried through by changing g4 as well as f, f', respectively.
The dependence of T, on g2 is linear and illustrated in

Fig. 1. Thus, with fixed parameters for each g2 the
equivalent transition temperature T, was determined
self-consistently. Hereafter, m~, m2 were increased and
again the SPA was used to find the new transition points.

The results for enhancing m ~ are depicted in Fig. 2 and
for m2 in Fig. 3, where in both cases the relative change in

T, is shown as a function of the relative change in masses.
Here hT, corresponds to T, (isotope)-T, (original) and
hm; m; (isotope)-m; (original) (i 1,2). Obviously the
relative change in T, is a function of T, itself and in both
cases T, increases with increasing masses. Yet it is also
clear from Figs. 2 and 3 that the relative increase in tran-
sition temperature for large hT, /T„which corresponds to
small T, 's, is much larger for an isotopic mass replace-
ment in m ~ than in m2. This effect disappears the smaller
the relative difference in T,. Defining in analogy to super-
conductors, a critical exponent y like ka T, =m;"'

(i 1,2), in ferroelectrics y; is always positive, strongly
dependent on T„and also dependent on m;. For large
enough ka T, y; tends to zero. From the above numerical
analysis the dependence of y on kg T, results in
y~=-56T, ' and y2=9.53T, " (see Fig. 4). The
above findings are confirmed experimentally. The effect
of deuteration on T, in KHqPO4 corresponds to a coupled
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FIG. 1. The dependence of T, on I g21
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double-well problem where the protonic double well has to
be treated in the quantum limit, while the (PO4) related
double-well potential requires a classical treatment.
Our result for very small masses corresponds to y 2 and
this is in agreement with experimental findings. In the
class of IV-VI-type ferroelectrics the substitution of Se by
Te in SnX (X Se,Te) drives T, from less than zero to
about 90 K. ' For high-transition temperatures this effect
is less spectacular. For instance, replacement of P b~ As
in PbHPO4 shifts T, from 310 K (Ref. 22) to 313 K. A

'FABLE I. Parameters used in the numerical calculation.

m I 1.549
m2 1.461
JF 14.410f 1.270
g4 0.904
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FIG. 2. Double logarithmic plot of ATJT„as a function of

hm~/m~ for various values of IgqI.
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FIG. 4. Double logarithmic plot of the critical exponents yl,

y2 (as explained in the text) as functions of T, .
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FIG. 3. Double logarithmic plot of IsT,/T, as a function of
hm2l'm2 for various values of I g21.

similar effect is observed in SbNb04 with T, 673 K
(Ref. 24) which increases to T, 676 K (Ref. 25) in the
isostructural compound SbTa04.

The examples above, which are qualitatively in agree-
ment with the numerical results, represent only a small
fraction of a variety of ferroelectrics with equivalent sub-
stitutional behavior. Yet, it should be pointed out here
that the substitution of any of the sublattice masses may
also show up in a variation of the involved force constants
which again influence T, . Thus, only experiments includ-
ing isotopic mass replacements could confirm the model

predictions.
In conclusion, it has been shown that the isotope effect

on the ferroelectric phase transition is always positive in-
dependent of the respective sublattice mass. Furthermore,
y is strongly dependent on T, and becomes zero for high-
transition temperatures. It should be noted here that this
is in strong contrast to perovskite-type oxide superconduc-
tors. A similar model calculation for these compounds
shows that the transition temperature to a paired electron
(hole) state always decreases with increasing mass and
that the critical exponent is small and shows no systematic
trends with increasing transition point.

We are very much indepted to the late H. Bilz who ini-
tiated the research in this field. A.B.-H. received full sup-
port from the Deutsche Forschungsgemeinschaft.
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