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Finite-size scaling of the Ising model in four dimensions
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The four-dimensional Ising model is studied to probe the possibility of observing in Monte Carlo
simulations the logarithmic corrections to the mean-field theory near criticality. The finite-size-

scaling behavior for the correlation length is proposed. The scaling forms of the finite-size renor-
malized coupling, susceptibility, and fourth field derivative at the renormalized tree-level approxi-
mation are derived. These results are used to analyze simulation data of the simple hypercubic lat-
tices of sizes 4 L 14, near criticality. Our simulation results are in agreement with the presence
of logarithmic corrections and recent field-theoretical calculations of the specific heat. The ap-

proach to the nonscattering theory is observed and is consistent with the predicted logarithmic
finite-size dependence.

I. INTRODUCTION

The field-theoretical renormalization-group (RG) ap-
proach' has been rather successful in the studies of criti-
cal phenomena below the upper critical dimension d&.
For d )d &, mean-field theory is valid. At the upper crit-
ical dimension, renormalization group (RG) predicts log-
arithmic corrections to the mean-field behavior. For the
important Ising universality class, the upper critical di-
mension is four. These predicted logarithmic corrections
to the power law singularities have been used to account
for the apparent deviation of the critical exponents from
their mean-field values in earlier series expansion results
of the four-dimensional Ising model. These numerical
studies are important because the exact solution of the Is-
ing model in four dimensions is not known. For the same
reason, Monte Carlo simulations have also been used to
study the critical properties of the four-dimensional Ising
model. These Monte Carlo results indicated some evi-
dence of the marginal behavior and the logarithmic
corrections to the mean-field theory. However, there was
no systematic finite-size-scaling analysis of the model and
it is interesting to observe these effects by direct Monte
Carlo simulations of finite systems. Although the four-
dimensional Ising model may not be applicable to real
magnetic systems, the possibility of logarithmic correc-
tions at the upper critical dimension is expected to hold
in general. When the upper critical dimension is three
(like the case of uniaxial dipolar ferromagnet ) these loga-
rithmic corrections may actually be observed experimen-
tally. Furthermore, results of the four-dimensional Ising
model is of some interest to the lattice gauge theory. ' '"

The Ising model is in the same universality class' as the
field theory. The upper critical dimension for the P

field theory is four, above which the theory becomes trivi-
al (Gaussian) with the renormalized coupling vanishing in
the critical regime and the critical exponents take their
mean-field values. The renormalized coupling g& can be
expressed as

where g is the correlation length, and y' ' and y are the
fourth- and second-order cumulants of the order parame-
ter distribution, respectively. One of the quantities that
describes the approach to free field limit is the Fisher's
exponent co* defined by'

where v, y are the critical exponents for the correlation
length, susceptibility and 5 is the gap exponent. It is
known that co' «0 holds in general' and is a measure of
hyperscaling violations. ' The renormalized coupling gz
near the critical point is governed by

g t VQJ (1.3)

where t=T/T, —1 and T, is the critical temperature.
At d =2, exact solution' shows co' =0 and hence hyper-
scaling holds and the model is a nontrivial interacting
theory. For d =3, earlier works indicated possible hyper-
scaling violations, ' ' but recent series expansion' and
Monte Carlo simulation' results suggest co* is or close to
zero. For d=5, Monte Carlo calculations confirmed
mean-field predictions of large hyperscaling violations. '

At d=4, the upper critical dimension, the common be-
lief, suggested by renormalization-group calculations, is
that the logarithmic correction to Eq. (1.3) leads to a
trivial (Gaussian) theory in the critical regime. In fact it
was proven rigorously that for the P theory in four di-
mensions, (i) there is at most a logarithmic deviation
from the mean-field behavior in the critical regime, and
(ii) gR ~0 as t~0, the renormalized coupling vanishes,
and the limit is a free field. These predictions should be
observable in a computer simulation and constitute in
part the motivations for this work.

In the critical region, the correlation length diverges
and finite-size effects ' in computer simulation results
can be significant. At the upper critical dimension, RG
analysis by Rudnick et al. for finite system predicts log-
arithmic size dependence corrections to the mean-field
finite-size scaling predictions. They suggested that a
logarithmic finite-size dependence for the specific heat
might be observable in simulations of the four-
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II. THEORY

For the (t theory, the susceptibility, fourth field
derivative, and correlation length have already been
shown2 to behave as

y-r 'linlr
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I'/3,

~(4) r y —
2dlinlt
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1/3

g(t } t "lln—ltl l'/

(2.1)

(2.2)

(2.3}

near criticality with all the exponents taking their mean-
field values (v= —,', y = 1,b, =—', ). Thus in four dimensions,

RG predicts a Gaussian 6eld theory near the critical
point but the mean-field behavior has logarithmic correc-
tions.

For numerical simulations, we have adopted the
definition of correlation length for a finite hypercubic lat-
tice with periodic boundary conditions used by Binder
et aI.,"

Pi fj si sj cL

2dg
SiSJ CL

(2.4)

where r, is the position of the spin s, at site i,
cL =(1/L )g;(s;s; ), and i' is the site at r; =r;
+—,'(1, 1, 1, 1)L. From phenomenological finite-size scal-

ing, ' we obtained the scaling functions of the correla-
tion length,

dimensional Ising system. In this paper, we report finite-
size Monte Carlo studies of the Ising model in four di-
mensions. The results for the renormalized coupling,
correlation length, susceptibility, fourth field derivative,
and specific heat are analyzed following the finite-size
scaling predictions. Our results are consistent with the
presence of the theoretically predicted logarithmic
corrections. This paper is organized as follows. In Sec.
II, finite-size scaling predictions, incorporating the possi-
bility of logarithmic corrections, are proposed for the
correlation length. The finite-size scaling behavior of the
renormalized coupling, susceptibility, fourth field deriva-
tive, and specific heat are obtained at the renormalized
mean-field level. In Sec. III, we present simulation re-
sults for the four-dimensional Ising model to test the
finite-size scaling predictions. The paper concludes with
some remarks in Sec. IV.

g~(r)=LZ(tL""llnlrll '"), (2.5)

where Z(x ) -x for x )& 1. In the above, for simplicity
the possibility of a dangerous irrelevant variable entering
the scaling function of the correlation length is excluded;
we will discuss this assumption further and consider
simulation test below. For the free energy derived quan-
tities like the 6nite-size renormalized coupling, suscepti-
bility and specific heat, etc., it has been noticed that naive
6nite-size scaling breakdown ' ' for d ~4 due to the
presence of a second length scale which diverges slower
than the correlation length.

To study the renormalized coupling, we considered the
finite-size renormalized coupling gL introduced by
Binder

~(4)
L

L dg2
(2.6)

where yL is the susceptibility and yl' ' is the fourth field
derivative; the subscripts L denote the corresponding
6nite-size quantities. For d =4 at the renormalized
mean-field approximation, gL(t) has the following
finite-size scaling form (see Appendix):

gL(t)=G(tL (lnL)'/ ) . (2.7)

Although for d =4,
1 =2T
V

(2.8)

gL does not scale as L/g. This will be discussed below.
From its bulk value, G(x ) behaves as (see Appendix)

—d /y&G(x ) -x for x &) 1 . (2 9)

in the large L limit. Using Eqs. (2.5), (2.7), and (2.9), the
finite-size scaling prediction is

In order to observe the approach to the free field limit
(g„~0}as predicted in the theories, we use the parame-
trization, '

gL (t)=cL for r & 0 where c is some fixed con-
stant. Under this parametrization, the renormalized cou-
pling gz can be studied by considering the large L limit
of the finite-size renormalized coupling,

(2.10)

gL =G Z '(c)L (lnL)' —lnL —lnZ '(c)+0(lnlnL)
1/3 '

(2.11)

(2.12)

for the large L limit. If the RG results are correct, then
one has yT'=2, co'=0, and gL would approach zero as
(lnL )

' in d =4. The renormalized coupling g~ vanishes
in the critical region in four dimensions and can be attri-
buted to the presence of a second length scale which

—1/y~ —1/(6y~ ) .
diverges as t lint l in the bulk limit (see Ap-
pendix). This is in addition to the diverging correlation
length, g- t "l lnt

l

"/ . This is analogous to the
case' ' for d & 4 where g- t '/, but the second
length scales as t diverging slower than the correla-
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tion length.
For d=4, due to the presence of the logarithms, the

finite-size free-energy derived quantities like susceptibility
and specific heat cannot be put into a scaling form of one
scaling variable. However, if one is interested in the lead-
ing logarithmic corrections in d =4, a renormalized
mean-field calculation is sufficient and the scaling forms
can be obtained at this level of approximation. The scal-
ing behavior predicted at this tree-level approximation is
exact for large L. The finite-size behavior of the specific
heat has been calculated (up to one-loop level) by Rud-
nick et al. Using a similar technique, the finite-size
scaling behavior of the susceptibility, fourth field deriva-
tive, and specific heat at the renormalized mean-field lev-
el are derived in the Appendix and the results are listed
below. These results will be tested in the next section.

g&(t)=yr (0)f(x) with gi (0)-L &1nL

y'i '(t ) =y'I '(0)g' '(x) with g'I '(0)-L lnL,

Cz ( t ) =C& ( 0)4( x) with Cz (0)- (lnL )
'

(2.13)

(2.14)

(2.15)

where x =tL (lnL )'~ . It is straightforward to show that
these finite-size quantities peak at t,„with t,„-L (lnL )'~, which agrees with the field-theoretical cal-
culations of the specific heat by Rudnick et al. It
should be noted that an explicit RG calculation at four
dimensions for the N-vector model in the large N limit
also predicted the susceptibility at criticality scales at
L &lnL as in (2.13).

We now return to the possibility that the correlation
function may have a dangerous irrelevant variable as dis-
cussed by Binder et al. ' This would modify Eq. (2.5) to
be

(2.16)

where q, y, ~ 0 and v=(1+q,y, )/yT". In the case of the
three-dimensional Ising model, '

q&y& has been estimated
to be very small, —0.0036+0.006. We have also studied

q,y, here by evaluating gr (0} for different system sizes.
The result will be given below.
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FIG. l. gi (0) vs L. The solid line is the best fit straight line.
The errors are smaller than the symbols.

q, y, = —0.016&0.024 and Z(0) =0.154+0.002. Figure
2 is a scaling plot of the finite-size correlation length
versus the scaling variable tL ) ln ~

t
~ )

' . The data scale
well for L &6 and suggest the validity of (2.5) and the
possibility that the RG exponents are correct.

For the renormalized coupling, Geld-theoretical calcu-
lation for d ~4 at the tree-level approximation predict-
ed the universal quantity (s )/(s ) =3+gr(0) to be
I ( —,')/(8m ) =2.188. Our simulation results for sizes up
to L =14 give an estimate of —1.92. To observe the ap-
proach to nonscattering theory at the upper critical di-
mension, we used the parametrization gi (t)=cL as sug-
gested' in Eq. (2.12). Since L "=(I+r lnL) ' for r
small, it is difficult to distinguish numerically the contri-
butions of the decay of gz from ~' or the logarithmic
part unless a large range of values for L is used. In prac-
tice, we choose c=0.152 such that Z '(c)=1. This
choice will best manifest the logarithmic correction nu-
merically. Figure 3 shows that gi decreases for increas-
ing L. The RG results predict gr -(lnL } ', and Fig. 3
shows that a straight line can be fitted for gz

' versus lnL.
In fact, least-squares fit indicates gr —(lnL )" with

III. MONTE CARLO
RESULTS AND DISCUSSIONS 0.18 ~ ~ I

I
I ~ ~ l

)
I I ~

)
~ ~ ~ ~

The system we simulate is the four-dimensional hyper-
cubic Ising lattice with periodic boundary conditions at
zero external field. Our lattice size ranges up to L 14.
We use the standard Metropolis heat bath to update the
spins. Typical Monte Carlo steps per spin is about 10 .
We have run suiciently long to ensure that equilibrium
is achieved, and confirmed the previous observation that
the relaxation time is rather short. Different runs (typi-
cally five) were used to estimate the statistical uncertain-
ties. The critical coupling we used is taken from the high
temperature series result by Gaunt et al. , T, =6.6817
+0.0015.

We now present our Monte Carlo results and compare
them with the finite-size-scaling theory predictions. Fig-
ure 1 is a plot of gl (0) versus L suggesting q,y i =0. See
Eq. (2.16). A least-squares fit to the data gives
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linear least-squares fit for L ~ 6.

FIG. 5. Scaling plot of f'4'(x) with x=tL (lnL)'~. The
symbols for different values of L are the same as in Fig. 2. The
dashed curve is a guide to the eye.

x = —1.1+0.3 in agreement with the RG results. How-
ever, we stress that the range of lnL is rather small and
our result is not a definitive test. For example, we also
fitted gl as some power of L and obtained L
The approach to the trivial field theory in four dimen-
sions has already been demonstrated in the series expan-
sion work of the continuous spin Ising model in which
the renormalized coupling decreases as g increases in the
spin- —,

' limit. Also, there were Monte Carlo results of P
theory in four-dimensional lattices indicating a nonin-
teracting continuum limit.

We have computed the exponent yT by using the rela-
tion

In[gt, (0)/g~ (0)]

In(L, /L~)
(3.1)

where g denotes the temperature derivative of g. gt (0)
can be sampled directly in the simulation and the data

were analyzed to obtain yT =2.03+0.05 using data with
L ~ 6. This is consistent with the RG result of 2.0.

In Figs. 4—7, the scaling functions 1(, f' ', and 4 for
the susceptibility, fourth field derivative, and specific
heat, respectively, with the scaling variable
x =tL~(lnL )'/ are displayed. The data scale rather well
for L «6, consistent with Eqs. (2.13)—(2.15). Due to the
unknown nonuniversal parameters involved in the field-
theoretical results of the specific heat in Ref. 24, our data
cannot be compared with the theory quantitatively.
However, they do show qualitative agreement. To
demonstrate the effects of the presence of the logarithmic
corrections to mean-field theory, we show in Fig. 6 a scal-
ing plot of 1(' '(x) for the scaling variable x=tL,
without the logarithmic corrections. The data apparently
show systematic clustering into two groups and do not
collapse onto a single curve as in Fig. 5. To see the loga-
rithmic dependence in a more quantitative way, we plot-
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FIG. 4. Scaling plot of t((x) with x =tL'(lnL)' . The sym-
bols for different values of L are the same as in Fig. 2.

FIG. 6. Scaling plot of 1(' '(x) with x=tL . Only L =6 and
L =12 are shown for clarity. The errors are about the size of
the symbols. The dashed curves are guides to the eye.
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FIG. 7. Scaling plot of 4{x) with x =tL {lnL )' . The sym-
bols for different values of L are the same as in Fig. 2.

ted yt (0) /L, y' '/L, and CL (0) versus lnL in Figs. 8

and 9; they all show a linear dependence in lnL as sug-
gested in Eqs. (2.13)—(2.15). We also fitted yL(0)/L,
y' '/L, and CL(0) as some power of lnL and obtained
(lnL) ' * (lnL) * ', and (lnL) ' +—', respec-
tively, which are consistent with values —,', 1 and —,'. It
should be noted that if correlation length is the only
length scale, then naive phenomenological finite-size
analysis predicts that yL(0)/L is independent of L,
which does not agree with our simulation results. Final-
ly, we note that in the absence of logarithmic corrections,
the results in Figs. 8 and 9 would be independent of L.
This is not consistent with our data.

IV. CONCLUSION

We have obtained finite-size scaling behavior for the
correlation length at four dimensions, allowing for possi-

10

12 16

FIG. 8. Upper line gz'{0)/L, lower line gL{0) /L . The
straight lines are linear least-squares fits.
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APPENDIX

In this Appendix we derive, using finite-size scaling
theory ' at the tree-level approximation, the finite-size
scaling behavior of the susceptibility, fourth field deriva-
tive, and specific heat at four dimensions. The higher or-
der loops contribute corrections that go as L and
hence the tree approximation that leads to the scaling re-
lations are exact for large L. We will use the same nota-
tions as in Ref. 24. For P model, one has'

du(p) = Wu(p)), (A. l)
d lnp

=y ~(u(p})p t(p),p dt(p)
d lnp

dm(p) g(u(p))m(p)
d lnp 2

with, in d=4, W(u)= —3Sdu~, rl(u)= —,', u, and

y &(u)= —,'sdu, where Sz '=2d 'md~~I (d/2). Integ. rat-

ing (Al) and (A2}, one obtains

(A2)

ble logarithmic corrections. The finite-size scaling pre-
dictions, at the renormalized mean-field level, for the re-
normalized coupling, susceptibility, fourth field deriva-
tive, and specific heat are proposed. From our simula-
tions of the four-dimensional Ising model, corrections to
mean-field theory are exhibited. Although the range of
lattice sizes considered is limited, the results scale very
well and appear to be in the scaling limit. The simulation
data are consistent with the theoretical predictions of log-
arithmic corrections and the approach to the trivial field
theory is observed numerically.
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u(p)=
1 —

—,'Sdu lnp

1/3

p t(p)=t u(p)
D

(A4)

(A5)

where u, t and m are the coupling, temperature, and
magnetization at p= 1, respectively. Thus u(p)~0 as
p~0, approaching the trivial nonscattering field theory.
p must be chosen to p' for detailed calculations. p' is
determined by the relation

L 2

Dt(z) .
[u( e)]1/2 (A12)

correlation length and leads to the breakdown of naive
finite-size scaling at d=4. In the bulk limit, this free-
energy length scale goes as t '

~
ln

~
t

~ ~

'/', which
diverges slower than the correlation length and thus
gz ~0 in the critical region.

The finite-size susceptibility is given by

p' t(p')+ —,'u(p'}(m (p'))+
2

=(trp")1
(A6)

Thus in the scaling regime Ltr » 1, (A12) becomes

ZL (t)-L &lnLtrD, (tL (lnLtr}' ), (A13)

At the renormalized mean-field level, the average ( )
is with respect to the mean-field Hamiltonian and the free
energy depends only on the variable ' z, where

and Eq. (2.13) follows for L » tr. In the same way, y't '(t )

can be shown to have the finite-size scaling form at the
renormalized mean-field level,

L 2 «2t( e )/[u( e )]1/2

Using Eqs. (A4} and (A5),

tL

Q
J/3 Q d(1——'S u lnp*)'

m has the scaling form

(A7)

(A8)

yt '(t)-L (1nLx)[D2(tL (1nLtr)'/ )

—3D (tL (1nLtr)' )]

From their bulk limits in Eqs. (2.1) and (2.2),

D&(x )-x
D2(x }—3Df(x)-x for x »1 .

(A14)

(A15)

where

f d(f P 'exp( xP /2+—P /4!)
D (x)=

J dPexp( —xP /2+(t /4!)
0

In the finite-size regime (as in our simulations),

p'=(Ltr)

(A9)

(A 10)
and

D2(z)
gL (t)=

2
—3=—G(z)

D f(z)
(A16)

It is easy to see that at the renormalized mean-field level,
the finite-size renormalized coupling has the scaling form

lnp' = ln —+0 ( ln lnt ) .
K

(A 1 1)

At this point, it is clear that the free-energy derived
quantities have a characteristic length scale that goes as
t '/ (1——3S&u lnp') ' ', which is different from the

while in the bulk limit p' is determined from
p" t(p')+ —,'u(p')(m (p') ) =(trp'} and thus

G(x)-x for x »1 .

For the specific heat, it is straightforward to get

C L(t)-(1 nLv) ' 4(tL (lnLtr)' ),

(A17)

(A18)

where 4 is the second derivative of the free energy with
respect to the scaling variable at the renormalized mean-
field level. The specific heat up to the one-loop level has
been calculated in Ref. 24.
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