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Fractional quantum Hall efFect in very-low-density GaAs/Al Ga, As heterostructures
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We report an experimental study of the quantum Hall effect in very-high-quality
GaAs/A1„Ga, „As heterostructures in an extremely-low-electron-density regime. At a tempera-
ture of -28 mK, the fractional quantum Hall states at Landau-level filling factors v=

3
and —' are

observed at a density as low as 7.0X 10 cm ', and the integral quantum Hall states at v=2 and 1

are observed at a density as low as 4.0X 10 cm . The possibilities of the even-denominator quant-
ization in the lowest (v & 2) and second (2 & v & 4) Landau levels in the very-low-density regime have
also been investigated. Near the fractional filling factors v= —,', 2, 4, and —', , we observe weak

inflection points in the Hall resistivity which lie on the classical Hall line, but we do not observe an
activated temperature dependence for the diagonal resistivity. The previously reported even-
denominator quantization at v=

2
is observed at a density as low as 1.3X10"cm . We also re-

port evidence for the development of new fractional quantum Hall states at v= —,', and —,', . The
v

l 3
state belongs to a new (inner) branch of higher-order hierarchical states emanating from the

v =—', parent state.

I. INTRODUCTION

The discovery of the fractional quantum Hall effect'
(FQHE) has generated a great deal of interest in the
many-body physics of interacting electrons in the frac-
tionally filled Landau levels. The FQHE is presently un-
derstood as being the consequence of the condensation of
the two-dimensional electron system (2DES) into an in-
compressible quantum fluid state at special values of the
Landau-level filling factor v=p/q (v=nb /eB, with n be-
ing the areal density, e8/h the Landau-level degeneracy,
and B the magnetic field). Despite ample experimen-
tal evidence for the observation of exclusively odd-
denominator FQHE states (q odd), the recent discovery
of the even-denominator FQHE state at filling factor
v=5/2 has confirmed the long-standing conjectures that
the FQHE is not a phenomenon exclusive to odd-
denominator quantum numbers. The restriction to odd-
denominator fractions arises from the antisymmetry re-
quirement for the wave functions describing the fully
spin-polarized Fermi quantum-liquid states. In addition,
the spin Zeeman energy was previously believed to be so
large that all fractional states could be safely assumed to
be fully polarized. However, as first noted by Halperin,
the Zeeman gap for reversed-spin states may not be large
enough, due to the small g factor in GaAs, to safely as-
sume full polarization of the FQHE states at low magnet-
ic fields. In fact, recent experimental evidence ' and
theoretical studies' seem to suggest that the spin de-
gree of freedom may indeed play an important role in
forming the condensed ground state as well as its quasi-
particle excitations in the low-field regime. The forma-
tion of the spin-reversed pairs of electrons at low fields
has been suggested as a mechanism for even-denominator
quantization, although its stability has been questioned in
the presence of a physically realistic Hamiltonian. Other

exotic states have also been proposed for these even-
denominator filling factors; they include a Wigner-
crystal-like ground state, charge density wave, and the
formation of electron clusters. Despite mounting
theoretical predictions for the interesting possibilities at
even-denominator filling factors and different spin
configurations for the FQHE ground states as well as the
quasiparticle excitations at low fields, no experimental
studies have been done, prior to this work, to probe the
extremely-low-density regime.

In this paper, we present an experimental study of the
integral quantum Hall effect (IQHE) and FQHE at low
temperatures (T~ 28 mK) in the extremely-low-density
regime (4.0X10 n 1.3X10"cm ), which is at least
a factor of 3 lower than the previously reported stud-
ies. ' ' ' ' The possibilities of the even-denominator
quantization in the lowest (v & 2) and second Landau lev-
els (2 & v &4) at low magnetic fields have also been inves-
tigated. For a sample with a density of 1.3X10"cm
the FQHE at v= —,'is observed with a developing plateau
in the Hall resistivity (p„) and accompanied by a rela-
tively deep miniinum in the diagonal resistivity (p„„).
This density is less than half of the density for which a
v= —,

' state with comparable strength was originally re-

ported. Unlike the v= —', case, no quantization of the
Hall plateau to the correct value (h/ve ) is observed at
v= —,', —,', —,', and —,'at a temperature as low as -28 mK.
However, weak inflection points in p„(minima in

dp y /d8 ) which lie on the classical Hall line are observed
near v= —,', —', , 4, and —', . The p „minima at these filling

factors, however, do not show an activated temperature
dependence. Although these observations do not prove
the existence of FQHE states at v= —,', —'„—,and —'„ they

may suggest the development of such even-denominator
FQHE states or perhaps different many-particle states in
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very-high-quality 2DES. Presumably, future experiments
on samples of higher quality will show whether the ob-
served features are indeed indicative of FQHE states
(weak infiection points in p would eventually develop
into quantized Hall plateaus and p minima would van-
ish as temperature decreases, similar to the case of &=—,

'
in the second Landau level' ), or whether they are of fun-
damentally different origins. We also report the observa-
tion of new higher-order FQHE states at v= —,', and —,',

which are accompanied by the corroborating p plateau
development.

II. SAMPLE STRUCTURES AND EXPERIMENTAL
DETAILS

The data reported here are all obtained from
very-high-quality 2DES at the interface of
GaAs/Al„Ga& As heterostructures grown by mol-
ecular-beam epitaxy (MBE). Details of the MBE system,
wafer preparation, growth procedures, and growth pa-
rameters were reported elsewhere. ' ' As shown in
Fig. 1, the structures of the three samples studied are
similar. The two major differences among these three
structures are the Al, Ga, „As spacer layer thickness
separating the 2DES from the first dopant (Si) layer and
the density of this Si layer.

Contacts to the 2DES were made by alloying In in a
hydrogen atmosphere at 400'C for about 10 min. The

low-temperature 2D carrier concentration was varied by
either illuminating the sample with a red-light-emitting
diode (LED) or applying a back-gate voltage in the dark.
The diagonal and Hall resistivities were measured in a
van der Pauw geometry with magnetic Geld perpendicu-
lar to the sample plane in a top-loading Oxford TLM-200
dilution refrigerator with a base temperature of -24
mK. Magnetotransport measurements were typically
performed using 3.7 Hz excitation with 10 nA current for
p„and 1 nA current for p, without any observable elec-
tron heating. However, lower excitation current values
of 1 and 0.25 nA were also used to routinely check and
avoid the possibility of electron heating, especially for ex-
tremely low densities and high resistivities at very low
temperatures. In general, if the p value is not negligible
compared to the p„value then the p„admixture contri-
bution to the p„must be considered. For this reason,
and also since the FQHE states are known to be very sen-
sitive to the presence of inhomogeneity in the sample, the
experimental observations were occasionally checked and
found reproducible for different contact pairs, current
directions, magnetic field directions, as well as upon sub-
sequent thermal recycling, reillumination, and the appli-
cation of a gate voltage.

Figure 2 shows the dependence of the low-temperature
electron mobility (p) on the 2DES carrier concentration
for samples M73 and M97, as well as the variation of the
2DES density with the application of a back-gate voltage
for M73. The dependence of p on n for M73 (for
n ~ 1X10' cm ) indicates p, -n behavior with a=0.6.
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FIG. 1. Details of the structures of the samples used in this study are shown.
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FIG. 2. The dependence of the low-temperature electron mo-

bility on the 2DES carrier concentration is shown. The open
circles correspond to the densities obtained by varying the
back-gate voltage in the dark and by illuminating the sample
with a red LED for sample M73. The solid circles correspond
to the densities obtained in the dark and by illuminating the
sample with a red LED for sample M97. The dependence of the
2DES carrier concentration on the back-gate voltage for sample
M73 is shown in the inset.

III. IQHK AND FQHK IN THK
VERY-LOW-ELKCTRON-DENSITY REGIME

Figure 3 shows the magnetotransport coeScients p,„
and p„as a function of the magnetic fi.eld for sample
M73. Despite the drastic decrease of the mobility at low
n, it is quite remarkable that the IQHE states at v=2 and
1 are observed down to n =4.0X10 cm [the data for
n =4.3 X 10 cm are shown in Fig. 3(a)]. Such a dras-
tic decrease of the mobility in this extremely-low-density
regime suggests a more severe localization due to the dis-
order at lower densities. The importance of disorder is
also evident from the fact that the observed p back-
ground increases as density decreases or magnetic 6eld

A similar power-law dependence was reported previous-
ly ' and was attributed to the dominant scattering by
the residual impurities in the GaAs channel and the
Al„Ga, „As spacer rather than the screened remote-
ionized impurity scattering. For M97, a=1 is observed;
the di8'erence may be attributed to the higher density
range for sample M97, the use of a thinner spacer layer
for M97 ( —1200 A) compared to M73 (-2700 A), as
well as the use of higher intentional Si doping level near
the GaAs channel for M97. These observations are con-
sistent with the results of a systematic investigation by
Jiang, Tsui, and Weimann. In Fig. 2, p decreases drast-
ically as n decreases below —1X10' cm . In this
extremely-low-density regime, the rapid drop in p can no
longer be explained by Stern's model which takes into
account various scattering mechanisms (Ref. 36). This
rapid decrease in p at low n was recently attributed to the
strong inhuence of the density fluctuations at low n.

increases, and more importantly, the p„„minima for the
IQHE states at v=2 and 1 do not go to zero for
n (5.0X10 cm . The p„ trace shown in Fig. 3(a) is
the average of the two p„ traces obtained from contact
pairs (1-3}and (2-4) with the corresponding current of 1

nA passed through contact pairs (2-4) and (1-3), respec-
tively. By averaging the two p„„ traces, the p admix-
ture is almost completely removed, and the p„~ plateaus
for v=2 and 1 appear to be quantized at the correct
values to better than 1%. We did not do such averaging
for the rest of the traces in Fig. 3 (since the p„ traces for
different contact pairs or current directions were nearly
identical} except for the p„data shown in Fig. 3(g) where
the p„ traces before the averaging start to deviate from
the classical Hall line for v ~ 1/5.

In Figs. 3(b) —3(d), magnetotransport data at succes-
sively higher n are shown. The FQHE states at v= —', and

—,
' are observed at a density as low as 7.0X 10 cm . At
v= —', and —,', the p„minima go to zero and the Hall pla-
teaus are quantized at the correct values of h /ve to
better than 0.5% for a density as low as 1.4X10' cm
The p„„minimum and the infiection point in p„, for v= —',

start to appear at a density of n —1.0X10' cm, and
the p„plateau becomes fully quantized at a density of
n -2.5X10' cm -. In Fig. 3(c), well-resolved FQHE
states at v= —', and —', can be seen at a density as low as
1.7X10' cm, and they disappear at densities below
—1.3X10' cm . In Fig. 3(d), p„„minima for FQHE
states at v= —', , —', , —,', —', , —', , and —,

' (Ref. 49) start to appear
for a density as low as 2.2 X 10' cm

The weakening of the FQHE states with decreasing
density appears to be caused by the potential fluctuations
and localization due to disorder rather than the low mag-
netic fields at which these FQHE states are observed. In
the absence of disorder, the energy gap separating the
v= —,

' and —', ground states from their quasiparticle excita-
tions approximately scales with the magnetic 6eld as
260=Ce /(4meoelo) where C is a constant of order 0.1

and la=(h /2meB)' is the magnetic length. '5 Since the
energy gap 2b,o (in the absence of disorder) is large com-
pared to the temperature of our measurements (28 mK)
even at magnetic fields as low as 0.1 T, the FQHE should
be observable down to very low magnetic fields. It has
been experimentally observed, however, that disorder
reduces the energy gap of the FQHE states, ' ' ' al-
though the dependence of the energy gap on the disorder
is not known. Therefore, it is likely that disorder is re-
sponsible for the observed weakening of the v=-,'- and —',
FQHE states with decreasing density, and the eventual
collapse of these states for n (7.0X 10 em

Figure 3(e) shows the magnetotransport data for a den-
sity of 5.0X 10' cm which exhibit well-resolved and
well-developed FQHE states over a wide range of filling
factors. ' The p„„minima for the FQHE states at v= —';,
3 4 4 3 2 5 9 4 7 8 5 7 8

well developed at such low fields. At this density, the
Hall plateaus for FQHE states at v= —', , —', , —,', =,', —', , —', , —,', —', ,

and —,'are quantized at the correct values to better than
0.5%.
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In Fig. 3(f), the p,„data at 96 mK are shown up to 12
T for n =5.0X10' cm . %e observe p„minima at
v 7 I ] 9 5

and —,', . Note that the depth of the p„„
minimum at v= —,

' is only —8% of the background at
T=96 mK. Our preliminary measurements of the tem-
perature dependence of the p „minimum at v= —,

' give an
activation energy 6=750 mK which is roughly a factor
of 2 higher than the previously reported value at about
twice higher magnetic field. Another strong indication
for the low disorder in sample M73 is the observation of
the delicate v= —,

' FQHE state shown in Fig. 3(g), which

has only been observed in samples with extremely high
quality. This observation of v= —,

' confirms the previously
reported result by Goldman, Shayegan, and Tsui on
other samples from the same wafer, as well as a later re-
sult by Willett et al. on a sample from an entirely
di6'erent wafer.

Figure 4 shows the magnetotransport data for M97
with a density of 1.3X10" cm . Well-resolved p „
minima at higher-order fractions &,

& ]],g and —", are
observed in Fig. 4(a). In addition, a p„ feature accom-
panied by the corroborating Hall plateau development
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FIG. 3. The diagonal resistivity (p„) and Hall resistivity (p ~ ) for sample M73 are shown for several different densities. The verti-
cal arrows indicate the Landau-level filling factors (v) at which the integral or fractional quantum Hall effect is observed. Also
shown in Fig. 2(a) is the van der Pauw geometry used in these measurements.
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for the higher-order FQHE state at v= —,', is observed for
the first time as shown in Fig. 4(b). This new FQHE state
at v =

—,', is observed in the temperature range of
24~ T~125 mK. The p„, feature at v=

—,', , which was

previously reported by Goldman and co-workers ' ' is
also observed at 60 mK ~ T &0.4 K. Below 60 mK, the

p„, feature at v= —,', becomes weaker. The weakening of
the p, feature at v=

—,', as temperature decreases may be
attributed to the competition between the formation of
the p, minimum at this filling factor and the rising of
the adjacent Hanks as well as the broadening of the adja-
cent p„„minima. '

Based on the standard Haldane-Halperin-Laughlin
spin-polarized hierarchical model, higher-order
FQHE states may occur at a sequence of rational filling
factors given by
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FIG. 5. The Haldane-Halperin-Laughlin spin-polarized
hierarchical sequences of rational filling factors emanating from
the primitive v= —,

' and —, parent states are shown. Two new

higher-order FQHE states at v=
—,', and —,', are observed for the

first time. The FQHE states at filling factors with asterisks have
been previously observed.

CX2

s)+
s + e ~ ~

2

where q =1,3, 5, . . . , s, =2,4, 6, . . . , and cz, =0 or +1.
In Fig. 5, the hierarchies originating from the —,

' and —',
states [using s, =2 and a, +I in Eq. (1)] are shown.
Within this hierarchical picture, the v=

—,', state is a
daughter state of the v= —,

' parent state whose higher-
order descendants along this branch converge towards
the even-denominator filling factor v= —.The commonly
observed broad p minimum around v= —,', however, is
not observed at this density.
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IV. MAGNETOTRANSPORT DATA NEAR v= 2, 2,
AND-

We now focus on the behavior of p and p near the
even-denominator fractional filling factors v= —,', —,', and

In Fig. 6, the region in the vicinity of v= —,
' is expand-

ed to show the magnetotransport coefficients more clear-
ly. ' The derivative of the Hall resistance with respect to
the magnetic field (dp„ /dB), which has a similar charac-
teristic to p„„as noted previously by Chang and Tsui, is
also shown in Fig. 6. Despite the noise caused by the nu-
rnerical differentiation, it is clear from the derivative data
that for n =1.7 X 10' cm, there is an inflection point
in p„near v= —,'. For sample M73, the weak inflection

point in p„disappears for densities lower than 1.4X 10'
cm where the broad basin in p near v= —,

' is barely
discernible. For higher densities, the inflection point ap-
pears to become weaker compared with the neighboring
higher-order odd-denominator FQHE states such as —'„—'„
etc. [Fig. 6(b)]. The positions (in 8) of the minima in p„„
and dp„ /dB are both shifted by a few percent from the
expected position of v= —,'. It is important to mention
that the weak inflection point near v= —,

' always appears
regardless of how the density is obtained and measured in
sample M73 (dark values, illuminating the sample with a
red LED, applying different back-gate voltages, different
contact pairs, and difFerent current directions), as well as
upon subsequent thermal recycling and reillumination of
the sample. Therefore, it is unlikely that this inflection
point is due to the inhomogeneity in the sample. Since
the p„„value is not negligible compared to the p„value,
however, the p„„admixture contribution to the p„y must

be considered. This contribution, which increases as den-
sity or temperature decreases due to the increase of the
p„background, can be estimated from the magnitude of
the p„„near the v= —,'. For the densities reported here,
p„„=1800 and 7900 0/0 for n =5.0X10' cm and
1.7X10' cm, respectively, at T=28 mK. Based on
our estimate of the admixture contribution, the inflection
point in p„near v= —,

' does not appear to be the conse-
quence of the p„admixture; however, we cannot entirely
rule out this possibility. Finally, we do not observe an ac-
tivated temperature dependence for the minimum in ei-
ther p„„or dpzy/dB at v= —,

' for T~28 mK, but the
minimum in dp„ /dB near v= —,

' appears to become
slightly stronger with lower temperatures ( T ~ 180 mK).

In Fig. 7, the region in the vicinity of v= —', is expanded
to show the magnetotransport coefficients more clearly
for n =5.0X10' cm . ' The derivative of the Hall
resistance with respect to the magnetic field (dp„ /dB)
shows a weak inflection point in p, near v= —', . The de-
velopment of the p„minimum near v= —', is also similar
to v= —,

' and does not show an activated temperature
dependence for T ~ 28 mK.

In general, the data reported in literature for most high
quality 2DES's show broad p„„minima around v= —,

' and

—,
' similar to the data shown in Figs. 3, 4, 6, and 7. In a
few samples, however, the minima in p„„around these
filling factors are fairly deep and persist to higher temper-
atures (e.g., see Fig. 3 in Ref. 38). Recently, Jiang et ol.
reported the observation of relatively sharp cusps at v= —,

'

and —', in the deep minima around these filling factors. A
similar observation was also previously made by Gold-
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FIG. 6. The p, its derivative with respect to the magnetic field (dp„~/d8), and p data are shown in detail in the vicinity of
v= —, for sample M73. The vertical arrows correspond to the filling factors and the horizontal lines correspond to the quantum num-

ber p jq.
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FIG. 7. The p„~, dp»/d8, and p„data are shown in detail
in the vicinity of v= —' for sample M73.

man et al. Figure 8 shows a similar behavior for sample
M131. As also noted by Jiang et al. , this p„, feature is
very peculiar in that the deep minima around v= —,

' and —,
'

persist up to temperatures of several degrees Kelvin (Fig.
8), whereas the relatively sharp cusps at these filling fac-
tors do not become stronger for T ~ 0.6 K (Figs. 8 and 9).
It is important to mention that although the deep p,
minima and the cusps at v= —,

' and —', are reproducible in a
given sample, not all the samples from the same wafer
show this behavior (some samples show the coinmonly
observed broad p„„minima around v= —,

' and —',). The

different behavior for samples from the same wafer has
been seen so far in three wafers with different structures
and quality. We do not know the origin of this different
behavior.

We have also investigated the behavior of p near
v= —,

' and —,
' in sample No. 3. Unlike the results of Jiang

et al. where no p plateau development was observed
down to T =90 mK for a density of n =1.7 X 10" cm
we observe weak inflection points in p at v= —,

' and —for
the studied density range (6.9X10' ~ n ~ 8.6X10'
cm ). These inflection points are reproducible and be-
come slightly stronger as temperature decreases as shown
in Fig. 9. The trace shown in Fig. 9(a) is the average of
two p„y scans measured with opposite magnetic field
directions (both scans show nearly identical inflection
points). It is important to note that the p„value near
v= —,

' is nearly temperature independent for T 0.6 K,
whereas the p„ inflection point becomes stronger with
decreasing temperature.

The p„minima at v= —,
' and —,

' do not show an activat-
ed temperature dependence, regardless of the shape of the

p features around these filling factors. Also, an
inflection point in p, is observed for both samples (M73
and M131), although the general shape of the p„ features
are different. It is not clear at this point whether this
difference is related to the difference in sample quality
and/or homogeneity. Nor is it obvious whether the ob-
served inflection points in p y

at v= —,
' and —,

' will develop
into FQHE states (i.e., fully quantized Hall plateaus ac-
companied by vanishing p„„as T~O) with the improve-
ment of sample quality. On the theoretical side, many in-
teresting possibilities have been suggested for v= —,

' such
as the formation of a spin-singlet FQHE state, ' ' '

Wigner-crystal-like ground state, charge density wave,
and the formation of electron clusters. The results of
the finite-size numerical calculations for the half-filling
even-denominator states, however, were found to depend
on the model and the number of particles used in the cal-
culation. In the absence of a realistic model which takes

{IL) n=8.6x10&o cm-2

T 5.5K
M131

(b) n&.6x10&0 cm 2

T&.95K
M131

{c) n&.6x10&0 cm 2

TWA4K
M131

D

0—
cv

a.

—0

5 10
B {T)

10 5
B {T)

10

FIG. 8. High-temperature behavior of the p and p„data near v= —' and —' is shown for sample M131. &t this density, the low-

temperature mobility p is —1 X 10 cm'/V s.
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an explanation for this observation except that the shift

may be due to a competition between the FQHE state at
v= —', and a possible state at v= —,'.

The experimentally observed low-temperature ( T 100
mK) behavior of p„„and p„near filling factors v= —,', —"„
and —,

' (between v= 1 and —',) as a function of density in the
state of the art samples reported by various groups is
noteworthy. At high densities (n —3.0X 10" cm ),
sharp p„„minima and fairly-well-developed Hall plateaus
have been reported for v= —', and —,'. The v= —', state is

observed at lower densities down to 9.0X10' cm
but it appears to become weaker with decreasing densi-

ty, and eventually seems to disappear at very low densi-
ties (Fig. 11). The v= —,

' state, on the other hand, appears
to be absent in some intermediate density range of
1.7X10"~n ~2. 1X10" cm, but reemerges in the
range of 5.0X10' + n ~ 1.3X10" cm, before it
disappears at very low densities [Fig. 11(a)]. The disap-
pearance and emergence of the p„„minimum as a func-
tion of density are also observed near filling factor v= —,'.
In a high density range of 1.7X10"&n &3.2X10"
cm, a relatively broad p„„minimum is observed near
v =

—,'. In the intermediate density range of
9.QX 1Q' n ~ 1.5 X 10" cm, the p„„minimum
disappears, while at yet lower densities it reappears (as
stated earlier, however, the position of this minimum is
shifted towards v= —', }. At very low densities (below
-2.0X10' cm },no features are observed for —', & v & 1

[see Fig. 3(c)].
The disappearance of the p„„and p„y features for

3
(v c 1 in the very-low-density regime may be attribut-

ed to the increasing importance of the potential Auctua-

tions due to disorder with decreasing density. At higher
densities, p „minima and p plateaus start to emerge.
The FQHE state at v= —,

' appears to be stable at low

fields, unstable at intermediate fields (corresponding to
1.7 X 10"& n & 2. 1 X 10" cm ), and stable again at very

high fields. This observation may suggest the possibility
of a phase transition from an unpolarized to a polarized
ground state (similar to the recent experimental observa-
tions by Eisenstein et al. "' for v= —', and Clark and co-
workers' ' for v= T4). Moreover, it may hint at the ex-

istence of a magnetic field region where the energy gap
vanishes (similar to the recent theoretical results of
Chakraborty' for v= —,'). We emphasize, however, that

the experimental observations summarized in the preced-

ing paragraph were made on different samples with
different densities and qualities which have different
correlation energies. Therefore, no definitive conclusions
regarding the importance of the spin contribution can be
made without doing an in situ tilted-field experiment.
The same comment applies to the observations summa-

rized for the v=-,' filling factor, i.e., it is not clear wheth-

er the disappearance and emergence of the p~ and pzy
features near v= —,

' at different magnetic field regions are

caused by the difference in sample quality (disorder and

homogeneity) or whether they are related to the intrinsic
nature of the 2DES at this filling factor. More experi-
mental data on high-quality samples and more theoretical
work are certainly needed to identify the exact origin of
the interesting behavior in the filling factor range of
-(v(1.

(a) n 2.2x10&0 cm.2
T~28rnK
M73

3/5
tb) n 5.0X1010~-2

T~28mK
M73

1

4P y

4/5

3/5

~W0
1-

Le
Q

1.0
B (T)

2.0 3.0

FIG. 11. The p„~, dp„~ /dB, and p„„data are shown in detail in the vicinity of v=
4 for sample M73.
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In Fig. 12, the region between v= —,
' and —', is expand-

ed. ' A p, minimum accompanied by a well-developed
Hall plateau for a higher-order FQHE state at v=

—,', is

observed for the first time. According to the hierarchical
model of Eq. (1), the —,', state originates from the —', state,
but belongs to a new branch of the hierarchy (see Fig. 5).
This is the first time that a FQHE state which does not
belong to the outer two branches of the hierarchies origi-
nating from the —,

' and —', states (Fig. 5} is observed. The
inner branches evidently include states which are very
delicate because of the following reasons. First, note that
the branch starting with —,', moves back towards —'. , (i.e.,
—', & —,', (—', ). The —,', state therefore falls in between the
very strong —', and —', states. Second, the activation energy
for the —,', state is quite small because of its large denomi-

nator (note that the denominator of the —,', state is near-

ly twice as large as the denominator of the —', state which
is the other daughter state of —,'). The observation of this
new branch of more delicate higher-order states, there-
fore, further attests to the exceptional quality of sample
M73.

Unlike the descendants of the —', state (along the outer
branch of the hierarchy in Fig. 5) which converge to-
wards —,', the descendants of the —,', state (i.e., —,", , etc.) con-
verge towards —';. At T =180 mK, we observe a broad
basin in p and a very weak inflection point in p, near
v= —', [Fig. 12(a)]. This inflection point becomes stronger
at lower temperatures, but the p„„minimum does not.
This behavior is again similar to what we observe for
v= —,', —'„and —,'. It is important to note that the inflection
point near v= —', seems to be well clear of the nearest
odd-denominator filling factors v= —,", , —'„', and —,', .

Another interesting feature is observed between v=-',
and v= —', as shown in Fig. 12. On the right shoulder of
the p „near v= —', , a delicate p „ feature is observed near
filling factors v= —,', and —,", . Based on the hierarchical
model of Eq. (1), the v= —'„' state is a higher-order

daughter state of the v= 4 state. The higher-order des-

cendants of the v= —', state along this inner branch of
hierarchy converge towards the even-denominator filling
factor v=

—,', (see Fig. 5). Although an inflection point in

p„ is observed in the derivative data (dp„ /dB) near
these two filling factors for T~60 mK, this inflection
point does not lie on the classical Hall line and its posi-
tion in p„appears to be well below the correct value of
h/ve for both filling factors. From Figs. 12(b) and 12(c),
the position of the inflection point in the p data appears
to move towards the v= —', Hall plateau with decreasing
temperature. The absence of the correct quantized Hall
plateau precludes any definitive conclusion regarding the
nature of the ground state near these two filling factors.
However, considering the fact that this new branch of
more delicate higher-order descendants falls in between
two strong FQHE states at v= —,'and —'„ it is possible that
the broadening of the p ~ plateau at v= —', forces the
inflection point to move below the classical Hall line.

On the left shoulder of p,„near v= —', , a weak p„„
feature is observed at filling factor v= —,', [Figs. 12(b) and

12(c}]. A similar observation was previously reported by
Goldman and co-workers. ' An inflection point in p,
at v =

—,', is clearly observed in the derivative data

(dp„ /dB) at T =60 mK [Fig. 12(b)]. This inflection

point, however, does not lie on the classical Hall line and
its position in p appears to be well above the correct

(a) n=5.0x10
T~180mK
M73

(c) n=5.0x1010cln-Z

T~2SadC
M73
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FIG. 12. The p „,dp ~ /dB, and p data are shown in detail in the vicinity of v= —,
' for sample M73.
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value of 13h/9e . From Figs. 12(b) and 12(c), the posi-
tion of the inflection point in the p„data appears to
move towards the v= —', plateau with decreasing tempera-
ture. This behavior could perhaps be attributed to the
broadening of the p plateau at v= —', which forces the
inflection point at v= —,', to move above the classical Hall
line. The absence of the correct quantized Hall plateau
again precludes any definitive statement concerning the
nature of the ground state at v= 3.

VI. SUMMARY

In summary, we have studied the IQHE and FQHE in
the extremely-low-density regime from 4.0X 10 cm to
1.3 X 10" cm . The IQHE states at v=2 and 1 are ob-
served at a density as low as 4.0X 10 cm, whereas the
FQHE states at v= —,

' and —,
' are observed at a density as

low as 7.0X10 cm . Two new higher-order odd-
denominator FQHE states at v= —,', and —,', are observed
for the first time. For v= —,', —'„4, and —'„weak inflection

points in p„~ are observed. The strength of these
inflection points increases slightly as temperature de-
creases, but we do not observe temperature-activated p„„
minima at these filling factors. The even-denominator
quantization at v= —,

' is observed at a density as low as
1.3X10"cm . It is not clear at this point whether the
p„„minima at v= —,', —'„—,', and —,'will approach zero and
the p„ inflection points will develop into fully quantized
plateaus as T~0 with the improvement of sample quali-

ty, as is the case for v= —', . More experimental and

theoretical studies are needed to elucidate the exact na-
ture of the ground states at these even-denominator frac-
tional filling factors, and to determine whether they share
a common origin which seems to be the case for the odd-
denominator FQHE states.

Note added in proof R. ecently, the fabrication ' ' of
2DES with mobilities of the order of 10 cm /Vs and
magnetotransport data' ' ' ' ' in such samples have
been reported. We note here that the quality of our sam-
ples, deduced from the very narrow width of the IQHE
and FQHE plateaus and the strength of the observed
higher-order FQHE states, seems to be at least as high as
that of samples (with similar density) which have much
higher reported low-field mobility. This observation
implies that, in the case of very-high-quality 2DES, there
are other as yet unknown factors, besides the low-field

mobility, which determine the quality and suitability of
the samples for FQHE experiments.
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