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Electron —LO-phonon scattering rates in semiconductor quantum wells
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We calculate scattering rates for an electron interacting with polar optical phonons in a semicon-

ductor quantum well based on a microscopic lattice-dynamics approack for the phonons. We em-

ploy an analytic approximation to lattice-dynamics results given by Huang and Zhu for quantum-

well phonons. The resulting electron relaxation rates are compared with the rates obtained by em-

ploying "slab" and "guided" phonon modes which were used in previous studies. The intrasubband

and intersubband electron relaxation rates are given as functions of quantum-well width, and the

relative contributions of the confined and the interface modes are discussed for the three different

phonon models.

I. INTRODUCTION

In recent years there has been considerable interest in
the effects of electron-phonon scattering and electron re-
laxation in GaAs/Al, Ga, „As multiple-quantum-well
structures. The corresponding electron scattering rates
have been studied experimentally by time-resolved Ra-
man scattering' and infrared spectroscopy. The results
suggest that the electron intersubband relaxation rate is
dominated by their interaction with LO phonons (if the
subband separation exceeds the LO-phonon energy) or by
their interactions with LA phonons (otherwise).

It has been pointed out ' that the effects of the
confinement of the phonons should be taken into account
in order to obtain a realistic estimate for the electron-
phonon scattering and the electron relaxation rates. The
quantum-well structure causes there to be "bulklike"
phonon modes confined to the well layer and also gives
rise to "interface" modes. Phonon confinement affects re-
laxation rates mainly through changes in the selection
rules for transitions involving subband electrons and
through changes in the magnitudes of the interaction.

Electron —LO-phonon interactions in quantum-well sys-
tems have been studied using two different macroscopic
approaches to the confined phonons. One corresponds to
the "slab modes" of a free ionic slab ' and the other to
the "guided modes" ' of a layered structure. These mod-
els differ in the way the boundary conditions are placed
on the electrostatic potential or vibrational amplitude of
the phonons. The question of the physically correct
boundary conditions cannot be determined within a mac-
roscopic model but must be approached within micro-
scopic lattice dynamics. Recently a simple microscopic
model ' has been advanced for the phonon modes of a
superlattice, and analytic approximations for the results
of this microscopic model have been given. '

In the present work we calculate the intersubband and
intrasubband relaxation rates based on this analytic ap-

II. CONFINED PHONONS

In studies of the electron —LO-phonon interaction in
semiconductor quantum wells the confined phonon
modes are usually approximated by either slab modes '

or guided modes ' which are solutions of a macroscopic
dielectric model with different boundary conditions.
These solutions are extensively reviewed by Klein" and
by Cardona. '

The slab modes are obtained using boundary condi-
tions on electric field without regard to the atomic dis-
placements at the interface. We call this model 1. In this
model the electric potential has nodes at the interface,
and the vibrational amplitudes are given by

U„+ sin(no. z/L), n =1,3, 5, . . .

U„~cos(n nz /L), n =2,4, 6, . . . (2)

where L is the width of the quantum well centered at
z=0.

This approximation for the confined modes is accept-
able only if the in-plane component of the polarization is

proximation to the microscopic model. We also give the
relaxation rates corresponding to the two macroscopic
models and compare the results with those based on the
microscopic model. It is the intent of the present work to
provide a formalism for electron relaxation rates based
on a microscopic description of the confined phonons and
to discuss the regimes of validity of macroscopic models.
By comparing such results to experiment it is then possi-
ble .to see quantitatively what effects are due to the
confined phonons and when other physical effects are
necessary to describe the experimental situation.

For definiteness numerical results are given for a model
GaAs/GaAlAs system, which is of considerable experi-
mental interest. The formalism is applicable to other
semiconductor quantum-well systems.
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much larger than its z component; this condition can be
written in terms of the phonon wave vector" as q ))~/L
where q={q„,q ).

In the opposite limit, q «m/L, electric boundary con-
ditions are neglected in favor of the approximate bound-

ary condition on the atomic displacernents at the inter-
face. ' We call this model 2. The vibrational amplitudes
of the confined modes, called "guided modes" by Ridley,
are given by '

U„+ icos(nmz/L), n =1,3, 5, . . .

U„~sin(nnz/L), n =2,4, 6, . . . .

(3)

(4)

These modes were employed by Ridley recently to calcu-
late the intrasubband and intersubband electron transi-
tion rates in a quantum well.

The in-plane component q of the phonon wave vector
in general can be comparable to m/L; e.g. , for a GaAs
quantum well of width L=150 A we obtain for the tran-
sition from the bottom of the subband 2 to the subband 1

qL -3. In such a case neither of the two approximations
(models 1 and 2} is applicable.

In order to obtain analytic results for scattering rates,
an alternative to the dielectric model solutions would be
some simple analytical approximation for the numerical
solutions of some microscopic model for the superlattice
phonons. There exist in the literature a number of the
microscopic model calculations for the bulklike confined
modes. Here we employ the relatively simple model of
Huang and Zhu ' which we call model 3. This model
gives modes for which both electric potential and polar-
ization have nodes at the interfaces. Huang and Zhu
have suggested simple analytic approximations for the
numerical solutions. ' This allows us to derive the
electron —polar-phonon interaction matrix element in a
simple form. ' We have recently employed this model in
the exciton linewidth calculations. '

In the Huang-Zhu model, the optical vibrations be-
tween oppositely charged ions are given by a simple-cubic
lattice of charged oscillators. A superlattice of length
2ma is imposed on this system with lattice constant a.
The two materials that form a superlattice differ only in
their bulk LO and TO frequencies. The resulting dynam-
ical matrix is then diagonalized numerically.

The electric potential inside one layer is given by

V(r, z) ~4„(z)exp(iq r),

III. ELECTRON-PHONON INTERACTION

The electron-phonon interaction Hamiltonian derived
from Frohlich interaction ' ' is given by

H, ~
=A, V ' g g exp(iq r)t„(q)u„(z)

q, n a=%

X [a„(q)+a„(—q)]

where a, a are phonon operators; and A, is given by

60 6 are, respectively, the static and high-frequency
dielectric constants for GaAs, ~zz is the GaAs LO-
phonon frequency, and —e is the electron charge.

In models 1 and 2

( q ) ( q
i +~in

2 /L &
)
—1 /2 (12)

In model 3 we have t„(q)=(2I& )
' where I„ is defined

as
2

1 & /'& d+nI„=—J dz q4„+L —r yz
" dz

(13)

with 4„given by Eqs. (6) and (7). u„(z) is defined as fol-
lows: in model 1

u„+ =cos(nnz/L), n =.1,3, 5, . . .

u„=sin(n. nz/L), n =2,4, 6, . . . ;

in model 2

(14)

C = —2 sin(p, ~/2) .

These approximations to the microscopic model solu-
tions are also exact solutions of the dielectric model
which incorporates boundary conditions both on poten-
tials and displacements. ' For the few first modes the
functions given by Eqs. (6) and (7) are approximately or-
thogonal for qL/~ ~ 1. These modes, however, contrib-
ute most to the scattering rate, and we use Eqs. (6) and (7)
as analytical approximations for the confined phonon
modes. The odd modes in Eq. (6) start from n=3. The
n=1 mode is absent because the corresponding bulk
mode becomes an interface mode. '

where q and r are two-dimensional (2D} vectors.
Huang and Zhu proposed the following analytical ap-

proximations for the numerical solutions of this micro-
scopic model: for odd modes,

u„+ =sin(nnz/L), n =1,3, 5, . . .

„u=cos(mnz/L), n =2,4, 6, . . . ;

in model 3 u are given by Eqs. (6) and (7): u„

(15)

(6)@„+=sin(p„mz/L)+C„z/L, n =3,5, 7, . . .

for even modes,

=cos(p„nz/L) —
(
—1)"~, n =2,4, 6, . . .

where p„are successive solutions of the equation

tan(p~/2) =pm. /2

with the smallest one (p, ) omitted, and C„are given by

IV. SCATTERING RATES FOR ELECTRONS
INTERACTING WITH CONFINED PHONONS

For model 2 the scattering rate was calculated by Rid-
ley. Here we proceed similarly in the evaluation of the
rate for model 3. Considering one-phonon processes
only, the scattering rate is obtained from the following
equation:
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W(k) =(2vr/fi) f deaf 5(E E ) I (&'IH„ I&) I'

=(A, '/2~Lfi) g fd'q r'(q)IG„ I'

in model 3

y„=m n /L &3, s =
—,
' . (26)

Ak Ak
2&l 2m

For model 2 Eq. (23) is identical to one obtained by Rid-
ley in Ref. 5.

For the interband 2~1 transition we obtain, for model

X (XLo+ —,
' + —,

' )5k g +, (16b)

where XLO is the LO-phonon occupation number; the

upper sign is for phonon absorption, and the lower is for
emission. 6„ is given by

6„= dz 'z u„z z (17)—I. //2

where f,P' are the electron envelope subband wave func-
tions in the initial and final states, respectively.

We assume here the usual effective-mass approxima-
tion for the conduction band. To simplify calculations
we also assume an infinite barrier height for the electron
thus neglecting electron tunneling into the barrier. Then
for the two lowest subbands

G(21 j 0

G„' "=(2/m )n ( —1)"/ [1/(n —9)—1/(n —1)];
for model 2,

(28)

n =3,5, . . .

6(&2]n—

and for model 3,

G„" '=16C„/9m +(2p,„/m )cos(p„n/2)

X [1/(p„—1)—1/(p„—9)],

g, (z) =(2/L)'/ cos(nz/L)e(L /2 —z), 6„" '=0, n =2,4, . . . .
(29)

E, =m A /2mL (18)

$2(z)=(2/L)' sin(2nz/L)e(L/2 —z), E2=4E, (19)

where m is an effective mass for the conduction band.
We then obtain, for the intraband (1~1) case, for

model 1,

In the evaluation of the scattering rate W2, we assume
that E2 —E])A~L0. We then obtain

W2, (k)=(A, m/A L) g 2 IG I (Nto+ 2+ 2 )

X [Q+ +8„/3„
G(ll) — 2( 1)(n+ I )/2

m n (2m ) —(mn)

6„""=O, n =2 4, .

model 2,

6 "'=On+

6(11)—1 g

fl =1,3, . . .
(20)

(21)

+2(8„/A„)(2k +Q )]
(30}

model 3,

(22)

(10 s-i)
W

(qoiz $-1}

4

After performing the q integration in Eq. (16) we ob-
tain for the intraband transition rate the following ex-
pression:

W„(k)=(sA, 'm/A'L) g IG„'"'I'(X + —,'+ —,') 50

L(A}

't 00 150

where

Q i 2m coLo/fl

In models 1 and 2

g„=en/I. , s =1;

X[Q +y
+2~2 (2k 2+Q 2

) ]
—1/2 (23)

(24)

(25)

FIG. 1. Intrasubband 1~1 scattering rates in GaAs quan-
turn wells. The rate of the electron transition with emission of
one phonon is related to the quar&tity 8' plotted here through
8'» =(NLo+1) W. 8', „8'„and 8'& show contribution of
confined phonon modes to 8' (right axis) using three different

models considered in the text: (1) slab modes, (2) guided modes,
and (3) Huang-Zhu model. The contribution of the interface
phonon modes 8',"„ is also shown here (left axis).
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V. CONTRIBUTION OF THE INTERFACE MODES
TO THE ELECTRON SCATTERING RATE

2 —1

W

(qP12 s q)
2—

W~ ~

~X

rr
w)~ rr w

0
50 100

L(A)

'1 50

where

FIG. 2. Intersubband 2~1 scattering rates in GaAs quan-
tum wells. The rate of the electron transition with emission of
one phonon is related to the quantity W plotted here through
W» =(N„o+1)W. W„W2, and W3 show the contributions of
confined phonon modes to W in the three different models as in
Fig. 1. The contribution of the interface modes is comparable
to W3, and the total rate in the Huang-Zhu model,
W, = W3+ W;„, is shown here.

H =g
AAqco „

exp(iq r)exp( qL /2)—

X [exp(qz)+ exp( —qz) ]( 1+y )

X[a,„(q)+a „(—q)] . (35)

The index a =s,a denotes the parity with respect to the
z axes; the index p=+ distinguishes between the two
solutions of given parity. The quantities that enter Eq.
(35) are defined as follows:

In the preceding sections we discussed the contribution
of the confined phonon modes. In the evaluation of the
total transition rates, however, the interface phonon
modes' ' can be at least as important as the confined
modes. The classification of phonons as confined and in-
terface modes is valid only in a dielectric continuum
model. In the microscopic model there is a certain
amount of mode mixing. ' However, it has been shown'
that in some respects the interface modes obtained from
the continuum model give a reasonably good representa-
tion of these modes. To simplify the discussion and avoid
summation over the minizone we shall use the interface
modes obtained for the double heterostructure' rather
than those for the superlattice. "

The dielectric model has two symmetric and two an-
tisymmetric solutions. The interaction Hamiltonian is
given by'

1/2

Q + = (2m /A )(E2 E&+A'co —
L)o.

In models 1 and 2

(31)

(32)

y =exp( qL }, —

fl (co coro] )(co coro2)
2 2 2 2 2

(co +
—co, )(e, +e2 )

(36)

(37)

In model 3 (38)

A„=1+C„(—,
' —1/p n), B„=p„.n /L

n =3,5, . . . (33)

Using Eqs. (8) and (9) we can rewrite G„ in model 3 as

G„'"'=(2C/n. )[—', —1/(p' —1)+1/(p' —9)] (34)

We now consider the phonon emission part of the in-
traband rate W»(k) at k =Q, , so that the electron ener-
gy is just enough to emit one LO phonon. In model 1 all
odd n modes contribute to 8' in model 2 only the n=2
mode contributes, and in model 3 all even n modes
(n =2,4, . . . ) contribute. The results are given in Fig. 1
for W= W„(Q, )/(NLo+1).

For the interband transition 2~1 we consider the
transition rate at k=0 so that the electron is initially at
the bottom of the second subband. In model 1 all even n
modes contribute, in model 2 only n=1 and n=3 modes
contribute, and in model 3 modes with odd n starting
with n=3 contribute to 8'2]. The results are given in
Fig. 2 for W= W2&(0)/(NLo+1).

coyp~ coyp2 are the bulk TO-Phonon frequencies, assumed
here to be dispersionless. Index 1 refers to the well ma-
terial (GaAs); index 2 refers to the barrier material. The
expression for co „can be found in Ref. 14. Because the
dispersion of the m „(q) turns out to be rather small we
shall ignore it in the calculation of the electron transition
rates and use the asymptotic values for large qL (reached
at qL —3). The scattering rates are then evaluated from
Eqs. (16a) and (35).

These rates are energy dependent, and the results are
shown in Figs. 1 and 2 for W»(Q, ) and W2, (0) where

Q, is given in Eq. (24). For the intraband transition 1~1
only the symmetric (a=s) modes contribute, and 8';„ is
dominated by the higher-energy mode JM

= +. This quan-
tity labeled 8,„ is shown in Fig. 1. In models 3 and 1 it
becomes comparable with the contribution of the
confined modes to W» at L =100 A and dominates the

0
scattering rate at L & 70 A. In model 2 it is actually the
dominant contribution to W» at all values of L that are
shown in Fig. 1. In models 1 and 2 the interband 2~1
rate is dominated by the contribution of the confined
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phonons for all quantum-well widths. In model 3 the
contribution of the interface modes to the interband 2~1
rate is comparable to the contribution of the confined
modes to W, and we show in Fig. 2 the total rate
W, (2~1) defined as W&+ W;„.

The following parameter values were used in Figs. 1

and 2 for the GaAs/A1As system: m =0.066S,
Lo& 36.8 meV AcoLoz 47.7 meV, Acozo, =34 meV,

TO2 44 meV, e, = 10.48, ez =8.16, e&o 12.35, and

ego= 10.

VI. DISCUSSiON

In the present work we have given a treatment of the
scattering of electrons by confined LO phonons and of
the phonon-induced relaxation times of electrons based
on a microscopic treatment of the phonons. This treat-
ment uses an analytic approximation to lattice dynamics
of a simple microscopic model. We have also given re-
sults for two macroscopic models of the confined pho-
nons and have discussed the regimes of validity of these
models. The macroscopic models use "slab modes"
(model 1) and "guided modes" (model 2). We have point-
ed out that for the purpose of calculating the relaxation
rates, the phonon wave vectors are typically qL!m - 1,
and thus the approximations used in the two macroscopic
models are not justified. The analytic representation of
the microscopic model discussed here (model 3) is more
appropriate.

The results for the intrasubband relaxation rates in Fig.
1 indicate that those for models 1 and 3 are similar, and
that for model 2 is considerably smaller. The reason for
the smaller value in model 2 is that only one confined
phonon mode contributes as a result of selection rules.
For the intersubband (2~1) relaxation rates, on the oth-
er hand, the rate for model 3 is considerably smaller than
those for models 1 and 2. The small value for model 3 re-
sults from the absence of the lowest confined mode which
has become the interface mode. Thus we see that neither
model 1 nor 2 provides a good approximation for the in-
tersubband relaxation rate given by model 3. Several ex-
perimental results giving information about intersubband

relaxation rates in quantum-well structures have been re-
ported recently. ' Time-resolved Raman scattering ex-
periments of Tatham et al. ' have given an estimate for
the upper bound on the intersubband relaxation time of 1

psec for a GaAs quantum well of width 146 A at 30 K.
These authors have noted that the results of both the slab
mode and guided mode phonon models with infinite bar-
riers for the electrons (the same results given by models 1

and 2, respectively, in Fig. 2) are consistent with this ex-
perimental bound. From Fig. 2 we see that the result
given by model 3 for infinite electron barriers is =1.25
psec. We have pointed out above that the macroscopic
models are not appropriate for a quantitative treatment
of the phonon contribution to the relaxation rates. The
present results based on model 3 are close to the bound
estimated in the experiment, and the comparison of these
results with experiment suggests that additional physical
effects may be necessary in order to obtain fully quantita-
tive agreement with experiment. Such effects may in-
clude electron penetration into the barrier, which can
make quantitative changes in the selection rules, or con-
sideration of more sophisticated lattice-dynamical models
than the simple-cubic nearest-neighbor model of Huang
and Zhu.

Based on infrared bleaching experiments, Seilmeier
et aI. have given an estimate of the intersubband relaxa-
tion time for a SO-A GaAs quantum well at 300 K of the
order of 10 psec. For this quantum-well width we obtain
from model 3 in Fig. 2 in a value of =5.0 psec which is in
reasonable accord with experiment. In this case it has
been suggested that physical effects such as poor
confinement of the electrons in the upper subband or the
combined effects of electron screening, inter valley
transfer, and nonequilibrium phonons' may need to be
include in addition to the effects of the confined phonons
discussed here.
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